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NOT ONLY IT CAN BE USED AS AN ALTERNATIVE TO LINDBLAD-FORM LINEAR MODEL EQUATIONS FOR REDUCED QUANTUM DYNAMICS...

1 Introduction

Much work has appeared in recent years on the study
of entropy-generating irreversible nonequilibrium dynamics.
Limited discussions of previous work is found in [1, 2, 3, 4]
and references therein, but no thorough critical review of the
subject is avallable, although it would be very helpful to pro-
vide proper acknowledgement of pioneering work, avoid 're-
discoveries’ such as in [5] and outline the different frame-
works, motivations, approaches and controversial and in-
terpretational aspects (e.g., for pioneering contributions see
[6, 7, 8]).

To be sure, recent discussions (see e.g. [2, 5, 9, 10]) on
possible fundamental tests of standard unitary guantum me-
chanics, related to the existence of ‘spontaneous decoher-
ence’ at the microscopic level, and on understanding and
predicting decoherence in important future applications [11]
Involving nanometric devices, fast switching times, clock
synchronization, superdense coding, guantum computation,
teleportation, quantum cryptography, etc. show that the sub-
ject of irreversible nonequilibrium dynamics is by no means
settled.

In this paper, we outline the main features of the nonlinear
guantum evolution equation proposed by the author [12]-
[19]. Such equation may be used as a model (Sections 2-
4) of reduced subsystem dynamics to complement various
historical and contemporary efforts to extend linear Markov-
lan theories of dissipative phenomena and relaxation based
on master equations, Lindblad and Langevin equations, to
the nonlinear and far nonequilibrium domain. It may also
be used as the fundamental dynamical principle (Section 5)
In theories that attempt to unite mechanics and thermody-
namics, such as the Hatsopoulos-Gyftopoulos unified the-
ory [8] which motivated the original development of this well-
behaved general nonlinear equation for the density operator.

2 General class of nonlinear evolution equa-
tions for non-Lindblad dissipative quantum
dynamics

Let H (dimH < oo) be the Hilbert space and H the Hamil-
tonian operator associated with a system in standard Quan-
tum Mechanics. We assume that the quantum states are
one-to-one with the linear hermitian operators p on ‘H with
Tr(p) = 1 and p > p?, and we assume a dynamical equation
of the form [12]-[19]

=0 E(p)+E(p)p. (1)
where F(p) is an operator-valued function of p that we may
call the “evolution” operator and in general is non-hermitian.
Without loss of generality, we write £ = E, + iE_ where
E. = (E+ E"/2and E_ = (E — E")/2i are hermitian op-
erators that, for convenience, we rename as AM (p)/2kg7(p)
and H /h, respectively, so that Eq. (1) takes the form [18, 19]
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il (0 s 2].CBT(p){ (p). P}, (2)
where |-, -] and { -, -} are the usual commutator and anti-

commutator, H (assumed independent of p, but not neces-
sarily independent of time ¢) is identified with the Hamiltonian
operator, i the reduced Planck constant, k; the Boltzmann
constant; moreover, AM(p) is a hermitian operator-valued,
possibly nonlinear function of p which, together with the posi-
tive definite, possibly nonlinear functional 7(p) of p, describes
the dissipative dynamics of the system, and is such that
Tr[pAM (p)| = 0 as required to preserve p unit trace.

The reason for considering a dynamical law of the form
(2) is that the explicit expression of AM (p) that generates
steepest-entropy-ascent (maximal entropy generation) con-
servative dynamics of an isolated system compatible with all
thermodynamics requirements [4] is known [12]-[19].

The steepest-entropy-ascent form of the operator function
AM (p) is defined in Section 3 in terms of the operator
[17, 18, 19]

M(p) :S(p)—@—‘r 9(/0.) ) (3)

where S(p) is the entropy operator [precise definition in EqQ.
(15), and the functionals 6(p) and u(p) are defined in Section
3, Eqgs. (16)-(19)]. We call operator M (p) the generalized
nonequilibrium Massieu-function operator, because at ther-
modynamic equilibrium its mean value belongs to the fam-
Ily of entropic characteristic functions introduced by Massieu

[20], I.e.,
<[C_Z{>e_i_li';N>e’ (4)

where (S)e, (H)e, (N)e, T and p are the equilibrium entropy,
energy, amounts of constituents, temperature and chemical
potentials, respectively.

<M>e — <S>e —

We consider the space L(H) of linear operators on H
equipped with the real scalar product

(FIG) = Tv(F'G + GTF)/2 = (G|F) | (5)
and the real antisymmetric bilinear form
(F\G) =i Tx(FTG - GTF)/2 = —(G\F) = (F|iG), (6)

so that for any (time-independent) hermitian F' in £(H) the
corresponding mean-value state functional can be written as
(F) = Tr(pF) = Tr(y/pF/p) = (/pl\/pF), and can therefore
be viewed as a functional of ,/p, the square-root density op-
erator, obtained from the spectral expansion of p by substi-
tuting its eigenvalues with their positive square roots. When

p evolves according to Eg. (1), the rate of change of Tr(pF)
can be written as

ATe(pF) /At = Tx(F dp/dt) =2 (VpF| VPE(p) . (7)

In particular, for the evolution equation to be well defined,
the functional Tr(pl) where [ is the identity on H must re-
main equal to unity at all times; therefore, dTr(pl)/dt =
2 (y/pI| /pE(p)) = 0, in view of Eq. (2) implies the condi-

tion
(Vpl/PAM(p)) =0. (8)

For I and G hermitian in £(H), we introduce the following
shorthand notation

AF = F — Te(pF)I , (9)
(AFAG) = (VEAF|/FAG) — %Tr(p{AF, AGY) . (10)
Ap = \Jopp = (AFAF) | (11)

(IF,G1/2i) = (VPAF\VPAG) = - Tr(p[F, G))
— (R, G/2i)* = (G, F]/2i) | (12)

For example, we may write the rate of change of the mean
value of a time-independent observable F' as
dTr(pF) (|F,H|/2i) (AFAM)

_ 13
dt 2 ke (13)

from which we see that not all operators F' that commute
with H correspond to constants of the motion, but only those
for which (AFAM) = 0, i.e., such that ,/pAF is orthogonal
to both i,/pAH and ,/pAM, Iin the sense of scalar product
(5). For an isolated system, conservation of the mean en-
ergy functional Tr(pH) requires an operator function AM (p)
that maintains ,/pAM always orthogonal to ,/pAH, so that
(AHAM ) = 0 for every p.

We now consider the entropy functional (S) = Tr(pS) =

—ksTr(pln p) = —ks (/p |/pIn(y/p)?) and its rate of change,
which using Eqgs. (2) and (8) may be written as

ATr(pS)/dt = 2(\/pS|\/PE(p) = (ASAM) [ker  (14)
where, for convenience, we define the entropy operator
S = _kBPIO>0 1n/0 , (15)

where P, Is the projection operator onto the range of p
[22]. Interestingly, the rate of entropy change, being pro-
portional to the correlation coefficient between entropy mea-
surements and M measurements, under the assumptions
made so far, may be positive or negative, depending on how
M is defined, I.e., depending on the specifics of the physical
model in which Eq. (2) is adopted.

3 Steepest-entropy-ascent, conservative dis-
sipative dynamics of an isolated system

We now further assume the explicit form of AM (p) that yields
steepest-entropy-ascent, conservative dissipative dynamics
[12, 17, 18, 19]

AM(p) = AS — AH'(p)/0(p) , (16)
where S Is the entropy operator defined in (15),
AH'(p) = AH — p(p) - AN, (17)

H is the Hamiltonian, N = {Ny,..., N, } a (possibly empty)
set of operators commuting with H, that we call non-
Hamiltonian generators of the motion (for example, the
number-of-particles operators or a subset of them, or the
momentum component operators for a free particle), such
that operators ,/pAH and ,/pAN are linearly independent,
0(p) and w(p) = {ui(p),...,ur(p)} a set of real functionals
defined for each p by the solution of the following system of
linear equations

(ASAH) 0+ (ANAH) p; = (AHAH) ,  (18)
1=1

(ASAN;) 0+ (AN;AN) p; = (AHAN;),  (19)
1=1

which warrant the conditions that (AHAM) = 0 and
(AN,;AM) = 0, and hence that the mean values Tr(pH) and
Tr(pN) are maintained time invariant by the dissipative term
of the equation of the motion.

Operators ,/pAH’ and /pAM are always orthogonal, in the
sense that (AMAH') = 0 for every p. It follows that, in gen-
eral, (ASAH"Y = (AH'AH") /0,

(AH'AH)
6%(p)

and hence the rate of entropy generation (14) is always
strictly positive except for (AMAM) = 0 (which occurs
ifft \/pAM = 0), i.e., for,/ppqASq = (V/PdDAH — pyq -
VPndAN) /0,4, for some real scalars 6,4 and p, 4, that is, for
density operators (that we call non-dissipative) of the form

(ASAM) = (AMAM) = (ASAS) — >0, (20)

b= Bexp|—(H — pypq - N)/ksbq| B
" TrBexp[—(H — pya - N) /Kby °

(21)

where B is any projection operator on H (B = B).

The nonlinear functional 6(p) = (AH'AH"Y/{ASAH'Y may
be interpreted in this framework as a natural generaliza-
tion to nonequilibrium of the temperature, at least insofar
as for t — +oo, while the state operator p(t) approaches
a non-dissipative operator of form (21), 6(t) approaches
smoothly the corresponding thermodynamic equilibrium (or
partial equilibrium) temperature 6, ,.

Because here H always commutes with M, ¢y = 0 and
(M|iH) = 0, which means that ,/pAM(p) is always orthog-
onal to i,/pAH. This reflects the fact that on the entropy
surface the direction of steepest entropy ascent is orthogo-
nal to the (constant entropy) orbits that characterize purely
Hamiltonian (unitary) motion (in which the entropy is main-
tained constant by keeping invariant each eigenvalue of p).

As shown In Refs. [13], the dissipative dynamics gener-
ated by Eq. (2) with AM(p) as just defined and a time-
independent Hamiltonian H: (i) maintains p(t) > p2(t) at
all times, both forward and backward in time for any ini-
tial density operator p(0) (see also [5, 17]); (ii) maintains
the cardinality of p(¢) invariant; (iii) entails that the entropy
functional is an S-function in the sense defined in [21] and
therefore that maximal entropy density operators obtained
from (21) with B = I are the only equilibrium states of the
dynamics that are stable with respect to perturbations that
do not alter the mean values of the energy and the other
time invariants (if any): this theorem of the dynamics co-
Incides with a well-known general statement of the second
law of thermodynamics [8, 23]; (iv) entails Onsager reci-
procity in the sense defined in [16]; (v) can be derived from
a variational principle [5, 17], equivalent to our steepest en-
tropy ascent geometrical construction [13, 19], by maximiz-
ing the entropy generation rate subject to the Tr(p), Tr(pH),
and Tr(pN) conservation constraints and the additional con-

straint (,/pE|\/pE) = c(p) [17, 19].

We finally note that assuming in Eq. (2), in addition to AM (p)
given by (16), the nonlinear relaxation time 7(p) given by
[17, 19]

T(p) = hAp 2keA gy (22)

we obtain the most dissipative (maximal entropy generation
rate [17]) dynamics in which the entropic characteristic time
[19] 7¢ = Ag/|d(S)/dt| is always compatible with the time-
energy uncertainty relation 7¢Ay > h/2 and the rate of en-
tropy generation is always given by 2A ;A g /h.

The usefulness and physical meaning of the proposed non-
linear model equation is worth further investigations and ex-
perimental validation in specific far nonequilibrium contexts
In which linear models of Lindblad form are insufficient. One
such context may be the currently debated so-called “fluc-
tuation theorems” [24] whereby fluctuations and, hence, un-
certainties are measured on a microscopic system (optically
trapped colloidal particle [25], electrical resistor [26]) driven
at steady state (off thermodynamic equilibrium) by means of
a work interaction, while a heat interaction (with a bath) re-
moves the entropy being generated by irreversibility. Another
such context may be that of pion-nucleus scattering, where
avalilable experimental data have recently allowed partial val-
idation [27] of “entropic” uncertainty relations [28]. Yet an-
other is within the model we propose in Ref. [18] for the
description of the irreversible time evolution of a perturbed,
Isolated, physical system during relaxation toward thermo-
dynamic equilibrium by spontaneous internal rearrangement
of the occupation probabilities. We pursue this example in
the next section.

4 Numerical example

To Iillustrate the well behaved time dependence implied by
the proposed dynamical law, we consider an isolated, closed
system composed of noninteracting identical particles with
single-particle eigenstates with energies e; for i = 1, 2,...,
N, where N is assumed finite for simplicity and the ¢;’s are
repeated in case of degeneracy, and we restrict our attention
to the class of dilute-Boltzmann-gas states in which the par-
ticles are independently distributed among the N (possibly
degenerate) one-particle energy eigenstates. This model is
Introduced in Ref. [18], where for our generalized nonequi-
librium Massieu-function operator we assume the form

and, therefore,

AM(p) =AS —AH/0(p) . (24)

For simplicity and illustrative purposes, we focus on purely
dissipative dynamics by considering a particular trajectory
p(t) that commutes with H at all times ¢, assuming that H is
time independent and has a nondegenerate spectrum. As
a result, the energy-level occupation probabilities p,, coin-
cide with the eigenvalues of p, and the dynamical equation
reduces to the simple form [18]

dg% — _l [pn In pp, + pn<k—£ + pnen ;B2H> ; (25)
where
<S> = —Fkp an Inpp , (26)
(H) = anen , (27)
o = <ZHAH> J(AHAS) | (28)
(AHAH) =Y " ppes — (H)?, (29)
(AHAS) = —ks ¥ pnenlnpy — (H)(S) . (30)

The plots in Figure 1, illustrate a sample trajectory obtained
by solving numerically, both forward and backward in time,
the system of nonlinear equations (25) for an initial state with
cardinality equal to 4 and = assumed constant, with nonzero
occupation probabilities only for the four energy levels e; = 0,
eo = u/3, e3 = u/3, and e; = u, and with mean energy
(H) = 2u/5 (u is arbitrary, with units of energy). As done in
[18], the initial state p(0) at time ¢ = 0 is selected so that the

resulting trajectory p(t) passes in the neighborhood of the
partially canonical nondissipative state pffd that has nonzero
occupation probabilities only for the three energy levels ey,
e9, and e4, and mean energy (H) = 2u/5 (pffdl = 0.3725,
plt, = 0.3412, pit. = 0, pit,, = 0.2863, 0%, = 3.796u/ks ).
During the first part of the trajectory, this nondissipative state
appears as an attractor, an approximate or ‘false target’ equi-
librium state; when the trajectory gets close to this state, the
evolution slows down, the entropy generation drops almost
to zero and the value of ¢ gets very close (3.767 u/kg) to that
of Hffd; however eventually the small, but nonzero initial oc-
cupation of level e3 builds up and a new rapid rearrangement
of the occupation probabilities takes place, and finally drives
the system toward the maximal entropy state p", with en-
ergy (H) = 2u/5 and all four active levels occupied, with
partially canonical distribution p! = 0.3474, p> . = 0.2722,

phos = 0.2133, p = 0.1671, and characterized according to
(21) by the (partial equilibrium) temperature 6, = 1.366 u/ks.
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The top subfigure shows the four nonzero occupation prob-
abilities as functions of dimensionless time: ¢/7. The dots
on the right represent the maximal entropy distribution,
Pn(+00) = pﬁz; the dots at the left represent the lowest-
entropy or ‘primordial’ distribution, p,(—oc) = p,, which
for the particular trajectory selected here, corresponds to a
nondissipative state pfd that has only two occupied energy
levels, e and ey, with probabilities p', = 0.6 and p®*,, = 0.4
(and temperature pfd = 2.466 u/kg); in fact the system has
no lower entropy states p that commute with H, have energy
2u/5, and have zero occupation probabilities p,, for every
n > 4 [18]. The dots in the middle represent the nondissipa-
tive state pflt 1 Which appears as the false target state during
the first part of the trajectory, plotted at the instant in time
when the entropy of the time-varying trajectory is equal to
the entropy of this distribution.

The second subfigure shows the time dependence of the
dimensionless entropy (S)/kg; the third shows its rate of
change (proportional to (AMAM)) and compares it with
(ASAS) and (AHAH)/6?; the fourth shows the time de-
pendence of our generalized ‘nonequilibrium temperature’ ¢
(properly nondimensionalized) and compares it with A g /Ag
and 2A ;A /osg where ogg = (ASAS); the fifth subfigure
shows the time dependence of 1/7p (which here is pro-
portional to the square root of the rate of entropy genera-
tion, third subfigure) and compares it with 1/75 and 1/7g,
where [19] 7p = kg7/Ay, T = ksT/Ag; the sixth sub-
figure shows 1/7’p@n for each of the four occupation prob-
abilities and compares them with 1/7p, where [19] TR =

VIAR,AR,)/|dpn/dt|.

...BUT IF ASSUMED AS A GENERAL FUNDAMENTAL DYNAMICAL PRINCIPLE (MAXIMAL ENTROPY GENERATION) IT CAN ALSO PROVIDE
AN INTRIGUING, CONSISTENT, MICROSCOPIC-LEVEL UNIFICATION OF MECHANICS AND THERMODYNAMICS

5 MIT school unified theory of mechanics and
thermodynamics

The growing interest during the last several decades in quan-
tum dynamical models of systems undergoing irreversible
processes has been motivated by impressive technological
advances in the manipulation of smaller and smaller sys-
tems, from the micrometer scale to the nanometer scale,
and down to the single atom scale. The laws of thermo-
dynamics, that fifty years ago were invariably understood as
pertaining only to macroscopic phenomena (an opinion still
maintained by physicists of that generation, including several
still active and influent members of the physical community),
have gradually earned more attention and a central role in
studies of mesoscopic phenomena first, and of microscopic
phenomena more recently.

For a variety of ad-hoc reasons — statistical, phenomenolog-
iIcal, information- theoretic, quantum-theoretic, conceptual —
many investigators have concluded that the von Neumann
equation of motion (Equation 2 with AM = 0 identically)
IS Incomplete, and a number of modification have been at-
tempted [29].

During the last decades, though with very different interpre-
tations and approaches, there has been a gradual conver-
gence toward a new important innovation: the idea that en-
tropy Is a microscopic quantity and that irreversibility should
be incorporated in the microscopic description (see e.g., [5].
The differences of interpretation and the various schools of
thought still make this subject very controversial. But there
IS no doubt that credit for this fundamental ansatz, as well
as for including it in a coherent and complete new quantum
theory that goes beyond quantum mechanics without con-
tradicting it, by incorporating equilibrium and nonequilibrium
thermodynamics, must be given to the pioneering contribu-
tions of the MIT school [8, 3, 13, 14, 15, 30].

The implementation proposed by the MIT school provides
an alternative to the traditional interpretation and the Infor-
mation Theory interpretation of the successful mathemati-
cal formalism of Statistical Mechanics (SM). It retains all the
successful aspects of its formalism within a sound concep-
tual framework free of inconsistencies and drastic depar-
tures from the traditional structure of a physical theory, In
particular, with no need to abandon such keystones of tradi-
tional physical thought as the concept of trajectory and the
principle of causality.

The fundamental ansatz that the postulates of quantum
mechanics can be successfully supplemented by the first
and second principles of thermodynamics by assuming a
broader state domain that includes not only p? = p but
also p?> # p state operators, provided that the functional
—kgTr(pln p) is taken for the physical entropy, has been first
proposed (without a dynamical law) by Hatsopoulos and
Gyftopoulos [8] on physical and theoretical reasoning only
(for a recent summary see [31]).

Thirty years ago, the hypothesis of a state domain aug-

mented with respect to that of traditional QM was per-
ceived as adventurous [32] and countercurrent to the pre-
vailing approaches to dissipative guantum dynamics within
the frameworks of statistical, stochastic, phenomenological,
Information-theoretic, chaotic-behavior and bifurcation theo-
ries.

The recent new experimental evidence of loss of quantum
coherence [9, 33, 34] and the impressive effort devoted to
study nonlinear modifications of the standard Schrodinger
equation in the last twenty years [35], finally seem to make
more acceptable, if not require, the p? # p augmented state
domain Hatsopoulos—Gyftopoulos (HG) ansatz.

Once the p? # p ansatz is accepted, the nonlinear equation
of motion we proposed completes the dynamics and holds
the promise to provide a microscopic-level explanation of the
recent experimental evidence of loss of quantum coherence.
It is with this motivation that Gheorghiu-Svirschevski [5, 2]
has “rediscovered” our Equation (2) together with many of
Its known features, including existence and unigueness of
solutions, an elegant and useful expansion, and other re-
sults in the near-equilibrium linear limit. However, in Ref. [5]
the question of defining the form of the relaxation-time func-
tional is left unresolved, together with the nontrivial problem
to extend the nonlinear dynamics to composite systems with
Internal partitions between separated subsystems, that we
address in [15, 17].

The fact that nonidempotent density operators (p? # p) are
considered also in SM and are referred to as mixed states
may generate some confusion and requires an important
clarification. In SM, mixed states are used to represent het-
erogeneous preparations, and the functional —Trplnp as a
statistical indicator of the heterogeneity of a preparation. In-
stead, the essence of the HG ansatz is the observation that
In general we need nonidempotent density operators to rep-
resent unambiguously homogeneous preparations.

A preparation is homogeneous if it generates an ensemble
of identical systems which cannot be conceivably subdivided
Into subensembles different from the original ensemble. No-
tice that for two ensembles of identical systems to be differ-
ent it suffices that the arithmetic mean value of data yielded
by measurements of a physical observable on the member
systems of one of the two ensembles be different from the
mean value of data yielded by measurements of the same
physical observable on the member systems of the other en-
semble.

Since, by definition, there exist no subdivisions of a homo-
geneous ensemble into different subensembles, it follows
that each individual member system of a homogeneous en-
semble has exactly the same intrinsic characteristics as any
other member. For, if all member systems did not have the
same Intrinsic characteristics, then it would be possible to
conceive of subdivisions of the ensemble into subensembles
that are not identical.

The whole of these intrinsic characteristics, shared by all the

iIndividual members systems of a homogeneous ensembile,
defines the concept of state of an individual system [30, 12].
In short, a homogeneous ensemble is a real aggregate of
identical systems each individually in the same state. Thus,
the concept of state acquires physical meaning in its ref-
erence to the individual system, though its empirical corre-
spondent is a homogeneous ensemble of identical systems.
The power of this rule of correspondence is that it holds with
the same fundamental meaning whether the concept of state
does or does not involve probabilistic concepts.

In standard quantum mechanics (and in SM) every state
of the system (every homogeneous preparations) Is repre-
sented by an idempotent density operator > = p (which is
a projector onto a one-dimensional subspace of the Hilbert
space of the system and therefore one to one with a state
vector). According to the HG ansatz, instead, in addition to
the states of standard guantum mechanics there are states
(homogeneous preparations — not heterogeneous as in SM)
that must be represented by nonidempotent density opera-
tors p? # p. The entropy functional —kzTrpln p is @ measure
of the nonidempotence of these states, and emerges from
the theory as an intrinsic property of matter, the physical
entropy of thermodynamics, that can be assigned to each
and every individual member system of an homogeneous
ensemble.
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