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ABSTRACT

Many nonequilibrium problems in thermodynamics,
information theory, economics, control theory and
other sciences require the description of & smooth
constrained evolution towards an equilibrium state
maximizing some function of the state varizbles. e
present & novel mathematical formalism designed to
model a wide class of such nonequilibrium problems.
It is based on a type of nonlinear evolution equation
Wwith the following main relevant properties. Its
solutions maintain invariant the value of each of the
constraints like, for a typical thermodynamic
nonequilibrium problem, the energy and the number of
particles of each species. It maintains a positive~
definite time rate of change of the function of the
state variables to be maximized like, in the
thermodynamic example, the entropy function. its
solutions converge towards an equilibrium state
maximizing that function subject to the values of the
constraints. A byproduct of the mathematical
formalism is a numerical scheme for nonlinear
optimization under nonlinear constraints similar to
the well-known gradient-projection and steepest-ascent
methods of nonlinear programming . However, the
principal application of the formalism is to provide a

tool for the time—~dependent description of
nonequilibrium states and their approach to
equilibrium.
INTRODUCTION
We will consider the following constrained
maximization problem
max F(xi,...,xk,...) (1a)
subject to Gi(x1,...,xk,...) = bi i=1,...,n (1)
where F'G1""’Gn are continuously partially
differentiable functions of the variables
x1,...,xk,... We will denote the maximizing state by
xi,...,x;,...
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Problem (1) has a large number of applications in
physics, engineering and social sciences {[1], and many
methods have been developed for its numerical solution

rej. in a later section, we discuss how a problem
Wwith inequality constraints can be transformed into
Problem (1), A  well-known example in the

thermodynamics context or in the information-theory
context is the maximum entropy problem (3]

- 1
I, P, 100, (22)
N A E =
subject to Lk WPy <E> (2b)
/_k Nikpk = (Ni> i=1,...,0r (2e)
Le P = (2d)
Py 20 k=1,. (2e)
the solution of which is
1 r
* =z - o - - h
pf = 7 exp (-8, 'Z vl (3a)
i=1
r
Q = Zkexp(‘BEk +‘Z vl ) (3b)
i=1
where the values of B,vT,...,v are determined by the

r

values <E>, <N >""’<Nr> of the constraints,

1

Here, wWe discuss an extension of Problem (1) to
the nonequilibrium domain. The nonequilibrium problem
is to find functions x1(t),...,xk(t),... Wwith
x1(O)=x}0,...,xk(0)=xko,... (where KygrererXygeeee @re
arpitrarily given initial conditions) such that for
all values of the variable t (with 0 £t ¢ +=)

L r(x, (1) % (8),e..) > 0 (1a)
It F(x, eeea Xy R la



and

Gi(xl(t),...,xk(t),...) = Gi(x10""'xk0"") (4b)

i=1,...,n

Problem (4) can be viewed from slightly different
perspectives. For example, in the context of Problem
(2), the functions xi(t),...,xk(t),... would represent

the state of a system which evolves in time from an

arbitrarily given nonequilibrium state x10""’xk0""
towards the state of maximum entropy while keeping
invariant the values <E>,<N1>,...,<Nn> of the energy
and the number of particles of each type. Again,
functions xl(t),...,xk(t),... could be thought of as
parametric equations -- the variable t being the
parameter -~ of a smooth trajectory from the initial
e e t maximizir state
state xlo, ’xkO’ to the ax zing
x?,...,x;,... along  which functions Gi are
invariant and function ¥ is always increasing.

Finally, for inecreasing values of the variable t,
functions x1(t),...,xk(t),... can be viewed as
successive approximations to the solution of the

constrained-maximization Problem (1).

In the next section, wWwe present a nonlinear
differential equation for the state variables
Kyaeon the solutions of which are functions

xT(t),...,xk(t).... that

nonequilibrium problem just stated. When interpreted
in the context of Problem (2), this nonlinear
differential equation represents an evolution equation
deseribing a constant-energy and constant-particle-
number evolution or relaxation towards Iincreasing
entropy states. Indeed, the structure of the
nonlinear equation has been developed by the author in
the context of quantum thermodynamics (4] in response

,Xk,...

indeed solve the general

to a need for an extension of the Schroedinger
equation of motion of guantum mechanics to the broader
set of nonmechanical guantum states that =zllow a
nonstatistical unification of mechanics and
thermodynamics {5].
NONLINEAR EVOLUTION EQUATION

The solution of the following first-order

nonlinear differential equation is also a solution of

the nonequilibrium Problem (4)

B 1 -

x ==[f - () 5
=7 -2 L(_g_1....,§_n)J ()
where the symbols are defined and explained in the
remainder of this section. The validity of our

assertion is shown in the next section.
We have defined the following vectors

X = KX (6)

£ = {f1""’fk""} where fk = 231-‘/3;:(.,< (7)

g = {811""'gik""} where 8oy ° aci/axk (8)

so that, for example, Problem (1) can be restated as
follows
max F(x) (1'a)
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subject to Gi(x) = by (1'0)

i i=1,..

..n

The standard method to solve problem (1) is to
associate a Lagrange multiplier x1,...,xn with each of

the constraints, solve the necessary conditions

n 3G,

oF © i
5%, '2 X P =0 K=1,... (9)

k i=1 X
to yield X = xk(x1,...,ln), substitute this result in
the constraints to yield the values of the Lagrange
multipliers A? = A§(b1”"'bn) and, hence, the
solution x;. In terms of the notation Jjust

introduced, Conditions (9) can be rewritten as

n
£- 1 (10)

x.gi = 0
i i=i

1

If the state vector x is a continuous function of

time, 1.e., we have a continuous one-parameter family
x(t) of state vectors, then the time rates of change
of the functions F,G1,...,Gq are given by
Fo=ofex (1)
G, = g,°x i=1, ,n (12}
where clearly
X = (xx,...,xk,...} (13)
and the dot product has the obvious meaning (for
example, f+x = [ X, +...+f, % +...).
N - 11 £ K
The symbol
u(§1, ,§n) (14)
denotes the linear span of vectors 51""'5n’ i,e.,

the linear manifold formed by all the vectors that are
linear combinations of 51,...,§“.

In general, vectors £,§1,...,§n are all functions

of X. if, for a given x, the vector f is an slement

of L(gl,...,gq) then  there  exist coefficients
3 T - + - 3 o PR

A1,...,An such that £ A1§1 . Angn’ i.e., Condition

{10) is satisfied. This happens whenever £,§1,...,§q

are evaluated at a maximizing state vector 5* which

solves the constrained-maximization Problem (1) for

some given values of b1,...,bq.
If, for a given x, vector

will

f is not an element of

see that the effect of

Lig,,--
Equation (5) is to change x

that £

.,gn) then we
time so

the

as a function of

approaches L(51""'§n) and, thus, if

functions F,Gi,...,Gn are such that Condition (10) is



also sufficient to determine the maximizing solution

x*, then x approaches x*.

The symbol
(£
- g . 1
L(§1.. .gn) (15)
unique vector in L(§1""’§n) such that 1its dot
product with any vector h in L(§1""’§n) is equal to
the dot product of vector f with h, i.e.,
he(f) = hel (16)
L(§1""’§n)
for every vector h in L(§1""’§n)‘
In general, aven if the constraints
G1(§)=b1,...,Gq(§_)=bn are linearly independent, the
vectors §1(§),...,§q(5) need not be linearly

We will denote

independent for all state vectors X.

oy 31""'Bm a set of vectors that are linearly
independent and span L(§1""’§n)' A simple procedure
to find suech linearly independent vectors 1is as
follows. First, let h, = g, andl = 2, and evaluate
the Gram determinant

g;'8;  Bi'L

(17
B‘i .-ai n| .-91 ‘ R
i

If the determinant is equal to zero then gy is
linearly dependent on n.. Let 1= i + 1 and repeat
the step. if, instead, the determinant is strictly
positive (Gram determinants are nonnegative) then let
32 = g5 because gy is linearly independent of Ei'
Next, let i = i + 1 and evaluate the Gram determinant

E;°8; g;"h &0,
D8y fePige h, '.132 (18)
N8 }_12 a, Eg'ng

Again, if this determinant is equal to zero then gy is

a linear combination of 31 Let i = 1 + 1 and

If, instead, it is strictly positive
because g, 1s linearly independent

and Q;.

repeat the step.

then let 33 = §i’

of 31 and h Continue in a similar way until i = n,

X
this
only

the set
linearly

from
are

eliminates
vectors that

Clearly,
Byre-e1By
dependent on the others, so that the
linearly independent vectors 51""’Em

procedure
those

remaining set of
still spans the

linear manifold L(g,,...,8.)-
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The following are two
expressions for the projection

equivalent explicit
(15) of vector [ onto

the linear manifold L(§1""’5n)' The first is

L(_g1, '8, =
LI 4

= 1 I(znp Mh,...n) 1 ks (19)
=1 j=1 J 1 0 Jji -1

where M(h,, .,gm)— is the inverse of the Gram matrix

h, *h . o7
2hy 2nL
10 P U (20)
n.*n .
1" 2a 2 ly
- .
and Ei""'ﬁm are linearly independent vectors
spanning L(gz,...,gn). The second expression is a
ratio of two determinants
(£ =
Lig,,-. 08,
0 Ja!
-1 ~m
fen n, - n_«n
igsS 2778 LB
foh n, +n P T
- ~@ -1 —m 2p" g
- - (21)
n, *n N s ) ¢
2y U
n,*n .. . hoen |
=1 —m ~m —a |
|
where the determinant at the denominator is always

strictly positive because the
linearly independent.
We have so far

veetors f,,...,N0 are
-1 —m

defined all the symbols that
appear in differential Equation ({5), except for Tt
which is a characteristic time and may be a constant
or any positive functional of the state vector.

Though the explicit definitions just given are
relatively involved, they never require the solution
of implicit nonlinear -equations and can all be
directly implemented in a numerical scheme to
integrate Equation (5).

Using Relation (21) we
in the following useful form

may rewrite Equation (5)



£ 31 R :
E'B] h1 '21 L Em'21
Ly By - Byl
. 1
X = -
X == (22)
By - Byl
BBy e Byl
Before we proceed to the next section where we
study the general properties of Equation (5}, we
consider a simplest example generated by the
constrained maximization problem
2
max ~{x~ + y2 + 22) (23a)
subject tc z = b (23b)
so that, in our notation, we have
X, =X X, =, xs =z
x = {x,y,2}
P ok - 4P - 52
f‘1 = 9F/9x = -2Xx, H 3aF/3y = -2y, f3 = 9F/%z = -2z
£ = {-2x,-2y,-2z}
G =z
g, = 3G/3x = 0, 8y = 3F/3y = 0, g3 = 3F/3z = 1
g = {0,0,1}
and, therefore, m = 1 and h1 = g={0,0,1}. Equation
(22) becomes
IS I,
. . 2'21 21 e
X=7 (24)
b, °h,
But
2-21 =£-§=0+0—22=—2z
21.21:§.§=0+0+1=1

and, therefore, Equation (24) yields
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;. 1 -2x 0 .2 iy
T ~2Z 1 T
-2y Q
. 1 2
v 3 -2z 1 = T s {25)
. -22 1
=7 -2z 1 =0

and the rate of change of function F is

.
']

{-i a =2x(=2x/1) - 2y(-2y/1) = % (x2+y2)

if t is a positive constant, Equations (25) can be
integrated to yield

x(t) = xoexp(-zt/r)

y(t) = yoexp("Zt/t)

z(t) = z4

We see that choosing any initial state {xo,yo,zo} Wwith
zy = b so that the constraint of Problem (23) is

satisfied, yields a solution x(t) which as t»= tends

to the maximizing point {0,0,b}. We also notice that
the solution x(t) is a parametric squation of the most

direct path compatible with the constraint z = D
connecting the initial state to the maximizing state.
Indeed, =2liminating the parameter t wWe obtain x/y =
xo/yo, i.e., the equation of a line from {xo,yo,b} to

{0,0,b}.

PROPERTIES OF THE NONLINEAR EVOLUTION EQUATION

Ir x(t) is a solution of Equation (5) with
initial condition x(0) = Xy then the rates of change
of the functions 01""’Gn are equal to zero, and,
therefore, at all times t
G(x(L)) = G(fo)
namely, the solution x(t) maintains invariant the
values of the constraints. We may verify this, for

example, by using the fact (Equation (16)) that

Ei'(f) y < gt

L(§1,...,§n

because 8 clearly lies in L(gl""'én)’ and Equation

(12) yields

[
i

0 (26)



The rate of change of the function F instead is

always nonnegative. Specifically,

F=txx>0 if x=0 (27)
and F = 0 if and only if é = 0 (because only the zero
vector has zero norm). To verify Relation (27), we

first note that vector i as given by Eguation (5) is

crthogonal to the linear manifold L(§1,...,§n) for it
is the vector difference of [ and its projection onto

L(gys+++18,). It follows that

and Equation (11) yields

F=fx=(wx+ (D) (28)

Ligys-.
where we solved Equation (5) for f.
Property (27) implies that F =0 if and only if P

= 0, but Equation (5) implies that i = 0 if and only
combination of vectors
(10) is
(10)

determine the maximizing vector x*, then the condition

if vector [ is a linear
Bys-e-18ys Leen,

follows that if Condition

Condition satisfied. It

is also sufficient to
it has

% = though

the interesting feature that it does not involve
additional variables such as the Lagrange multipliers.

0 is equivalent to such condition,

This proves that if we follow any one of such
solutions that is initially compatible with the
constraints we will eventually approach the maximizing
state x*.

Moreover, the set of nonlinear equations é = 0
(Where i is given by Eguation (5) or any of its
equivalent forms such as Equation (22)) together with

the constraint equations yield an alternative way to
determine the maximizing vector x*. 1In the example at

the end of the last section, the condition i = 0
requires x* = 0 and y*# = 0, and the constrain;
requires z* = b, It is noteworthy that the equation F
= 0, which 1is not independent of the equations
generated by g = 0, often yields useful

insights towards the solution of the set of generally
nonlinear equations.

We finally remark that the numerical integration
of Equation (5) starting from a feasible initial
condition (i.e., a state compatible with the values of
the constraints) would constitute an algorithm to
converge towards the maximizing state. Such a
numerical algorithm would bear a very close relation
to the gradient-projection and steepest-ascent methods
of nonlinear programming [6].

INEQUALITY CONSTRAINTS

The following constrained maximization problem
with inequality constraints
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max ¢(p1,...,pr,pr+1,...,pk,...) (29a)
subject to Fi(E) s Bi i=1,...,u (29p)
Fi(g) 2 Bi i=u+1,...,v (29¢)
Fi(g) = Si i=v,...,n (294)
pj 20 j=1,...,r (29e)
can be transformed into a problem with equality
constraints by defining the new auxiliary state
variables x1,...,xr,xr+1,...,xr+v, Xv+r+1""’xv+k""
such that the old variables can be calculated from the
new using the relations
p. = x2 jo=1 r (30a)
j J IRERE] a
pj = Xj+v J=r+l, o 0Ky (30b)
and the new problem is Problem (1) with
- 2 2 .
F(x) = é(xl""’xr’xv+r+1""’“,+k’ o)
I 2 . 2
G, (x) = (X1""’Xr’xv+r+1"""v+x’ L) X s
= =2 io= 1
bi “i - b 4
2 3y 2
Gi(i) = ‘i(x1""’xr’xv+r+1’ R DA S
D‘, = 3, = u+l,. Y
- a2 2
ui(i) = ‘i(xl""’xr’xv+r+1""’Xv*k' )
) = 3 = v, e

SMOOTH CONSTRAINED APPROACH TO MAXIMUM ENTROPY

For example, Proplem (2) can be transformed into

Problem (1) by defining the auxiliary variables
x1, .,xk,... such that the original varizbles
2

o, = x;. The new problem is ?Problem (1) with
- U2 2
F(x) = -l X lnxg

6,(x) =75 Ex° with b, = <&>

HAE “k TkTk 1

(x) = T N. x> with = <N,> for i=i

[RRS: ‘)‘K‘ikxk Wi bi*’] = Ny for i=i,...,r
G x) =1 2 with b =1

r+2 = K 7k r+2
The components of vectors f and g. become

£ = 3F/3x, = -2x, - 2x inx®

Kk K K K <

81y = 8G1/8xk = ZEkxk

g(i+1) = 3Gi+l/8xk = ZNikxk i=1,...,r
Blpe2)k = G2’ = 2,
Thus, to set up Egquation (5) or its equivalent form

given by Equation (22) we must calculate the following
dot products



-4y E %2 - 4y E %21 x9

g © TR K=k kT
£, = -u N xS g I i=1,..,r
£ 20 = —uzkxz - Uzkx lnx
LI - - uiksixi
8 " Biuy = uikaknikxi i=1,...,r
gy " Brap = 14zkgk"i
2 . .

ie1 " Bjuy " quNikNjkxk i=1,..0,r J=1,.00,r
§r+2 : 5r+2 hikxi

For this particular problem, the original state

vector p 1s related to the new

state vector x by

therefore 9 = 2% % where % i
Py i Xe 1S
Substituting in this equation
derivea, we notice that the

Pk =

given by Equation (22).
all the expressions just

XZ
K!

resulting equation for P, contains only the square of

the new variables, i.=., z . Hence, the

2
K
can be
original

resulting
agquation

2quation
for the

seen as an avolution
variables p, which are
guaranteed to satisfy the nonnegativity ¢
It is also noteworuny that th
2volution gquation for theé original s
maintains the initiaily zero components e o}
at all times. Thnerelfore, the convergence o
actual maximum entropy state i1s guaranteed only if
initial state vector 30 nas no zero components. in
for the
Condition (10),
state p*

)r'JO

other words,
section,
maximizing

problem ﬂonsidered in
wWwhien is
given by EZguat

this
satisfied by the
lons (3), is not

sufficient to determine p* unless we further reauire

that each pk be strictly nonzero.

CONCLUSIONS

We presented a special nonlinear differential
equation for the description of a smooth constrained
evolution from an arbitrary initial nonequilibrium
state compatible with the constraints, towards a state
maximizing a given function of the state variables.
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The nonlinear differential equation can be
applied to a broad range of nonequilibrium problems in
physics, engineering, and other sciences. we

emphasized here its application in the context of

thermodynamics and information theory.
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2 2, .2
£ g = quEkxk Hankkanxk
2 \ 2 2 R
£ g, = uszikxk uikdikxk 1nx, i=1,..,0
2 W L2 2
AR S = L T ALx e
¢ L2.2
& " & = BB
2 .
g, " By = quEkNikxk i=1,...,r
2
& " Epep = SLEx,
¥ 2 i 3
8341 " Ejuq quNikdjkxk i=1,...,r j=1,...,r
2
Eriz " Brap 4Ly
For this particular problem, the original state
vector p is related to the new state veector x by
p) . . . .
pk = xk, therefore, pk = Zxkxk where Xk is
given by Equation (22). Substituting in this equation
all the expressions just derived, we notice that the

resulting equation for pk contains only the square of

the new variables, i.s., X . Hence, the

resulting
squation

equation
for the

can  be
original
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which are
ondaition.

resulcl
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guaranteed to satisfy the nonnegativity
It is s0 noteworiny !
gvolution equation for the original
maintains the initizlly zero components e
at all times. Therefore, the
actual maximum entropy state
initvial state vector 24
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I

® ® oo m

LY T

s}

other words, for the
section, Condition (10),
maximizing state p*

problem considered in
which is
given oy

this
satisfied by the
Zguations {3), is not
sufficient to determine p* unless we further reaquire

that each p, be strictly nonzero.

CONCLUSIONS
We presented a special nonlinear differential
equation for the description of a smooth constrained

evolution from an arbitrary initial nonequilibrium
state compatible with the constraints, towards a state
maximizing a given function of the state variables.
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The nonlinear differential equation can be
applied to a broad range of nonequilibrium problems in
physics, engineering, and other sciences. We

emphasized here its application in the context of

thermodynamics and information theory.
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