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ABSTRACT
A rate equation for a discrete probability
distribution is discussed as a route to describe a

amooth relzxation towards
distribution compatible at all
linear constraints.

the maximum entropy
times with one or more

1. INTRODUCTION

The determination of a probability distribution

of maximum entropy subject to a2 set of linear
constraints has applications in many areas of
2ngineering, physics, chemistry, and information
theory [1]. The maximum entropy distribution
typically represents an equilibrium or z constrained-
2quilibrium state of the system under study., This
paper addresses a generalization of the wmaximum
entropy problem to the nonequilibrium domain, by

discussing a general rate equation for the description
of smooth constrained relaxation of nonequilibrium
probability distributions towards the maximum entropy
distribution.

The nonlinear rate equation
distribution has the feature
constraints constant at their
increases the entropy value
converge to  the maximum entropy distribution. The
rate equation is also consistent with an Onsager
reciprocity theorem and a fluctuation-dissipation
theorem, both extended to the entire nonequilibrium
domain.

Geometrically, every trajectory generated by the
rate equation in state space has the property that its
image on the intersection of the entropy surface with
the constraint hyperplane is at each point orthogonal

for the probability
that 1t keeps the
initial wvalues and
until the probabilities

to the constant entropy contours, i.e., on such
intersection the image of the trajectory follows a
path of steepest entropy ascent compatible with the
constraints.

We also discuss a generalized rate equation to
treat constraints with specified time-dependent
magnitudes.

2. NONEQUILIBRIUM PROBLEM

The maximum entropy problem wnich sets our
context is that of seeking a probability distribution,
namely, a probability vector p = {p1,...,pi,...},
whose entropy S(p)

13
~—

s(p) = - Zipilnpi

is maximal subject to given magnitudes <A > of cne or
more constraints

= r=20,1...,0 (10)
Lipjayy = <ap :

where Ari is the magnitude of the r-th constraint in
state i, namely, a state represented by a probability
distribution with py = 1 and pj:i = 0. We will assume
that the flirst constraint is the normalization
condition, so that AOi = 1 for each i and <AO> = 1,

The maximizing distribution p* can be written as

m
1

p} = g exn(- ) AAL) (2a)

r=1

o
Q = giexp(— ) AR {2b)

r=1
vwhere the Lagrange multipliers A?’ ey Am are
determined by “the values <A1>""’<Am> of the

constraints.

The extension of the maximum entropy problem to
the nonequilibrium domain that we wish to consider is
the following. We seek a time-dependent probability

distribution, namely, a vector function
p(t) = {p1(t),...,pi(t),...], whose entropy S(p(t)) is
strictly increasing with time, and such that the

magnitudes <Ar> of the constraints are time-invariant,
namely,

zipi(t)Api = <AL r=0,1,...,m {(3)



for all times t. Alternatively, given an initial
distribution 2 we seek a time-dependent distribution

p(t) with p(0) = p. such that at all times t

20

Zipi(tmri = Zipi(o);\ri r=0,1,...,m (4a)
and

-4 5 s (W)np.(t) > 0 (4b)

dt “ivi i

A further generalization of the above
nonequilibrium problem is one in which the magnitudes
of the constraints are assigned a definite time-
dependence.

Thus, given an initial distribution B, we

Seek a time-dependent distribution p(t) with p(0) = 2
such that at all times t -
Q4 Tp (DA = a(t,p(t) r=1 a  (5a)
dt ¢ifi ri r- 'R
and
-4 o ()lnp,(8) > O (50)
at “iPi Py

where the rates ar(t,g(t)) are given functions of time

and of the instantaneous probability distribution.

For example, Problem 5 can be applied in the
context of the constrained-equilibrium method for
chemical kinetics [2]. According to this method, the
chemical composition of a complex reacting system is
assumed at all times to be that of a constrained-
equilibrium state of maximum entropy subjeset to the
usual normalization, energy, and stoichiometry
congtraints, plus an additional set of constraints
zach representing a class of rate-controlling
reactions. The magnitudes of these =additional
constraints are continuously updated according to a
kinetic model for the rates of the contrelling
reactions. Problem 5 represents a generalization of
the constrained-equilibrium method where, instead of
assuming instantaneous antropy maximization
immediately after eacn wupdate of the rate-controlling
constraints, we assume a smooth approach to maximum
entropy continuously compatible with the shifting
magnitudes of the constraints.

In Section 3, we discuss a way to construct a
differential equation for the probability distribution
p, namely, an equation of the form

2= D(p) (6

Wwhose solutions are solutions of Problem 4.
in Section 5, we discuss a way to construct a
differential equation of the form

+ R _(t,p) + D(p) (7)
AUl 282

wnose solutions are solutions of Problem 5.

These differential equations and their main
properties are presented in terms of the notation
introduced in the Appendix. From here on, we assume

familiarity with the useful and nontrivial notation in
the Appendix.
3. CONSTRAINED INCREASE OF ENTROPY

In terms of the notation defined in the Appendizx,
Wwe propose to consider the differential equation

< 1
Xx=—[f - () ] (8)
R VIV A0Y- PR - S

where vectors are defined by

Relations AT and A8.
some procedure to eliminate

§0, Byr oo B and £
Using Relations A2 and A17, and
from the set 50,§1,.

that are linearly dependent on the
verify that Equation 8 induces

-

those vectors
others, we may readily

. 2 .
an equation for p which contains only the square xi of

the new variables and, therefore, is of the form
b - o 9
p=7hp

Here, 1t can be either a positive constant or a

positive functional of the probabilities p.

By virtue of Relations A9 and A19, we conclude
that the magnitude of each constraint is invariant
under Equation 8, i.e.,

. . 1
G =g *X=—8 -[E- (£) ] = 0
r == 12 L(§0,5_1...-,§m)

(10)
By virtue of Relation A10 and A19, we conclude that
the value of the entropy functional is nondecreasing
under Equation 8, i.e.,

. . ’ 1 o
S=F = fex = — £:[f - ([) Ny ] (112)
D2 LT (g gy By
Lo, L1 LEe) )]
T ..\_g_o,é’,...,ém 20'21"“'9.’11 . .
{11D)
= 1Xxx20 {11e)
and the equal sign in Relation 11 applies if znd only
if vector E is in L(§0’§1""’§m) and, therefore, is a
linear combination of vectors 50’51""’§m' namely,
there is a set of multipliers xo,k1,...,xm sueh that
o
= Angr (12)
r=1

(13)

or, multiplying it by )(.l and using p, = x?,

m
p;lnp, = -p, (1 + § ) (14)

XrAri
r=0

It is noteworthy that Equation 8 cannot alter the

value of a pi or x, which is initially zero, namely,

an initially zero probability remains =zero at all
times. Thus, from Relations 11 and 14 it follows that
the effect of Equation 8 1is to smoothly rearrange --
without violating any constraint -- the nonzero
probabilities in the distribution towards higher
entropy distributions until as time tends to infinity



the distribution tends towards an equilibrium defined

by Equation 14 in  which the initially zero
probabilities are still equal to zero whereas the
initially nonzero probabilities are distributed

canonically. Clearly, such equilibrium distribution
would be unstable until some probability is equal to
zero, because a minor perturbation of the distribution
which sets this probability to an arbitrarily small
nonzero value would proceed away towards a different
equilibrium of higher entropy. If initially all the
probabilities in the distribution have nonzero values,
then Equation 8 takes the distribution directly
towards the wunique stable equilibrium distribution
compatible with the initial values of the constraints
and given by Equations 2.

Geometrically, we could visualize the effect of
Equation 8 as follows. Consider the hyperplane
defined by Gr(i) = <Ar> for r = 0,1,...,m where <Ar>

are the magnitudes of the constraints fixed by the
inivial distribution. On this hyperplane we can
identify contour curves of constant entropy, generated
by intersecting the nyperplane with the constant
entropy surfaces F(x) = S where S varies from 0 to the
maximum value compafible with the magnitudes of the
constraints. Every trajectory x(t) generated by
Equation 8 lies on the nyperplane and is at each point
orthogonal to the constant entropy contour passing
through that point. In this sense, the trajectory
follows a path of steepest entropy ascent compatible
Wwith the constraints.

In Section 4 we discuss two further properties of
Equation 8 related to Onsager's reciprocity and the
fluctuation-dissipation theorem.

The mathematical structure of Egquation 8 was
originally developed by the author within the context
of 2 unifisd . theory of mechanics and thermodynamics
that we call guantum thermodynamics {3-4].

-

4. RECIPROCITY AND FLUCTUATION-DISSIPATION RELATIONS

An  indirect way to specify & probability
distribution p is to specify the mean values of a
sufficient number of independent linear functionals of
of the distribution such as

EipiAri = <A Po= 0,1,...,m,... (15)
wWhere the first m+1 functionals coincide with the
constraints, but the set 1is now extended to as many
functionals 2as needed to completely specify the
distribution p. If the functionals are all linearly
independent, “then we need as many as there are
probabilities in the distribution. We call such a set
of functionals a complete sst of independent
properties of the probability distribution. We will

denote by ¥.,Y,,...,Y ,... 38 complete set of property

0:‘~11 . y‘-ry

X 2
functionals of the variables Xy namely,

. 2
= ) = 0,1,... 16

Yp(i) LiX{AL r=0,1, (16)
such that if the values of all these functionals are
given then the values of all the xi are determined.
For simplicity, we shall further assume that
functional Yl3 is the normalization constraint, i.e.,

= £ i

AOi 7 for each i.
We then define the gradient vectors of the

functionals Y

¥, = {ayr/ax1,...,ayr/axi,...}

= {2x A

18pr --} r=20,1,...

""inA an

ri’’

In terms of the

gradient vectors, the functionals Y
may be written as r

Y = Loy
r 5 Lo'dn (18)
In terms of functionals Yr we may also form the
following useful nonlinear functionals
Y (x) = Z.x?A A - Y %4 7 x4 (19)
rs -~ i“irisi i"iTri®i%ivsy
A N e A (20)
[ lr Iq 16 ZO Ln ZO ls 20
which represent the covariance or codispersion of
properties Yr and Ys' In particular, the functional
Yrr represents the variance or dispersion (also,
fluctuation) of property Yr'
We now consider the entropy functional
.7 2 2
F(x) ‘ixilnxi (21)
and its gradient vector
2 L2
fa (—2x1-2xllnx1,...,—in—axilnxi,...} (22)
and further assume that, when evaluated at z given
distributicn X, the property functicnals Zr in the
complete set have gradient vectors Yy, that are all
linearly independent and span the entire set of
vectors with zero entries corresponding to the zero
xi's, 8o that there 1is a unique set of scalars
AO,X1,... such that the vector £ can be written as
£o= § A
- ZI’AI‘LF (23)
where the scalars AO’ x1,... are determined by the set
of equations
© 2
errAri = =] - inx| (xi = Q) (243}
with the index i restricted to the set of nenzero
X.'s,
i .
The entropy functicnal F may also be written as
F = -].x°1nx° = +(1 + y. 1) (25a)
Li7i i 4 =0 -
O T (25b)
4 4 LppsQ =p
1 -
= o 25¢
T + ZrArYr (25¢)
where we used Equations 23 and 18. We see from

Relation 25c¢ that the scalar Ar can be interpreted as

an affinity or generalized "force" representing the
marginal impact of property Yr onto the value of the

entropy about a given distribution x.



We are now ready to consider the time dependence
of the properties Yr and the entropy F as induced by

the Equation 8 for the probability distribution, i.e.,
by the rate equation

s 1
Bl Dy g (26)
=0'=1
which can now also be written as
;<=lZA[y y.) ] (27)
=~ 1 t3%s"Lg +3 L(go,gl,...,g

m

where we used Equation 23 for f. The rates of change

of properties Yr are then giveﬁ—by

Tp = IpX = Lghghng (28)
where we defined the functionals
1
Loo=-y.ly., - (y) ] (29a)
rs T A s T s L(gg 8y e e a8y
= 1 lymr), PRERERSAN )]
&y:8¢- By Byoee By
(29b)

Wwe have used Equation A3
a zero from Equation

and in writing Egquation 29b
With a = (y. ) and subtracted
” - =r'L
2%a.

Relation 28 shows that the

"fluxes') b
r

rates of change (or

generalized and the arffinities (or

generalized "forces") As are linearly interrelated by

the coefficients (or generalized "conductivities")
L.
rs If we wuse Equation AIT to write zn explicit
expression for the generalized conductivities Lrs’ We
find
LS SR S PR L))
Ygthy byl Bk
Yty Byrh Bethy
1
brg = I (30)
B1.21 Ek.-r
Byhye e Bl
and, because determinants are invariant under
transposition, we find that the conductivities Lrs

satisfy the reciprocity relations

L =1L (31)

rs ar

Moreover, it follows from Relation 29b that the matrix
of generalized conductivities

20

LOO LO1 [N LOs .
L10 L11 . . Lls ..
(L] = (32)
LPO Lr1 R Lrs .
is a Gram matrix and as such it is nonnegative.

only if the vectors
in which case

Matrix [L] is strictly positive
In - (lr)L are all linearly independent,

the set of Equations 28 may be solved to yield
: -1
g = LA(LT D) (33)

The rate of entropy increase (Equation 11) may be
rewritten in the following several ways

S f -tk =] i = ¥
S=F=fx Zrkrzr b err‘r (342)
s TXE= 2rzsxr)‘si‘rs (34b)
and, if [L] is strictly positive,
) ZSIFYS([L] (35)
Finally, comparing Relation 20, for the
codispersion Yrs of properties Y  and Ys’ and Relation
30, for the generalized conductivities Lrs’ we see

and all th
rs

codispersions of the constraints and properties Yr an

[ti]

that there is a relation between Lrs’ Y

a

Ys' We may greatly simplify these relations if, for a

given distribution X, we further restrict the choice
of the complete set of linearly independent property

functionals Y. so that y.=h, AN PR Feop=hy
where 31,...,hk are linearly independent vectors

spanning the manifold L(go ..,§m) generated by the

210

constraints and, moreover, we select the functionals

for r 2 k so0 that the codispersions YrO’ er, .y
Yr(k—]) (Equation 20) are all equal to zero (notice
that Yro = 0 implies Yr = Q). For this particular

cheice, by studying Relation 30 for the generalized
conductivities, we may readily verify that

Lrs = 0 whenever r < k or s <Kk (36a)
L = 5 Y for r 2k and s 2k (36D)

rs T rs
and, therefore, we find a direct relation between the
covariance and the generalized conductivity of the
pair of properties Yr and Ys' In particular, for r =



2 1 - 3 : :
s 2 k we find er MYrr/T which is a relation between

the variance (or fluctuation) and the direct
conductivity (or dissipation) of property Y .

5. TIME DEPENDENT CONSTRAINTS

In terms of the notation introduced in Section 3,
let us consider the differential equation

- + g - Ei(g. g i 3
r 20'817 0By Briyr e a8y
(37a)
where
. 1
r - an (6% gr'tg (gr L(80’51""’§P—1’~r+1’§m)]
(370)

and ar(t.g) = ur(t,g) as specified by Equation Sa of

Problem 5. Again, we may readily verify that Equation

37 induces an equation for é which contains only the

2
square x; of the new variables and, therefore, is of

the form

P =2 (t,p) (38)

We may also readily verify that Zquation 37
induces an evolution of the probability distribution p
along whieh the magnitudes of all the constraints
except the r-~th are time-invariant, whereas the
magnitude of the r-th constraint varies with a
rate of change equal to ur(t,p).

Geometrically, we could visualize the effect of
Equation 37 as follows. We consider the nl erplane
defined by Gs(x) = <A for 8 = 0,1,...,r=1,r+1,...,m

- 9

where <As> are the magnitudes of the constraints

(except the r-th) fixed by the initial distribution.
On this hyperplane we can identify contour lines along
which the r-th constraint is constant, generated by
intersecting the hyperplane just defined with the
hyperplane Gr(f) = <Ar> where <Ar> varies over a

feasible range of values. Every trajectory p(t)
generated by Equation 37 lies on the hyperplane of the
fixed constraints and is at each point crthogonal to
the constant—Gr contour line passing through that

point. In this sense, the trajectory follows a path
along the gradient of Gr compatible with the other

constraints. In this sense, Equation 37 determines
the minimal change in x that is necessary in order to
change the r-th constraint at the specified rate a..

Clearly, when two or more constraints have
a specified rate of change, then Eguation 7 yields

many corthogonal contributions to X. The terms
51,..
the shifting constraints to follow the specified rates
of change a.,,...,a_. The contribution of these terms
to the rate of entrépy change does not have a definite
sign. The term D (as given by Equation 8) gives
instead a positive definite contribution to the rate
of entropy change  and tends to  attract the

.,R"1 (with structure given by Equation 37) cause

distribution X ‘towards a path of steepest entropy
ascent compatiblD with the instantaneous values of the
congtraints.

We may finally note that by substituting
L(go.g1,...,g -1'8ppqre+08y) in Equation 37 with

Lif. g, - TEREETY- AP - SRR

equation causing the r~th constraint to follow the
specified rate o, while maintaining a zero change for

..,gm) we would obtain a rate

the other constraints, and also a zero rate of change
of the entropy. In other words, this would describe
an isoentropic change of the magnitude of the r-~th
congtraint,

We conclude that the notation introduced in the
Appendix and the structure of the rate equations
discussed in this paper represent a flexible framework
in which to cast nonequilibrium problems where it is
necessary to describe a smooth constrained approach to
a maximum entropy distribution with or without varying
magnitudes of the constraints.

It is noteworthy that the time evolution
generated by our rate Equation 8 is more general than
any equation assuming that the probability
distribution always maximizes the entropy functional
subject to some "possibly unknown" set of constraints
{1,514,

APPENDIX

Because the variables p1,...,pi, represent

probabilities, all the problems defined in Section 2
are subject to the additional set of inequality
constraints

Py 20 or p.(t)zo0 (A1)
For this reason, it is convenient to change variables
to a new set X = {xi,...,x:,...} from which
probabilities may be computed according to the
relations
2 R
p. = X, =1,... (A2)

1 1

We now rewrite Problem 5 as follows

FE6x(ED) = a (t,x(t)) (a32)
and

d . ;

It r(i\u)) >0 (A3Db)
where

X = {x1,...,xi,...] (Al4)

G (x) = T.x% ro= 0,1 o (AS)

f ol i%1%r1 Thrrns

2. 2
F(x) = - lixilnxi (A6)

Next, we define vectors representing gradients of the
constraints and of the entropy functional

{oGr/Bx1 ,acr/axi,...;

23X A .00l r=0,1,...,m (AT)

= {2x1Ar1"' i"ri



£ o= {8F/8x,,...,8F/3x,...]

= {-2x1-2x 1nx2,...,~2x —2xilnx§,...} (A8)

1 1 i

so that the rates of change of the functions GO' G1,
. Gm’ and F are given by

5 (49)

[}
U
loa

r

F o= fx (A10)

where, clearly, é = {§1,...,ii,...} and the dot

product has the obvious meaning (for example, f-é =

f1-x1 oL, * fi-xi LA I8

Given a set of vectors 31,...,3 (for example,

n
in our context, the set of vectors ByrByr 18y Jjust
defined), the symbol

L . ) (
(2y.--02) (a11)

will denote their linear span, 1i.e., the linear
manifold containing all the vectors that are linear

combinations of a_,...,a . Given another vector b,
=1 Zn =
the symbol
(b), (a12)
- b(§1,...,§n)

Wwill denote the orthogonal projection of b onto the
linear manifold L(éi""’én)’ namely, the unique

vector in L(i?""’in) such that its dot preduct wWith

any other vector a in L(a1,...,aq) squals the dot
product of b with a, i.e.,
a+(0), (, Ly =20 (A13)
- = wia e -
__]7 yf_n
for every z in L(ii""’én)'

In terms of 2 set of linearly indepenaent vectors
h.,...,gk spanning the manifold L(§1,...,§q), where

—_
clearly k¥ € n, we can write two equivalent explicit
expressions for the projection A1Z of vector b onto
L(a‘,...,gn). The first is

(b)“éx--~-'2n):pz q;(l’-'ﬂp)f““—‘w .,gkf‘zpngmu)

where M(B3" ,gk)‘ is the inverse of the Gram matrix
-51 e ﬁk'l‘li“

M(h L) - S .' (a15)
hpemye - By

The second expression is a ratio of two determinants

0 nooo... n
E'E'; 9.1 '_h.1 e Ek'?.*[
E'Ek E] .Ek ot D.k .Ek
(D)L(g1,...,§n)= B
By-hy Byohy
Byhy - ey

(a16)

where the determinant at the denominator is always
strictly positive because the vectors h "Bk are

LA
linearly independent. In the paper, we often make use
of vector differences such as

£ = Bk
8y Byhy Byen;
feh hoen. . . . heh
==K -1 =k —k =k
b - (E)[’(é'q""'én):
: hoeh. .. . nen
e | —K I
LBy e Bl
(A17)

where in writing Equation A17 we used Equation A16.
The vector represented by Equation A17 has the
relevant property

a.-(b - (b = 0 r=1,...,n (A18)

)
- u(_a_1v---yén)

which follows directly from Relation A13, i.e., the
vector b - (E)L is  orthogonal to manifold L.

Moreover, we have the other relevant property
Le(B = (B)) = (B - (®))(b- (b)) 20  (A19)

wWnere the strict inequality applies whenever b is not
in L. ’ -

In the paper, we make extensive use of the
notation and relations just discussed [6].
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