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Abstract. Thermodynamic properties of hydrocarbon/air plasma mixtures at ultra-high temperatures
must be precisely calculated due to important influence on the flame kernel formation and propagation
in combusting flows and spark discharge applications. A new algorithm based on the complete chemical
equilibrium assumption is developed to calculate the ultra-high temperature plasma composition and ther-
modynamic properties, including enthalpy, entropy, Gibbs free energy, specific heat at constant pressure,
specific heat ratio, speed of sound, mean molar mass, and degree of ionization. The method is applied
to compute the thermodynamic properties of Hz/air and CH4/air plasma mixtures for different tempera-
tures (1000-100 000 K), different pressures (107-100 atm), and different fuel/air equivalence ratios within
flammability limit. In calculating the individual thermodynamic properties of the atomic species needed
to compute the complete equilibrium composition, the Debye-Huckel cutoff criterion has been used for
terminating the series expression of the electronic partition function so as to capture the reduction of the
ionization potential due to pressure and the intense connection between the electronic partition function
and the thermodynamic properties of the atomic species and the number of energy levels taken into ac-
count. Partition functions have been calculated using tabulated data for available atomic energy levels.
The Rydberg and Ritz extrapolation and interpolation laws have been used for energy levels which are not
observed. The calculated plasma properties are then presented as functions of temperature, pressure and
equivalence ratio, in terms of a new set of thermodynamically self-consistent correlations that are shown
to provide very accurate fits suitable for efficient use in CFD simulations. Comparisons with existing data

for air plasma show excellent agreement.

1 Introduction

To improve efficiency and reduce pollutant formation in
internal combustion engines [1], knowledge of flame kernel
development and flame propagation play important role.
A plasma, at very high temperature, will be generated at
the onset of spark discharge. Accurate modeling of the
thermodynamic properties of plasma mixtures is essential
to understand the evolution of the plasma channel and its
evolution into the formation of the flame kernel. During
the spark discharge in a fuel-air mixture, the electrical en-
ergy is injected in a constant volume process followed by
a sudden expansion which leads to the formation of fully
ionized high temperature plasma through the generation
of a shock wave and the consequent dissociation and ion-
ization of the mixture. The plasma thermodynamic prop-
erties and its degree of ionization have important effects
on flame ignition, structure, and propagation.

% e-mail: omidmech@gmail.com

During the past decades a significant progress in
plasma applications such as cutting, spraying, arc heat-
ing, re-entry of space-vehicles, nuclear rockets, CFD sim-
ulation of high-temperature flow fields and spark ignition
has happened. To model and control the plasma flow in
these applications, energy, mass, and momentum trans-
fer are very important. As a result, the thermodynamic
properties of plasma mixtures at high temperatures must
be estimated by means of sophisticated models to ensure
accurate simulations of the plasma flow field. In many ap-
plications it is possible to model plasma mixtures behavior
by the equation of state of an ideal gas in local thermo-
dynamic equilibrium (LTE).

In the last six decades, many papers have been pub-
lished on the thermodynamic properties of plasma mix-
tures with particular attention to air species because
of their importance in the aero-thermodynamic analy-
sis of hypersonic flows surrounding a space vehicle dur-
ing its reentry into the Earth’s atmosphere. Gilmore [2,3]
reported results for composition and thermodynamic
properties of air for temperatures between 1000 K
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and 24 000 K. Calculations assume a perfect gas mixture in
local thermodynamic equilibrium, including dissociation
and ionization. Hansen and Heims [4], and Hansem [5,6]
studied the space-vehicle traveling at high speed which ex-
cite the air to high temperature, resulting in dissociation
and ionization of air. His method was valid to predict the
thermodynamic properties of air up to 15000 K and con-
sidered dissociation and only first ionization of nitrogen
and oxygen. Rosenbaum and Levitt [7] derived expres-
sions for the composition, specific volume, enthalpy, and
entropy of hydrogen plasmas up to 100000 K.

Lick and Emmons [8] calculated the thermody-
namic properties of helium plasmas at temperatures up
to 50000 K. They considered a mixture composed of
neutral helium atoms, singly and doubly ionized he-
lium atoms, and electrons. Brown calculated equilibrium
high-temperature thermodynamic properties of the atmo-
spheres of Earth [9], Mars [10] and Venus [11] for studying
flights in planetary atmospheres in the shock and bound-
ary layers. Drellishak et al. [12] calculated equilibrium
composition and the thermodynamic properties of argon
plasma for five pressures of 0.1, 0.5, 1.0, 2.0 and 5.0 atm,
and for the temperature range from 5000 K to 35000 K.
Kubin and Presley [13] calculated the thermodynamic
properties of hydrogen plasmas for a temperature up to
20000 K. Hydrogen atoms were assumed to have only six
energy levels. They neglected the reduction in the ioniza-
tion potential and arbitrarily cut off the electronic parti-
tion function at six terms.

Patch and McBride [14] obtained thermodynamic
properties for ng and HJ at temperatures between 298 K
and 10000 K. Patch [15] calculated the equilibrium
composition of a hydrogen plasma for pressures rang-
ing from 1 to 100 atm at temperatures of 400 K
to 40000 K. Nelson [16] calculated and tabulated thermo-
dynamic properties of an atomic hydrogen-helium plasma
for temperatures from 10000 K to 100000 K. Pateyron
et al. [17,18] calculated thermodynamic properties such
as specific enthalpy and specific heat of the Ar-Hy and
Ar-He plasmas up to 30000 K using partition functions
of species. Sher et al. [19] calculated the specific heat ca-
pacity and mole fractions of the air at high temperatures
using a simplified thermodynamic model to study the for-
mation of spark channels. Capitelli et al. [20-24] calcu-
lated thermodynamic and transport properties of air at
high temperatures assuming that the plasma is in local
thermodynamic equilibrium (LTE) for temperatures up
to 100000 K. D’Angola et al. [25] calculated thermody-
namic and transport properties of high temperature equi-
librium air plasmas in a wide range of pressure (0.01 atm
to 100 atm) and temperature range (50 to 60000 K).
Rat et al. [26] performed an alternate derivation of trans-
port properties in a nonreactive two-temperature plasma
without Bonnefoi’s assumptions. They applied their model
for a two-temperature argon plasma and figured that the
theory of transport coefficients of Devoto and Bonnefoi
underestimates the electron thermal conductivity. Mur-
phy calculated the transport coefficients such as vis-
cosity, thermal conductivity and electrical conductivity
of different species including hydrogen and mixtures of
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argon-hydrogen [27] and helium and its mixture with ar-
gon [28] using local thermodynamic equiblirium at at-
mospheric pressure in the temperature range from 300
to 3000 K.

The above literature shows that most of the works
dealt only with air and some fundamental gases like, hy-
drogen, helium, argon, and their mixtures. It also reveals
a shortage of exact curve-fit correlations of thermody-
namic properties of fuel/air plasma mixtures such as hy-
drogen/air and methane/air which have many important
applications in automotive and aviation industries [29,30],
as well as in other studies dealing with plasma mixtures.
The combustion community suffers from lack of these kind
of correlations which in CFD simulations of plasma mix-
ture flows can be easily implemented and effectively reduce
numerical complications and computation time. Curve-fit
correlations have only been reported in few works with
high emphasis on air plasma.

The purpose of this paper is to provide the thermo-
dynamic properties and equilibrium composition of hy-
drogen/air and methane/air plasma mixtures. The corre-
lations we propose provide the equilibrium composition
and the thermodynamic properties such as enthalpy, en-
tropy, Gibbs free energy, specific heat at constant pres-
sure, specific heat ratio, speed of sound, mean molar mass,
and degree of ionization for a wide range of tempera-
tures (1000-100000 K), pressures (1075-10% atm) and
different equivalence ratios within flammability limit (for
methane/air mixture flammability limit is 0.6 < ¢ < 1.4
and for hydrogen/air mixture flammability limit is 0.5 <
¢ < 5.0). To calculate the thermodynamic properties of
a plasma mixture, it is necessary to evaluate the individ-
ual properties of the pure components and calculate the
equilibrium composition. For polyatomic molecules and
molecular ions, which are the dominant components dur-
ing the dissociation phase, the individual thermodynamic
properties are extracted from the NASA database [31].
For monoatomic molecules, atomic ions, and electrons,
the individual thermodynamic properties are computed
by statistical thermodynamic methods using a rigorous
calculation of the electronic partition functions. Griem’s
self-consistent model [32] is used for the reduction of the
ionization potential based on Debye-Huckel length. This
model uses a cut-off of the electronic partition function
expansion series in order to prevent its divergence prob-
lem. The effect of the number of energy levels on ther-
modynamic properties is illustrated by comparing the
results with the ground state method. In order to deter-
mine the equilibrium composition, the complete equilib-
rium method based on Gibbs free energy minimization
assuming ideal gas equation of state, mass conservation,
and electrical neutrality [33,34] has been applied.

The paper is structured as follows. Section 2 discusses
the importance of plasma study in flame kernel model-
ing in the spark ignition process. Section 3 illustrates the
model and the various assumptions in detail. Section 4
presents and discusses the results. Section 5 gives some
conclusions. Appendix gives the coefficients of the pro-
posed correlations.
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chemical energy

Fig. 1. Schematic of flame propagation model [35].

2 Plasma application in spark ignition process

It is a well-known fact that in the spark and laser igni-
tion, high temperature ionized gases is the source of flame
kernel formation and propagation. In conventional spark
ignition, electrical energy is supplied through an external
source (e.g. a spark plug). A part of electrical energy is
converted to thermal energy by ionizing the gases. This
conversion process involves the formation of a plasma ker-
nel which can potentially form a flame kernel. The forma-
tion of spark kernel consists of two parts [35]. The first, the
shorter stage involves a pressure wave emission; the second
stage which is longer is a constant pressure process. In the
second stage the diffusion of reactants and ions conclude
the initial flame kernel [35]. In both stages the high density
electrical energy creates ions in an extremely high temper-
ature environment. In our previous work, we calculated
the properties of the initial spark kernel by employing a
thermodynamic model validated by experiments [35]. For
an initial plasma kernel the energy balance for the control
volume shown in Figure 1, is given by:

o8 . dSE . . .
-, — M (huf + Cpu:ru) + 7 - Qcond - Qrad - PV;

ot
(1)
(2)

where E is the energy of the burned gas region, m the
mass of the gas, T the temperature, h the specific en-
thalpy, u the specific internal energy, ¢, the specific heat
at constant pressure, ¢, the specific heat at constant vol-
ume, SE the supplied spark energy, ¢ the time, Qcong the
conductive energy losses, Q,.qq the radiated energy losses,
P the pressure and V the volume of the kernel, u, b and f
subscripts refer to unburned, burned and formation.

By solving equations (1) and (2), the kernel tempera-
ture at several conditions was calculated. Figure 2 shows
the temperature of kernel at different initial radii. It can
be seen that the temperature is high enough for the for-
mation of plasma ions. We have shown that at temper-
atures higher than 6000 K the thermodynamic proper-
ties such as ¢, and ¢, in equations (1) and (2) are strong

E=m (ubf + cvbTb) ,
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Fig. 2. The effect of initial radius on air kernel temperature,
T; = 7000 K, discharge energy = 24 mJ [35].

function of ionization processes [36]. In previous work [35]
due to low concentration of methane molecule the thermo-
dynamic properties of methane/air plasma were approxi-
mated by considering only air and neglecting methane in
the mixture. This rough assumption can be resolved by
keeping all the components available in the real plasma
mixture which will enhance the accuracy of thermody-
namic properties by including hydrogen, helium, carbon,
argon and neon ions in the computations. Laminar burn-
ing speed [37-40], an important thermo-physical proper-
ties of combustible mixtures, can be calculated using the
method introduced in previous publication [35] in conjunc-
tion with exact plasma simulation of hydrocarbon/air pre-
mixed gases in this study at ultra-high pressures at which
the flame is always cellular and unstable.

3 Method of calculation

The calculations described here, and the resulting correla-
tions, are based on the following three assumptions, which
are valid for many plasma mixtures: (1) the plasma is in
local thermodynamic equilibrium; (2) the plasma mixture
is quasi-neutral; and (3) the plasma mixture and its indi-
vidual components obey the ideal gas equation of state.
Under such conditions, Boltzmann statistics is applica-
ble. Calculations have been carried out in two different
temperature ranges, called dissociation and ionization. To
obtain realistic calculations, all minor species have been
considered, for an overall of 133 species as listed in Table 1
for both methane/air and hydrogen/air plasma mixtures.

3.1 Dissociation temperature range

Increasing the temperature of a gas mixture causes the
molecules not only to vibrate but also to dissociate into el-
emental atoms. Depending on the initial gas mixture com-
position the dissociation temperature range is typically
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Table 1. List of the 133 species considered in the present calculations for Ha/Air and CH4/Air plasma mixtures.

Plasma mixture

Available species

CH, CH*, CHs, CH2OH, CH,OH™", CH3CH30, CH3OHCHa,
C2H, C2H2, CH2CO, C2H3, CH3CN, CH3CO, C2Hy, C2H4O, CH3CHO,
C2Hs, CoHg, C3H7, C3Hg, CN, CNTCN™, CNN, CO, CO*, CO2, COF
NCO, HCO, HCO™, HCN, HCCN, HCCO, HNC, HNCO, HNO, OH, OH~

HQ/AiI‘
and
CHa4/Air! [41]

OHT, HO., HO; , H20, HoO1, H20,, NH, NH', NH,, NH;z, NO, NO*
NO2, NO;, NoON2OVH,, Hy, Hy, H, H™, H He, He™, He™?, C, C™,
Cq, C;CF, CT, CT2, ¢T3, ¢, C™5, CTON, N7, N, N, NI, NT, NT2,

N3 NN NTE NTT 0,07, 0, 07, OF, OTOT2 O3 Ot
0", 075 077, 0O™8 Ne, Net, Ne™?, Net?, Ne™, Net® Net6, Net”
Net® Ne™® NTOAr, Art, Art2, Ar™3, Ar™4 Ar™5Ar®S Arf7 Arts,

Arto  Apti0 Ay tIE A2 AP HIS AR ARFIS A HIE AP HIT AL HIS o

! Nao: 78.084%, Oo: 20.946, Ar: 0.9335%, COa: 0.03398%, Ne: 0.001818% and He: 0.000702%.

characterized by lots of chemical reactions all actively con-
tributing to determine the equilibrium composition. Un-
der such conditions, the accurate approach to compute the
equilibrium composition for given temperature and pres-
sure is a complete equilibrium calculation [42], namely,
Gibbs free energy minimization constrained by elemental
conservation and electrical neutrality. The minimization
algorithm used here is based on Lagrange’s multipliers as
implemented in the RAND method [33,34]. The thermo-
dynamic properties for the molecules and molecular ions
are taken from NASA database [31] up to 20000 K.

3.2 lonization temperature range

At even higher temperatures the gas mixture is character-
ized by the formation of positively charged ions and un-
bound electrons created by the ionization reactions. Ions
and electrons have a significant effect on plasma properties
at high temperatures and because of that a rigorous sta-
tistical model which is described in the following sections
has been developed.

3.2.1 Thermodynamic properties of individual monoatomic
species

The important step in calculating the high temperature
properties of plasma mixtures is to calculate the pure-
substance thermodynamic properties of the individual
monoatomic species participating in the ionization reac-
tions, i.e., neutral atoms, positive atomic ions, and elec-
trons. For gaseous species the thermodynamic functions
may be calculated from spectroscopic constants using the
partition function concept [43]. Using the statistical ther-
modynamics formulation, the partition functions and their
first and second derivatives discussed in detail in Sec-
tion 3.2.2, we can compute all the pure-substance ther-
modynamic properties. The specific enthalpy (kJ/kg) and
specific entropy (kJ/kg K) of the pure ith species are given

respectively by

RT RT? 1 0Q:

+ 2y ®)
M;  M; Qi 0T
R RT 1 0Q.,

(T, P) = 2.5-2
si (T P) = 2500+ 3r 691

E 27TM71 3/2 5/2 7 -3p—1
A Q( N, > (KT)*/ 13 P
(4)

where, following reference [42] the double subscript i
in h;; and s;; is used to denote pure-substance specific
properties, and to distinguish them from the partial prop-
erties h; and s; of the same component in the mixture;
moreover,

hii (T, P) = 2.5

*

Q= Qe (5)
aQ; _ 8@61' Qei * 66: *e;k
ar _[ ar " kT2 <6i_TaT>}“ (6)

where €] is the energy of formation of the ith species, Q., is
the electronic partition function of the ith species, M; is its
molar mass, R the universal gas constant, N4 Avogadro’s
number, k the Boltzmann constant, h, the Planck con-
stant, P the pressure and T the gas temperature. The
pure-substance specific Gibbs free energy (kJ/kg) is cal-
culated from enthalpy and entropy, g;; = hi; — T's45, i.€.,

R N Oe;

ET 27TM 3/2 r/2
. ! )/ p3p~1
(e () ey
(7)

where the first equality is a reminder that for the pure
substance the specific Gibbs free energy is equal to the
chemical potential. The pure-substance specific heat at
constant pressure is evaluated as the partial derivative

In
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of the specific enthalpy with respect to temperature,
R _RT 1 0Q
Cpis (Ta P) =25—+42 Qel

M; " TM; Q: oT
_RT? [ 1\*(0Q;, 2+FTQL82QZ,;
M; \Q, oT M; Qi 012’
(8)
where
92Q:,  [0%Q., . 2 (., _Tae; 0Qe,
aT? ar? k2 \“ " "ar) ar
1 . Oe; 2
e <€i_T8T) Qe
2 (., .0 1 9% —<f
i (4 -751) @ gram Qe o

(9)

and we note that, differently from the standard ideal
gas model, the enthalpy and the specific heat here de-
pend, though slightly, on pressure through the pressure-
dependent cut-off criterion that we adopt for the electronic
partition function, as explained in the next section.

3.2.2 Partition function

To calculate the pure-substance thermodynamic proper-
ties and the equilibrium mass fractions of all the species
present in the plasma, the knowledge of partition functions
and their derivatives are prerequisites. In general, the par-
tition function of a molecular system can be expressed by
translational and internal contributions

Q = QtrQint~ (10)

The internal contribution may be due to the rotational,
vibrational, and electronic motions within the particle
(Qint = Q+Q,Q.). For an atomic system (atoms, atomic
ions and electrons) the rotational and vibrational parti-
tion functions take the value of unity, so translational and
electronic partition functions for such species are:

2mmkT 3/2 RT
P= | — - 11
Qt ( n2 ) Iz (11)
Qe =) g™ =) (2] +1)eFT (12)

where m is the mass of the molecule, €, is the electronic
energy of the nth level of the species under consideration,
gn, its statistical weight, and J,, the corresponding angular
momentum quantum number.

However, the summation in equation (12) diverges be-
cause the statistical weight increases rapidly with the
number of energy levels (e.g., for hydrogen atoms, g,
n?). This behavior is correct just for a hypothetical iso-
lated atomic species, while interactions with other species
in the plasma mixture limit the number of energy levels.
So an appropriate cut-off criterion is required for the ter-
mination of electronic partition function of atomic species
to define an upper limit for the aforementioned series.
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3.2.2.1 Cut-off criteria

The only problem to calculate the pure-substance ther-
modynamic properties of plasma mixtures is that the se-
ries for the electronic partition function of atomic species
does not have an upper bound. The exponential terms in
equation (12) approach a finite limit corresponding to the
ionization potential, which is the upper bound to the en-
ergy but the statistical weight increases as the square of
the number of energy levels and consequently the series
diverges. On the other hand, it has been observed experi-
mentally that as the temperature increases, due to a polar-
izing effect of neighboring charged particles, the ionization
potential of particles in a plasma is lowered [44]. In order
to prevent numerical divergence and match the empirically
observed lowering of the ionization potential, a criterion
is needed for terminating the series of the electronic par-
tition function. A review of various cut-off criteria can be
found in reference [45,46]. These cut-off criteria may be
summarized as the following types:

1. no dependence on temperature or pressure [46,47];

2. dependence on temperature only [46,48];

3. dependence on temperature and pressure (or number
density) [12,32].

The ionization potential of an atomic species in the pres-
ence of other ions and electrons is decreased due to the
action of the Coulomb fields. This reduction depends on
the number densities of the charged particles or the gas
pressure. This means that the pure-substance thermody-
namic properties of single atomic species in the ioniza-
tion range depend on both temperature and pressure. The
well-known Griem model [32,49] adopts the cut-off crite-
rion to include only energy levels below reduced ionization
potential,

€n < IP — AIP. (13)

In current work the observed energy levels reported by
Moore [50] and NIST! have been completed with the
Rydberg-Ritz formulas using the isoelectronic sequence
method [51]. For the atomic species including only one
electron which are called hydrogenic species (HT, He™,
CH6 N*7, OF8, ...) the statistical weight (g,,) and energy
(en) of nth level have been evaluated using the following
relations,

Gn = 212, (14)

1

3.2.2.2 Reduced ionization potential

The reduced ionization potential, AIP adopted by the
Griem model [32,49] depends on the plasma composition
via the Debye-Huckel length [p and by making a self-
consistent solution for the problem. The reduction of the
ionization potential of an atomic specie of charge z is

(15)

; (16)

! http://www.nist.gov/pml/data/asd.cfm (2015).
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where the Debye length is defined as

1/2

T
lD: i )

NS
dme? <Z szf)
i=1

(17)

where e is the charge of an electron, NS is the number of
all species present in the plasma including electrons and
N; is the number density of ith species. Equation (16)
applies for densities and temperatures for which the De-
bye theory is valid. Griem [32] and Cooper [52] derive the
criterion for the validity of the Debye theory as

NS 1
ZNi; 3"
p 8ml3,

(18)

3.2.3 Complete equilibrium solution based on Gibbs
free energy minimization

This method is based on Gibbs free energy minimization
under the assumption of Gibbs-Dalton mixture of ideal
gases [42] and subject to the constraints of element con-
servation and electrical neutrality [33,34]. To determine
complete equilibrium composition at a given temperature
and pressure, the Gibbs free energy of the mixture must
be minimized, subject only to the constraints of element
conservation, electrical neutrality, and non-negativity of
the mole numbers, i.e.,

Ns .
S agni =qincm j=1,...,m

=1

NS 19
> aipon; =0 (19)
=1

n; =0 )

where nc,n, is the mole number of hydrocarbon CiH;
in the initial fuel-air mixture, n; is the mole number of
species i in the equilibrium plasma mixture, Ns the num-
ber of species present in the plasma mixture, m the num-
ber of different elements, a;; represents the number of el-
ements of type j that compose the atom or molecule of
species 4 so that ¢; (dimensionless) represents the (fixed)
number of elements of type j in the mixture per unit mole
number of hydrocarbon in the initial fuel-air mixture, and
a;o0 represents the electrical charge of species i. In what
follows we will denote by g the vector g1, ..., ¢, of the
given amounts of the elements in the mixture per unit
amount of initial fuel. For an initial C,H;-air mixture with
equivalence ratio ¢ and molar composition of air given by
a3, Ne+x8, O2 + 2, o H2 O+ 2%  Ar + 28,6, CO2 + 2% Ne+
rfi.He the values of the g¢;’s are listed in Table A.1 in
Appendix.

Under the assumption of Gibbs-Dalton mixture of
ideal gases, the Gibbs free energy of the reacting mix-
ture at a generic non-equilibrium composition can be

Eur. Phys. J. D (2016) 70: 159

written as:

Ns
G (Ta P, {nl}) = Z T i off (Ta P, {ni})

Ns
= g | W (T) + RTIn | <
=1

>

crmn(2)|, @

where, following [42], p;on (T, P,{n;}) denotes the chem-
ical potential of species 7 in the so-called “surrogate sys-
tem”, namely, the frozen-composition non-reacting mix-
ture (hence the “off” subscript) at stable equilibrium with
the same temperature 7', pressure P, and composition
{n;} as the actual non-equilibrium state of the reacting
mixture, and pY; is the chemical potential of pure species i
at temperature T and the standard pressure P° = 1 atm,
which we have defined in terms of partition functions in
the preceding section.

The minimization is done using an equilibrium compo-
sition solver based on the well-known algorithm developed
in reference [34] and convergence is considered satisfied
based on the following condition:

Ani

%

<1075 i (21)

As shown in reference [42], the solution can be formally
expressed in terms of a set of m + 1 Lagrange multipliers
N(T, P,q), with j = 0,1,...,m, so that the complete-
equilibrium mole fractions are given by

0 m

1 1
= )\’CZW,.P7 a,i‘—_— ?ZT
R;)A @)aij =4 (T)

(22)
Once the mole fractions z; are obtained, the mass fractions
are readily found from y;(T, P,q) = x;M;/ Y, M.

3.2.3.1. Iterative solution

The iterative solution to find the mole fractions of all
species at a given temperature, pressure, and elemental
composition proceeds as follows. Using the last calculated
mole fractions, we estimate the number densities IV; using
the ideal gas law

N?,(TaPaq) = E = o P

= — = 2
%4 n RT (23)

P

= Z; T, P, f——
(T P.q) —

to evaluate (i) the Debye length; (ii) the lowered ioniza-
tion potential; and (iii) the maximum number of energy
levels based on the cut-off criterion. Then the partition

function is calculated by summing over all such energy
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levels. The species mole fractions are then re-calculated
using these partition functions and the equilibrium com-
position solver. The new mole fractions are then used and
a new Debye length is determined. In general, the previ-
ous value of the Debye length and the new calculated value
do not agree. Therefore, the new value is used to compute
again an improved partition function, and the process is
repeated until convergence is reached on the value of the
Debye length.

3.3 Mixture thermodynamic properties

Once the complete-chemical-equilibrium mole fractions of
all the species are obtained, the (mass) specific prop-
erties of the plasma mixture are determined using the
Gibbs-Dalton mixture model. Showing explicitly all de-
pendences, we have

h(T,P,q) = ZlePq (T, P) (24)
s(T,P,q) Zy T,P,q)
R
The mean molar mass is calculated as
-1
i (T, P,
M, (T, P, q) [Z (T Pq) (27)
The mass specific gas constant is
R
R(T,P,q) = —————. 28

The density and the mass specific volume v(T, P,q) =
1/p(T, P, q) can be obtained from the relation

Mt (Ta Pa q) P
RT
and therefore the (mass) specific internal energy is

given by:

p(T,P,q) = (29)

u(T,P,q) = ZszPq ; (T, P)
- RT

In the last two relations we use the ’approximately equal
to’ symbol because the electronic partition functions de-
pend (slightly) on pressure through the cut-off criterion,
and therefore neither the individual species nor the mix-
ture strictly obey the ideal gas equations of state. How-
ever, we have verified that the departure is essentially neg-
ligible for all species. The specific heat for oxygen atom
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and its ions versus temperature for three different pres-
sures of 107%, 1 and 100 atm are plotted in Figure 3. As
it is obvious, the effect of pressure is very negligible es-
pecially for the ions, which are the main species at high
temperatures.

To compute specific heats at constant pressure and
volume, ¢, of and c,of, the specific heat ratio vz, the
isoentropic exponent 7, of, and the speed of sound y.s,
we must recall that according to the standard model of
chemical kinetics (again, for a fully explicit discussion
see [42]) these properties are generally defined at arbi-
trary compositions in terms of the so-called “surrogate
system”. Here, the plasma composition is that of complete
chemical equilibrium, hence the surrogate system is the
frozen-composition, non-reacting mixture at stable equi-
librium with the given temperature 7' and pressure P,
and the (fixed) composition (7', P, q). Therefore, the par-
tial derivatives with respect to temperature must be eval-
uated keeping the ~;’s fixed, so that we have

oh NS
Cp,off (T,P,q) = (8_T> :Zyl (TaPaq) Cpis (T7P)7
Yy =1
(31)
ou NS
Cy,off (T; P; Q) = (6_T> = Zyl (Tv Pv Q) Cuy; (Ta P)
v,y =1
R
= cpoft (T, P, q) — M, (T.P.q)’ (32)
o Cp,off (Ta Pa q)
Yoft (Tﬂ Pﬂ q) - Cv7oﬂ' (T, P, q)
(- wErgesTra)
B M, (T, P,q) Cp,off (T,P,q) ’
(33)
oP oP
Vs,off (T P, Q) <ap) ’Yoff_ <a_p)

= Yoft TPq

8P
Xot (T, P,q) = ,/

with y the mass fraction, and where of course, we used the
Meyer relations, ¢,,, = ¢y,; + R/M;. Equilibrium specific
heats at constant pressure will be calculated as:

oh NS
Cp,eq = (_) = Zyicpu‘ (T, P)
or Pag =1

NS 8y
+ ) hii TP)( )
~ oT

Yott (T', P, q) RT RT
M, (T, P,q)

(36)

All of the above properties can be easily computed if
the following three properties are known as functions of
temperature T' and pressure P, for the given elemental
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Fig. 3. Specific heat at constant pressure for oxygen atom and its ions versus temperature for three different pressures, 10~°,

1 and 100 atm.

composition q

g=g9(T,P.q) (37)
Mt = Mt (T7 P7 q) (38)
Cp,off = Cp,off (T, P, Q) . (39)
Indeed, for example, from the latter we can find
s 99T, Pqg
oT ’
Cp,eq _ ﬁ _ _829 (T7 P, Q)
T oT Pq oT? ’
29 (T, P
opP T.q oTor

and similarly from h = g + T's and v = h — RT/M;
we may find all the other partial derivatives. It is for
this reason that in Section 3.5 we propose correlations
for the relations (37), (38) and (39) (see Eqs. (47), (48)
and (43) respectively). The coefficients for these correla-
tions have been obtained by running the complete chem-
ical equilibrium composition calculations for various tem-
peratures, pressures, and initial compositions, so as to
compute the mass fractions y;(T, P, q) needed in the rela-
tions (26), (27) and (31), which lead to relations (37), (38)
and (39). In Section 3.5 we discuss the functional forms
chosen to correlate efficiently these relations. The coeffi-
cients for hydrogen-air and methane-air plasmas are listed
in Appendix.

3.4 Ideal gas model validation

As part of the preliminary computations, we checked the
validity of the ideal gas model assumption. In order to con-
sider an ionized gas as an ideal one, it is necessary that the
energy of the Coulomb interaction between neighboring
particles be small in comparison with the thermal energy
of the particles [53], meaning

kT \? T\ .
N < (A2—€2> =2.2x 10" (F) m=%],  (41)

where N, is the number density of the plasma mixture, A
is the degree of ionization defined as

Ny

N=—"-_ 42
]VI‘|’ZVn7 ( )

where N; is the number density of ions and N, is
the number density of neutral atoms. The virial correc-
tions to thermodynamic properties are negligible espe-
cially for temperatures higher than 2000 K and pressures
up to 1000 atm [54,55]. Virial corrections have very sig-
nificant effects for very low temperatures and very high
pressures [56] meaning far from plasma conditions. In-
equality (41) is comfortably satisfied for all plasmas at
all pressure and temperatures considered in this work.

3.5 Fitting of thermodynamic properties

It is desired to have analytical expressions to evaluate the
thermodynamic properties of a plasma mixture without
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iteration. Such expression would be valuable for exam-
ple as a subroutine in a computer program or a CFD
code. Fitting thermodynamic functions for plasma mix-
ture properties in a wide range of temperatures (1000
100000 K) and pressures (1075102 atm) is a complicated
problem because of the non-monotonic behavior of some
properties as functions of temperature, in particular, the
equilibrium specific heat cjcq. In order to correlate the
computed values of ¢, oq, we have chosen a modified Hill
equation in conjunction with a modified Log-normal dis-
tribution function. These functions provide the capability
to capture the peaks and valleys of the equilibrium spe-
cific heat. The number of terms for first (modified Hill)
part of the ¢, oq correlation depends on how well we can
fit cpom to the exact data points and the number of terms
for the second (modified Log-normal) part depends on the
number of peaks in ¢y cq.

The least squares fitting procedure is as follows. First
we find the coefficients for cjcq, then we find the coef-
ficients for the integration constants of the specific en-
thalpy and the specific entropy obtained by integration of
the functional form of the correlation for ¢j .4 according
to h = [¢peqdT + const and s = [(cpeq/T)dT + const
respectively. The integration constants are obtained by
least square fitting the calculated data for enthalpy and
entropy to the correlations developed by integration. The
advantage of this approach is that the main set of coef-
ficients for the equilibrium specific heat, the specific en-
thalpy and the specific entropy are the same and are con-
sistent with the thermodynamic relations provided in the
previous sections.

Below, we present the analytical expressions that we
propose for the correlations of the frozen and equilibrium
specific heat at constant pressure, the specific enthalpy,
the specific entropy, the specific Gibbs free energy, and the
mean molar mass. The results of the least square fittings
of our calculated data using these correlations are given in
Appendix. The number of terms in the summations have
been chosen so that the relative errors of the correlations
are always less than 2%.

Frozen specific heat at constant pressure (kJ/kg K)

8 off

a;
Cp,off = E

SE— (43)
i=1 1+ (b5%/T)"
Equilibrium specific heat at constant pressure (kJ/kg K)

8
a‘i’ﬂ

D

1 (bt

(m (T/beq)> ] (44)

Cp,eq =

+ Z a;dexp
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Specific enthalpy (kJ/kg)

8 1 1 T et
o off R — /
h—>\1+T§ a; <1_2F1 <1’c<?5’1+c‘?ff’_(b‘?ff) ))
i=1 i E !

\/_ eqreq eq (Ceq)2
-3 ;;aqch exp 1

' In(T/6:%)
x erf <7 — T . (45)
Specific entropy (kJ/kg K)
s= Do+ Z ( pot) S 1 (T)C?“>
16 eq
Zaeqceq rf <1n (T/b, )) , (46)

where erf and oF} (a,b,c,z) are the error function and
the hypergeometric functions?, respectively. As a result of
equations (45) and (46), the specific Gibbs free energy is

g:)\l—T)\Q

8 ot
1 1 T\
off
+TZai <].—2F1 <1,CQ—H,].+CQ—H,—(Z)Q—H> ))
i=1 1 1 [
T coff off
—TZ (bo )"+ (D) )
2
Z a;bic; eq (Ceq)
4

4
werf [ G —
er(Q

eq
G

In (T/b?q))

eq
Zaeq g f(ln(T/b )). (47)
Mean molar mass (kg/kmol)
8 aM
Mt=/\3—2ﬁ, (48)

im 14+ (bM/T)™

where the various coefficients are function of pressure
and equivalence ratio using polynomial surface (PS,,,)

2 http://www.mathworks.com/matlabcentral/
fileexchange/43865-gauss-hypergeometric-function/
content/hyp2fimex/hyp2f1.m, p. 43865.
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Fig. 4. Comparison between calculated data (solid line) and
fitted data (symbols) for the equilibrium specific heat at con-
stant pressure cpeq of a stoichiometric Hs /air plasma mixture
for P =10"° 1 and 10? atm.

of degree m in ¢ and degree n in In(P) as follows,

PSun =&o+ Y _&iod' + Y _ &oj (In(P))
j=1

i=1

i nikfkﬂbk (In (P))l for m<n
55
+ Eud® (In(P)) for m=n  (49)
g
SN &gk (In(P))' for m>n
I=1 k=1
a,b,c=exp (PSmn) (50)

The degree of m and n for methane/air mixture are con-
sidered 2 and 5, respectively. For hydrogen/air mixture
we have two sets of degree, first one is m = 4 and n = 3
and the second one is m = 5 and n = 2 to provide the
best fit. In this way all the thermodynamic properties are
expressed as a function temperature, pressure and equiv-
alence ratio. The values of the &; coefficients that result
from our least square fitting procedure are reported in
Appendix for Hy /air and CHy/air plasma mixtures in Ta-
bles A.2 and A.3, respectively. Figure 4 shows the compar-
ison of the equilibrium specific heat at constant pressure
for Hy/air plasma mixtures between calculated and fitted
data which indicates excellent agreement.

4 Results and discussion

In this section we present and discuss some of our cal-
culated chemical equilibrium compositions and thermo-
dynamic properties for Ha/air and CHy/air plasmas in
the temperature range 1000-100000 K, pressure range

Eur. Phys. J. D (2016) 70: 159
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Fig. 5. Comparison of values of the equilibrium specific heat
at constant pressure cp.eq computed using our self-consistent
method (solid line) and the so-called ground state method
(dashed line), for a stoichiometric Hy/air plasma at three dif-
ferent pressures, 1075, 1 and 100 atm.

1076-102 atm, and for different equivalence ratios within
flammability limits (for methane/air mixture flammabil-
ity limit is 0.6 < ¢ < 1.4 and for hydrogen/air mixture
flammability limit is 0.5 < ¢ < 5.0). Calculated values
have been fitted using the analytical correlations proposed
in the previous section and the fitting coefficients are tab-
ulated in Appendix.

Figure 5 shows an important effect that must be care-
fully taken into account in the interest of accuracy, namely,
the effect of the excited energy levels on the specific heat
at constant pressure for stoichiometric Hs /air plasma mix-
ture. Figure 5 compares the results obtained using our self-
consistent method considering excited energy levels with
those of the so-called ground state method. As it can be
seen, for temperatures below 15000 K the effect of excited
energy levels on the values of the specific heat and hence
all the properties is negligible, because at relatively low
temperatures the high order terms in the electronic par-
tition function expansion are indeed negligible. But for
temperatures above 15000 the effect is significant and,
importantly, it exhibits a strong pressure dependence. The
reason is that, differently from the ground state method,
our self-consistent method takes into account the experi-
mental observation that the number of excited energy lev-
els is a function of both temperature and pressure. In other
words, Figure 5 shows that considering just the ground
state or fixing the number of excited energy levels inde-
pendent of pressure, may introduce very large errors in
the estimated thermodynamic properties at high plasma
temperatures, especially for derivative properties like the
specific heats.

In order to validate our calculations with data existing
in the literature for high temperature plasmas, due to lack
of data for Hy/air and CHy/air plasma mixtures at high
temperatures, we make a comparison with air plasma. The
reasons to choose air are that first it forms a large por-
tion of typical fuel/air mixtures and also many researches
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et al. [57] () and Bottin [58] (+) for three different pressures:
(a) = 1072, (b) = 1, and (c) = 100 atm.

have already been done on air plasma. Figure 6 compares
the equilibrium specific heat at constant pressure of air
plasma calculated in this study with those of D’Angola
et al. [25] (up to 60000 K), Hansen [6] (up to 15000 K),
Sher et al. [19] (up to 50000 K), Cressault et al. [57]
(up to 30000 K), and Bottin [58] (up to 15000 K) for
three different pressures, 1072, 1, and 100 atm. The data
for Sher et al. [19] and Cressault et al. [57] are available
only for atmospheric pressure. The underestimate in Sher
et al.’s results is due to the very simple method he used
to find individual properties. The results of this study
are shown an excellent agreement in low and high pres-
sures with D’Angola et al. [25] (up to 60000 K). Figure 7
compares the equilibrium compositions of air plasma com-
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Fig. 7. Comparisons of the selected species mole fraction of
air plasma mixture obtained with present study (dashed line)
and those obtained by Gilmore [2] (O) and Hilsenrath and
Klein [54] (o) at pressure of 1 atm.

puted in this study with tabulated data by Hilsenrath
and Klein [54] (up to 15000 K) and Gilmore [2] (up to
24000 K) at atmospheric pressure for temperature range
of 300 to 25000 K. As it is obvious from Figures 6 and 7,
the results of our calculations are in very good agreement
with existing data, in spite of the slight differences in air
composition assumed in the different studies. We are now
in the position to examine our results to illustrate the im-
portant effects of temperature and pressure on all prop-
erties. Figure 8 shows the mole fractions of the neutral
and ionized single species (only those with mole fractions
greater than 2 x 1076) for a stoichiometric CH, /air plasma
mixture at atmospheric pressure.

Figure 9 shows the mean molar mass M; and the de-
gree of ionization A, over the temperature range 1000
100000 K for different pressures (107¢, 1, and 100 atm)
for a stoichiometric Hg /air plasma. As shown in Figure 9a,
increasing the temperature at a given pressure leads to
a decrease in mean molar mass due to the increase in
mole numbers resulting from dissociation. The stepwise
decrease in the molar mass is connected to the successive
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Fig. 8. Mole fractions for selected species in a stoichiometric
CHy/air plasma at atmospheric pressure.

ionization of atomic species, while the slope becomes zero
in transitions from one ionization to another. This be-
havior is very manifest at low pressures and becomes less
evident at high pressures. The dissociation reactions are
significantly favored at low pressures and consequently the
transition from partially ionized gas (A < 1) to fully ion-
ized gas (A = 1) takes place at lower temperature for low
pressures than for high pressure. This is seen in Figure 9b,
where the fully ionized condition for P = 1075 atm ob-
tains around 10000 K whereas for P = 100 atm it occurs
around 50 000 K.

Figure 10a shows the equilibrium specific heat at
constant pressure for a stoichiometric CHy/air plasma
mixture. It shows some distinct peaks with increasing tem-
perature where the temperature dependence of the com-
plete chemical equilibrium composition is very high. These
peaks are connected first to dissociation of the molecules
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Fig. 9. (a) Mean molar mass M; and (b) degree of ioniza-
tion A at three different pressures (1075, 1 and 100 atm) for a
stoichiometric Ha/air plasma mixture.
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Fig. 10. (a) Equilibrium and frozen specific heat at constant
pressure cp.eq and (b) specific enthalpy for a stoichiometric
CH, /air plasma mixture at three different pressures, 1079, 1
and 100 atm.

and then to successive ionization of the atomic species.
When pressure decreases the peaks become sharper and
shift to lower temperature. This effect, again, is due to
the favorable effect of low pressure on dissociation and
ionization reactions. As a result, for each given temper-
ature, more chemical energy is stored at low pressure,
resulting in the specific enthalpy of the plasma mixture
being a decreasing function of pressure, as shown in Fig-
ure 10b. Figure 10a compares the frozen and equilibrium
specific heats at constant pressure, ¢, oft and cp cq, defined
by equations (31) and (36), respectively, for a stoichio-
metric CHy /air plasma at different pressures. As it can be
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Fig. 11. (a) Gibbs free energy and (b) equilibrium specific
heat at constant pressure for a Hs/air plasma mixture at at-
mospheric pressure for three different equivalence ratio of 1, 3
and 5.

seen, the effect of chemistry is clearly visible and when-
ever dissociation and ionization start to play a role and
become important, ¢, oq presents a peak. When maximum
ionization is reached in the mixture, no further reactions
take place, so the rates of change of mole fractions with
temperature, (9y;/0T)p,q, become small and values of
equilibrium ¢, ¢q decrease and reach the frozen c, .g val-
ues. This behavior is shown in Figure 10a for the pressure
of 1076 atm around 75000 K. It is important to em-
phasize again that the pressure dependence of the mix-
ture enthalpy and equilibrium specific heat has two sig-
nificant reasons. One is the pressure dependence of the
complete chemical equilibrium composition and its rate of
change with temperature. In fact, chemical composition,
computed with the complete equilibrium method which
is a function of pressure. The second reason is related to
the electronic partition functions of the individual species,
which depend on the cut-off criteria that determine the
maximum number of energy levels that need to be consid-
ered. As discussed in Section 2.2.2.1, our cut-off criteria
are functions of the Debye length, which in turn is related
to number densities and, hence, to pressure.

Figure 11 shows the effect of equivalence ratio on the
specific Gibbs free energy and the equilibrium specific heat
at constant pressure for Hy/air plasma mixture. At each
given temperature, the Gibbs free energy is a decreasing
function of equivalence ratio whereas the equilibrium spe-
cific heat at constant pressure increases with equivalence
ratio. The effect on the specific heat is most significant at
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the first and third peaks, around 3800 K and 15000 K, re-
spectively. As already seen in Figure 8, the 3800 K peak is
due to the dissociation reaction to create atomic hydrogen,
while the 15000 K peak is due to the ionization reaction
to form ionic hydrogen. Increasing the equivalence ratio
is equivalent to increasing the hydrogen percentage in the
mixture and therefore the more hydrogen in the mixture
the more hydrogen dissociation and ionization reactions
contribute to the mixture properties.

Figure 12 shows speed of sound y,g defined by equa-
tion (35). Speed of sound is higher at low pressures, lead-
ing to higher Mach numbers at low pressures for each given
temperature. The differences between frozen specific heat
ratio Yo defined by equation (33) and isentropic expo-
nent s o defined by equation (34) are shown in terms of
pressure and temperature in Figure 13. As it can be seen
in Figure 13, the frozen specific heat ratio is higher at
low pressures and the isentropic exponent is always lower
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than its corresponding specific heat ratio. Under the con-
dition of non-reacting flows or when maximum ionization
is reached in the mixture, the rates of change of mass
fractions with respect to temperature become negligible
and the ratio of specific heats and the isentropic exponent
become identical as it is shown in Figure 13 for the pres-
sure of 10~% atm. For higher pressures this convergence
happens in higher temperatures.

5 Conclusion

A comprehensive model has been developed to cal-
culate thermodynamic properties of hydrogen/air and
methane/air plasma up to 100000 K for a wide range of
pressures and fuel/air equivalence ratios. The model is
based on statistical thermodynamics and complete chem-
ical equilibrium of all species. For both hydrogen/air
and methane/air plasma mixtures the model considers
133 species. Properties such as enthalpy, entropy, Gibbs
free energy, specific heat at constant pressure, specific heat
ratio, speed of sound, mean molar mass, and degree of ion-
ization have been calculated. The results have been com-
pared to available experimental data and the agreement is
excellent. For each mixture and fuel/air equivalence ratio
considered, the properties have been summarized in the
form of curve-fitted correlations as suitably defined func-
tions of temperature, pressure and equivalence ratio. In
addition, the results have also allowed the following con-
clusions relevant for other existing state-of-the-art models
of thermodynamic properties:
1. considering just the ground state or fixing the number
of energy levels independently of the temperature and
the pressure produces very large errors in the estimates
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especially for second order properties at high temper-
ature conditions. In particular, the accuracy of the
ground state method accuracy decreases with increas-
ing the pressure and temperature;

2. transition from partially ionized gas (A < 1) to fully
ionized gas (A = 1) takes place at relatively low tem-
peratures;

3. the speed of sound is higher at low pressures, leading to
higher Mach numbers at low pressures for each given
temperature.

This paper was made possible by NPRP award [NPRP 7-1449-
2-523] from Qatar National Research Fund (a member of the
Qatar Foundation). This statement is solely the responsibility
of the authors.

Appendix: Fitting coefficients for hydrogen/air
and methane/air plasma mixtures

In this supplementary material we present the coeffi-
cients to calculate frozen and equilibrium specific heat at
constant pressure, specific enthalpy, specific entropy, and
mean molar mass, according to equations (43), (44), (45),
(46) and (48), respectively, for hydrogen-air and methane-
air plasma mixtures. For our calculations and correlations,
we assumed the following molar composition of air (no
water vapor): xy, = 0.78084, 2, = 0.20946, x{; o = O,
r%, = 0.009335, 28,5, = 0.0003398, z%, = 0.00001818,
. = 0.00000702. Table A.1 gives the corresponding val-
ues of the g;’s that we considered, as functions of the
equivalence ratio ¢. Tables A.2 and A.3 show the fitting
coefficients of hydrogen/air and methane/air plasma mix-
ture, respectively.

Table A.1. Values of the g;’s as a function of the equivalence ratio ¢.

Elemental L Hj/air mixture CHy/air mixture
CiH, /air mixture
atom numbers (k=0,1=2) (k=1,1=4)
1 1\ 2a, 0.78084 4 % 0.78084
o EN R Ll el M
P 1), 0.2094664 0.20946¢
1 ! o 2230 1 0.0003398 4 4 x0.0003398
Ll LR () 2 24C0y 2 pUWesJe 2, 2 X DUUUIII0
g0 % < * 4> ( T, T, ) 570200166 & 0209460
1 1\ 220 0.5 x 0.0003398 2 x 0.0003398
k= (k+t 2 1
ac s < + 4> z3, 0.209466 * 70,2096
2 a
s l+1(k+5) TH,0 2 4
10} 4 zy,
1l L) T 0.5 x 0.009335 2 % 0.009335
dar b 1)z 0.209466 0.209466
LAY 0.5 x 0.00001818 2 x 0.00001818
ine b 1)z, 0.209466 0.209466
1 1 ahe 0.5 x 0.00000702 2 x 0.00000702
drte b 1)z, 0.209466 0.209466
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