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Abstract

Thermodynamics is commonly presented as a theory of macroscopic systems in stable equi-
librium, built upon assumptions of extensivity and scaling with system size. In this paper,
we present a universal formulation of the elementary foundations of thermodynamics, in
which entropy and energy are defined and employed beyond equilibrium and without
assuming extensivity. The formulation applies to all systems—large and small, with many
or few particles—and to all states, whether equilibrium or nonequilibrium, by relying on
carefully stated operational definitions and existence principles rather than macroscopic
idealizations. Key thermodynamic concepts, including adiabatic availability and available
energy, are developed and illustrated using the energy—entropy diagram representation of
nonequilibrium states, which provides geometric insight into irreversibility and the limits
of work extraction for systems of any size. A substantial part of the paper is devoted to
the analysis of entropy transfer in non-work interactions, leading to precise definitions of
heat interactions and heat-and-diffusion interactions of central importance in mesoscopic
continuum theories of nonequilibrium behavior in simple and complex solids and fluids.
As a direct consequence of this analysis, Clausius inequalities and the Clausius statement
of the second law are derived in forms explicitly extended to nonequilibrium processes.
The resulting framework presents thermodynamics as a universal theory whose concepts
apply uniformly to all systems, large and small, and provides a coherent foundation for
both teaching and modern applications.

Keywords: foundations of thermodynamics; nonequilibrium entropy; entropy as a state
property; thermodynamics of small systems; entropy transfer mechanisms; heat interaction;
heat-and-diffusion interaction; energy—entropy diagram; clausius inequality (nonequilib-
rium); adiabatic availability and available energy; ergotropy; nanothermodynamics
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1. Introduction

Thermodynamics is one of the most mature and successful theories in physical science.
Its principles govern phenomena across an extraordinary range of systems and scales, from
macroscopic energy conversion devices and chemical reactors to multicomponent transport,
biological processes, and, increasingly, nanoscale and quantum technologies. Yet, despite
more than two centuries of development and application, the elementary foundations of
thermodynamics continue to invite scrutiny, reinterpretation, and reformulation.

This sustained foundational activity is not accidental. Classical thermodynamics
was historically shaped to describe macroscopic systems in stable equilibrium, guided
by phenomenological observations and practical engineering needs [1-4]. As a result,
many traditional formulations incorporate, often implicitly, assumptions of extensivity and
scale separation that are valid only for systems with many particles. While these assump-
tions are extraordinarily effective in their domain of applicability, they are not intrinsic
to thermodynamics itself and become increasingly restrictive as the theory is extended to
nonequilibrium phenomena, multicomponent systems, and systems of arbitrary size.

Among the fundamental concepts of thermodynamics, entropy occupies a uniquely
central position. It appears as a property of state, a criterion of equilibrium, a measure
of irreversibility, and a generator of transport laws and variational principles. At the
same time, its definition, operational meaning, and domain of validity are often taken for
granted—particularly outside the realm of stable equilibrium. As a consequence, entropy
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is frequently invoked with different meanings in different contexts, sometimes without
explicit acknowledgment of the modeling assumptions involved.

The present paper provides a modern exposition of the elementary foundations of ther-
modynamics, with particular emphasis on the definition and role of entropy for nonequi-
librium states. The objective is not to replace existing formulations, but to clarify their
logical structure, identify minimal assumptions, and articulate a coherent conceptual
framework in which all thermodynamic concepts apply uniformly to systems of arbitrary
size, particle number, and degree of disequilibrium, without reliance on extensivity or
macroscopic idealizations.

Conceptual motivations and historical background

In many traditional expositions, thermodynamics is introduced through the distinction
between heat and work, often motivated by mechanical analogies or heuristic pictures of
microscopic motion. Classic examples include the description of heat as energy associated
with random molecular motion [5,6] or as that part of an energy change not attributable
to work [7]. While intuitively appealing, such descriptions conceal fundamental concep-
tual difficulties.

First, neither heat nor work is a property stored in a system; each is a mode of energy
transfer between systems. Second, and more fundamentally, the very distinction between
heat and work cannot be justified within mechanics alone. As emphasized by Hatsopoulos
and Keenan [8], without the second law of thermodynamics and the existence of entropy
as a property of matter, heat and work would be indistinguishable. Any formulation that
treats heat as a primitive concept therefore encounters logical circularities when entropy is
later defined in terms of heat and temperature.

Several refinements of the traditional approach have been proposed. Heat has been
defined as energy transfer driven by a temperature difference [9], or as that part of an energy
exchange not accounted for by mechanical work [10]. These definitions are operationally
effective in restricted settings, but they implicitly assume the existence of subsystems in
stable equilibrium at the interfaces between interacting systems. As a result, they restrict
the domain of validity of entropy from the outset, effectively confining it to equilibrium or
local-equilibrium states.

This limitation becomes particularly problematic when thermodynamics is applied to
nonequilibrium processes, multicomponent transport, or systems that depart significantly
from macroscopic idealizations. In such contexts, the initial intuitive appeal of heat-
based definitions gives way to ambiguity, and thermodynamics is sometimes perceived—
incorrectly—as intrinsically vague or logically inconsistent.

Entropy as a fundamental property

An alternative route to the foundations of thermodynamics has been developed
over several decades within the Keenan-Hatsopoulos tradition and further elaborated by
Gyftopoulos, Beretta, and collaborators [8,11-13]. In this approach, thermodynamics is
formulated as an autonomous physical theory, complementary to mechanics, based on
carefully worded operational definitions of all the basic concepts, starting from system,
state, property, and process.

Within this framework, energy is introduced as a consequence of the first law ex-
pressed as a postulate asserting the adiabatic interconnectability of all pair of states with
fixed composition and constraints. From this postulate follows the principle of energy
conservation and the additivity of energy. Entropy is introduced independently of heat,
empirical temperature, and calorimetric constructions. The second law is expressed as a
postulate asserting that any given state of a system with fixed composition and constraints
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and an admissible value of the energy can be adiabatically and reversibly interconnected
to a stable equilibrium state. From this postulate follow, as consequences rather than
assumptions, the principle of entropy nondecrease and the additivity of entropy.

A central conceptual shift inherent in this formulation is that entropy is a property
of all states, not merely of stable equilibrium states. Stable equilibrium states are not the
foundation of thermodynamics, but rather a distinguished subset of states characterized
by extremal properties. Only for such states does entropy admit a fundamental equation
whose derivatives define potentials such as temperature, pressure, and chemical potentials.
Nonequilibrium states, by contrast, possess well-defined entropy values but no associated
potentials—a distinction essential for both logical clarity and physical interpretation.

This perspective aligns with, while remaining distinct from, other axiomatic develop-
ments, including Carathéodory’s formulation [14] and the order-theoretic approach of Lieb
and Yngvason [15-18]. Across these approaches, a common insight emerges: entropy must
be defined independently of heat if thermodynamics is to achieve full logical coherence
and generality.

Structure of the present exposition

The first part of this paper is devoted to the careful formulation of operational defini-
tions and fundamental postulates. These definitions are deliberately chosen so as not to rely
on extensivity, macroscopic homogeneity, or large-system limits, and are therefore applica-
ble without modification to systems with few particles as well as to macroscopic systems.

Building on this foundation, several key thermodynamic concepts—most notably
adiabatic availability and available energy—are developed and illustrated using the en-
ergy—entropy diagram representation of nonequilibrium states introduced by our school of
thermodynamics. This geometric representation treats equilibrium and nonequilibrium
states on equal footing and provides direct insight into irreversibility, dissipation, and the
limits of work extraction, independently of system size.

A substantial portion of the latter part of the paper is devoted to the analysis of entropy
transfer in non-work interactions. This analysis leads to precise operational definitions
of heat interactions and of more general heat-and-diffusion interactions, concepts that
are essential for mesoscopic continuum theories of nonequilibrium behavior in simple
and complex solids and fluids, including systems with internal structure and nonlocal
effects. The formulation emphasizes entropy balance relations that remain valid beyond
equilibrium and beyond macroscopic idealizations.

An important byproduct of this analysis is the derivation of Clausius inequalities and
of the Clausius statement of the second law in forms explicitly extended to nonequilib-
rium processes.

Nonequilibrium states, small systems, and nanothermodynamics

A central point emphasized throughout this paper is not merely the applicability of
thermodynamic concepts to small systems, but their universality: all concepts defined and
employed here apply to all systems, independently of size, particle number, or degree of
extensivity. No assumption of extensiveness is made at the foundational level. Properties
such as entropy and energy are defined operationally for individual systems in individual
states, rather than inferred from scaling arguments or ensemble limits. We purposely avoid
to discuss here any instance or assumption of extensivity, because extensivity is not a
prerequisite for thermodynamic reasoning, but a contingent feature of certain classes of
systems and states that, using the terminology introduced in [11] (Ch. 16), can be modeled
under the “simple-system model” approximation, also known as macroscopic limit. This
emphasis is increasingly relevant in the context of what is often termed nanothermodynam-
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ics [19-23], where traditional macroscopic idealizations may fail, yet many thermodynamic
results remain valid and indispensable.

The approach adopted here does not rely on statistical ensembles or fluctuation argu-
ments. Instead, it emphasizes operational definitions and existence principles that hold for
systems of arbitrary size, provided the states under consideration are appropriately defined
(for example, as separable and uncorrelated). In this sense, the present treatment clarifies
the thermodynamic content that underlies—and constrains—statistical and microscopic
descriptions, rather than replacing them, as illustrated in the last part of the paper (from
Section 51 on).

This perspective also provides a coherent conceptual foundation for near-equilibrium
theories, such as Onsager’s reciprocal relations and entropy production principles, as well
as for ongoing efforts to extend thermodynamics to far-from-equilibrium phenomena.

Role of thermal reservoirs

Unlike some earlier developments—including our own work aimed at eliminating the
notion of thermal reservoirs from the operational definition of entropy [24]—the present
exposition does make explicit use of the concept of a thermal reservoir, carefully defined
and employed within a clearly delimited scope.

This choice is motivated by considerations of simplicity, transparency, and pedagogical
effectiveness. When rigorously defined, thermal reservoirs provide an efficient operational
tool for relating entropy changes to measurable energy exchanges in a broad class of
processes. Their use in this paper represents a deliberate modeling choice rather than a claim
of fundamental necessity, and its assumptions and limitations are made explicit throughout.

Relation to teaching and applications

This paper also serves an explicitly pedagogical purpose. It is intended as a writ-
ten companion to a graduate-level course on advanced thermodynamics developed over
many years and recently made available through MIT OpenCourseWare [25]. That course
emphasizes precise thermodynamic language, explicit modeling assumptions, and a logi-
cally coherent progression from elementary definitions to advanced nonequilibrium and
small-systems applications.

Accordingly, the exposition is structured so that subsets of the material can support
instruction at different levels, while remaining fully consistent with applications in en-
ergy systems, environmental and climate engineering, separation processes, and coupled
energy—mass—charge transport phenomena.

Perspective and scope

The guiding philosophy of this work is that many of the conceptual difficulties tra-
ditionally associated with thermodynamics are not intrinsic to the theory itself, but stem
from historical choices in the order and manner in which its basic concepts are introduced.
By revisiting these foundations with explicit attention to logical structure, operational
meaning, and domain of validity, thermodynamics emerges as a coherent and universal
physical theory—applicable without qualification to equilibrium and nonequilibrium states,
to macroscopic and few-particle systems alike.

By formulating thermodynamics without assuming extensivity and by treating
nonequilibrium states on the same conceptual footing as equilibrium states, the present
work aims to clarify what is essential, what is contingent, and what is universal in the
foundations of the theory.
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Proofs are omitted

In this paper, several results are stated without explicit proofs. Unless otherwise
indicated, complete proofs are available in Ref. [11]. Expressions such as it follows that. ..
or it can be proved that... are used, without explicitly presenting the proof is a deliberate
expedient intended to streamline the exposition, allowing emphasis on the structure of the
arguments, the precise formulation of the concepts involved, and their range of applicability.
The same choice has also proven effective in instructional settings, where it facilitates
concentration on the essential conceptual content.

The logical rigor of the presentation rests on the existence of complete and detailed
proofs supporting each assertion. Their availability ensures that the foundational frame-
work employed here is sound, unambiguous, and applicable whenever the stated modeling
assumptions and definitions are satisfied.

2. What Is Thermodynamics?

Thermodynamics has survived all major scientific revolutions and advances in physics,
chemistry, and engineering. Far from being an obsolete discipline, it has experienced a
renewed centrality in recent decades, driven in particular by the study of nonequilibrium
phenomena and systems with few degrees of freedom. This resurgence stands in contrast
with a period, not so long ago, during which thermodynamics was sometimes regarded as
a closed or exhausted subject. Yet, despite its longevity and pervasive influence, a precise
and universally accepted answer to the seemingly simple question—uwhat is thermodynamics
about?—remains surprisingly elusive. Even experts in the field often hold distinct, and
evolving, personal definitions, and may find it difficult to articulate them unambiguously
or to reconcile them with alternative viewpoints.

Nonetheless, it is useful to attempt a clear statement of perspective. From the present
point of view, applied thermodynamics may be regarded as the art of modeling the kinematics
and dynamics of physical systems by selecting an appropriate level of description for a
given application of interest, and by enforcing the general principles, rules, and constraints
that such models must satisfy in order to provide a faithful representation of physical
reality. The application of interest may arise in engineering, chemistry, physics, biology, or
cosmology; the same logical structure can, in principle, be extended to other domains—such
as economics or social systems—whenever a well-defined “plane of perceptions” in the
sense of Margenau [26] can be identified.

Foundational thermodynamics, by contrast, is concerned with the inverse problem: the
extraction, distillation, and identification of the most general and unifying principles from
the successes and failures of diverse modeling efforts aimed at rationalizing experimental
observations. Its objective is not the construction of specific models, but the clarification of
the structural constraints (such as the great conservation principles [27]) that any admissible
model of physical systems must satisfy, independently of scale, composition, or degree
of disequilibrium.

In this sense, thermodynamics may be described as the science that studies the in-
stantaneous condition of material systems and the evolution in time of such conditions,
whether the evolution occurs spontaneously or as a result of interactions with other systems.
Viewed from this perspective, thermodynamics constitutes a genuine extension—indeed, a
generalization—of mechanics. The meaning and implications of this statement will become
progressively clearer as the exposition unfolds, and will eventually acquire a direct geo-
metric interpretation through the energy—entropy diagram representation introduced in
Section 33 and thereafter.

Given the breadth and generality of its scope, thermodynamics requires the unequivo-
cal definition of a number of basic concepts upon which the theory is founded. Some of
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these concepts are inherited from mechanics and will be assumed known. Others—such
as system, property, state, process, equilibrium, stable equilibrium, energy, entropy, tem-
perature, and pressure—must be defined with particular care. In the present work, follow-
ing [11], these concepts are redefined not only to eliminate ambiguity, but also to extend
their validity and operational meaning beyond the traditional confines of macroscopic,
extensive systems and stable equilibrium.

3. The Loaded Meaning of the Word “System”

Matter is composed of particles, either free or bound together to form nuclei, atoms,
molecules, ions, and other structures, as well as the electromagnetic field. Depending on the
phenomenon to be described, it is appropriate to identify a model of reality that is as simple
as possible, which limits itself to a level of simplified description that completely ignores
aspects (of subatomic or submolecular structure, nuclear reactions, chemical reactions,
radioactive decay, etc.) that, although potentially active in principle, have negligible effects
on the study of the phenomenon of interest.

For example, if the effects of chemical reactions are not relevant, we can study the
properties of water by assuming that the HyO molecules are indivisible, or the properties
of oxygen by assuming that the O, molecules are indivisible. The choice of the appropriate
level of description and of the “indivisible constituents” are the first steps in defining
what we call a “system.” However, in thermodynamics, in order to talk about a system, a
precise condition regarding the forces acting on these indivisible constituents must also
be satisfied. The condition is that none of the forces acting on the set of constituents of
interest depends on the coordinates of other constituents external to the object of study
and that none of the outcomes of measurements performed on the set of constituents of
interest should be statistically correlated to the outcomes of measurements performed on
external constituents. However, these forces can depend on geometric parameters (such as
the shape of a container limiting the available space) or on fields generated by “static” sets
of external constituents or control devices.

A “system” is, therefore, a set of constituents that is “separable” and “uncorrelated”
from “external” constituents, defined by the following specifications: (a) the type or types of
“constituents”, for example, water molecules, or a mixture of oxygen molecules and nitrogen
molecules; (b) the “parameters” that characterize all external forces, i.e., constraints and
forces exerted from the outside on the constituents, for example, specifications describing
the geometric shape of a sealed container or the volume of the container itself, or an
electric, magnetic, or gravitational field; (c) the nature of the “internal forces” between
the constituents that are to be considered in the model, such as intermolecular forces or
the condition that some or all chemical reactions within the system are inhibited; and
(d) the nature of any “internal constraints” that characterize the interconnections between
separate parts and define the internal structure of the model, such as a fixed or mobile
wall that divides the volume available to the constituents into two partitions. Again,
“external” constituents are those not included in the set under examination; “separable”
refers to the condition that none of the external forces depends on the coordinates of
external constituents; “uncorrelated” refers to the condition that no measurement done on
the constituents of interest is statistically dependent on measurements done on external
constituents. Anything external to the system and therefore excluded from it is called the
“system’s environment” or simply the “environment.” In principle, the environment should
represent a model of the “rest of the universe”; in practice, however, it is sufficient to adopt
a simplified model that includes only those external constituents that effectively constrain
and interact with the system’s constituents over the time interval of interest.

https:/ /doi.org/10.3390/e28040371


https://doi.org/10.3390/e28040371

Entropy 2026, 28, 371

8 0f 90

For a system consisting of r different types of constituents, we indicate their amounts
using the variables 11, 1, . . ., n, where n; stands for the number of units (molecules, atoms,
or particles) of the i-th constituent.'

The unit of measurement in the International System for the amount of a con-
stituent is the “mole,” indicated by the symbol “mol” (sometimes also called the “gram-
mole” and indicated by the symbol “gmol”), defined as the number of units (molecules,
atoms, or particles) equal to Avogadro’s number, Np, = 6.02214076 x 103, and thus
1 mol (= 1 gmol) = Nay particles. Of course, the International System prefixes for multiples
are applicable. For example, for the kilomole, 1 kmol = 10*> mol.

The ratio M; between the mass m; and the amount n; of the i-th constituent,
M; = m;/n;, is called the “molecular (or atomic) mass,” and is normally expressed in
g/mol or kg/kmol.

Internal forces can be of various types. For example, a system that is typically studied
in detail in introductory engineering courses consists only of HyO molecules subject only to
intermolecular internal forces and external forces that confine them to a region of space with
volume V. Another standard example of a system consists of three species, Hy, O,, and
H,O, subject, in addition to the intermolecular forces between all three types of molecules,
to internal forces that control the chemical reaction mechanism H, + % 0O, = H,O.

For a system with constraints and external forces dependent on s parameters, we
indicate the parameters with the symbols B1, B, ..., Bs.> For example, the parameters
can be the sides ¢, {5, {3, and the volume V = (1/,/5 of a parallelepiped-shaped region
enclosed by walls (understood as impenetrable barriers) of a container that separates the
constituents of the system from others that are external and therefore do not belong to it.

Other parameters can be provided by external force fields, such as the gravitational
field G,, electric field E., and magnetic field H, generated by stationary distributions
of mass density p, charge density p., and current density j outside the region of space
occupied by the constituents of the system. Here, G, E., and H, represent the values
of the fields that these distributions p, p., j would generate in the region of space of the
system in the absence of its constituents, with the understanding that outside this region,
the distributions of electric and magnetic dipole or multipole moments are zero.

The principles we state in this paper and the results that follow are valid for both
“macroscopic systems,” composed of large amounts of constituents (such as 1 kg of HO or
an entire thermal power plant), and “microscopic systems,” composed of small amounts of
constituents (such as a single molecule of H; or a structureless point particle confined in a
box). It is important to note that this observation is rarely acknowledged in thermodynamics
textbooks, which immediately restrict their treatment to the simple-system model, in our
opinion missing the opportunity to expose the universal aspects of thermodynamic theory
and clarify its relations with mechanics.

It is worth noting that the given definition of a system, which generally coincides with
the one adopted (although often only implicitly) in physics, is made rather restrictive by
the conditions of statistical independence of measurement results and independence of
external forces from coordinates of external objects. Therefore, not always does a material
object or, better, a model of a material object constitute a well-defined system.

In particular, separability requires that the forces acting on the system’s constituents
must all be either internal or external. For example, an electron can constitute a system
if it is free or if it is immersed in an external electrostatic field but not if it is subject to
interaction with other electrons in the bonding of a molecule or with the nucleus of an atom.
The restriction is significant, and it will be well to keep it in mind because the principles we

1 Inthe following, the bold symbol, 1, will denote the set of all amounts of constituents, n = {ny,n,,...,n,}.

2 The bold symbol, B, will denote the set of all parameters, 8 = {B1, 82, ..., Br}-
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will state and the results that follow are only valid for well-defined systems, defined in the
manner just described.’

In the case of constituents immersed in a gravitational field G,, electric field E., or
magnetic field He, the independence of external forces from the coordinates of external
objects, necessary for the system to be well-defined, is guaranteed only if these fields are
generated by stationary distributions, i.e., time-invariant ones, of mass density p, charge
density p,, and current density j that generate them, and if outside the volume of the
system, the electric and magnetic dipole or multipole moments are zero.

4. The Loaded Meaning of the Word “Property”

The experimental method involves studying the behavior of a system subjected to
“measurement procedures.” Each measurement procedure is associated with a “physical
observable” representing the system’s response to the procedure. Each procedure leads to
the determination of a result, generally expressible in numerical terms: the “value of the
physical observable.”

An important subclass of physical observables is properties. A “property” P is defined
by a measurement procedure that, when applied to a system at time ¢, provides a numerical
result P(t), the value of the property at that instant, which must be independent of details of
the measurement devices, other systems in the environment, and instants of time different
from t.

This definition is quite restrictive, and there are numerous examples of measurement
procedures that do not satisfy it and therefore, while defining physical observables, do
not define properties. For example, the distance traveled by a particular molecule in a
given finite interval of time divided by the interval itself is not a property because the
measurement procedure for its value necessarily depends on the results of two position
measurements at different times. However, if the time interval is made to tend to zero,
then the limit value depends only on the initial time, and the procedure defines a property
well known in mechanics: velocity. Examples of procedures that satisfy the definition of a
property just given are well-known measurement procedures in mechanics that define in-
stantaneous position, instantaneous velocity, and instantaneous acceleration of a particular
molecule of a constituent.

The procedure for counting the number of particles, atoms, or molecules of the i-th
type present in the system at time ¢, defining the amount n;, satisfies the definition of a
property and provides the value 1;(t). The same applies to the measurement procedure for
the volume available to the constituents of the system at time ¢, defining the parameter V
of external forces, which satisfies the definition of a property and provides the value V().
The same holds for the other parameters of external forces.

5. What Exactly Do We Mean by “State” of a System?

To completely characterize a system at a given instant of time ¢, one must specify how
it responds to all possible measurement procedures it can undergo. Therefore, in particular,
it is necessary to specify the values of all amounts of constituents, all parameters of external
forces, and all other properties. This set of values, which is generally an infinite list of
numbers, defines the “state” of the system at that instant,

A(t) ={ny(t),...,n.(t),B1(t), ..., Bs(t), Pi(t), Pa(t),... }, 1)

3 Anticipating ideas that we develop in what follows, a fundamental consequence of the laws of thermodynamics

is that energy and entropy are additive properties defined for all systems in every possible state. However,
these properties do not apply to material objects subject to external forces dependent on external coordinates
or to correlations with external constituents. For such models that do not satisfy our formal definition of a
system, energy and entropy are not merely non-additive—they are not defined.
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where A(t) denotes the state of system A at time ¢, and P; (), P>(t), . .. represent the values
at time t of various properties. To say that the state of the system is known means that the
values of all properties, amounts, and parameters are known.*

The definition of a state does not impose any restrictions on the number of properties
that contribute to defining it. In general, this number is infinite even for the most elementary
systems. For example, for a single material point confined to a given region of space, it is
known from quantum mechanics that at least one property is defined for each geometric
point in the space available: the probability that the material point is in that position
following a position measurement. This infinite set of numerical values (one per point),
which contributes to defining the state, can be represented, for a particular subclass of
states, by the so-called “wave function.”

The fact that the list of values defining the state of a system at a given instant of time is
infinite means that a given system admits a vast multitude of possible states. Two identical
systems are in two different states if the values of at least one property are different for the
two systems: the two infinite lists of values defining the states of the two identical systems
differ in at least one of the corresponding values.

This great variety of states is rarely mentioned in thermodynamics textbooks, which
immediately restrict their treatment to stable equilibrium states, thereby also missing the
opportunity to clarify the relations between mechanics and thermodynamics and to extend
the treatment to nonequilibrium states, which are by far the most numerous and also the
most interesting in terms of applications, as we will see.

Representations of states across nonequilibrium thermodynamic frameworks

As noted in the Introduction, the profound significance of the laws of thermody-
namics lies in their universal applicability across any level or framework of description
chosen to model empirical reality. This holds provided the model possesses a fundamental
mathematical structure and satisfies certain reasonable conditions—ensuring, for instance,
that concepts like separability and statistical independence between the system and its
surroundings are precisely defined.

Throughout two centuries of thermodynamic history, numerous frameworks have
successfully modeled nonequilibrium phenomena. While these approaches vary signifi-
cantly in their choice of independent properties defining the state space (in the sense of
Equation (1)), most share common geometrical features within their mathematical struc-
tures, as captured for example by the different iterations of the GENERIC (General Equation
for the Non-Equilibrium Reversible-Irreversible Coupling) construction [28-30] or varia-
tional formulations [31,32].

The choice of independent properties used to define a “state” is not merely a matter
of mathematical convenience; it reflects the physical scale, the degree of rarefaction, and
the distance from equilibrium under consideration. Although these frameworks differ
significantly in their mathematical formalisms, a common thread emerges: most mod-
ern approaches represent the state through various forms of probability distributions.
Whether describing the likelihood of microstates in phase space, the distribution of internal
mesoscopic configurations, or the statistical populations and coherences encoded in a
density operator, these probabilistic representations provide a bridge between microscopic
fluctuations and macroscopic observables.

The following list provides a minimal summary of the typical sets of independent
properties adopted for state description in several prominent frameworks. The comparison

4 In some treatments, properties are also referred to as “state variables” or “state functions,” and it is stated that

the value of each property depends exclusively on the state of the system. In reality, we have seen that it is the
values of the properties that define the state, not the other way around.
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highlights how different theories prioritize either a finite set of macroscopic fields or a more

elaborate distribution function in order to capture the relevant physics. To ground these

abstract descriptions in a concrete application, Section 51 presents an explicit example of

a state formulation within the framework of quantum thermodynamics, illustrating how

these principles manifest at the interface between information and energy.

Classical Statistical Mechanics [7,33]: Probability distributions (densities) over classi-
cal phase space, representing the possible microstates defined by the positions and
momenta of all particles.

Quantum Statistical Mechanics [34,35]: Probability distributions over a set of pure
quantum states, typically expressed in terms of the eigenvectors of the system’s
Hamiltonian operator.

Information-Theoretic Thermodynamics [36,37]: Probability distributions over a discrete
or continuous set of microstates or events, representing the observer’s uncertainty or
informational description.

Stochastic Thermodynamics [38—40]: Probability distributions over fluctuating trajecto-
ries and path-dependent variables (such as stochastic work and heat) that characterize
the energetics of individual realizations.

Macroscopic Nonequilibrium Thermodynamics (CIT) [41-43]: Local-equilibrium field
variables—functions of position and time—representing the macroscopic properties
of continuum parcels assumed to be in locally stable equilibrium states.

Gradient (Non-local) Thermodynamics [44-47]: A set of local field variables augmented by
their spatial gradients, representing the state of non-uniform systems where the local
energy density depends on the neighboring environment, such as in the description of
diffuse interfaces and phase separation.

Continuum Mechanics [48-50]: A finite set of local field variables, such as dis-
placement, deformation gradient, and mass, momentum, and total energy densi-
ties, representing the macroscopic properties of continuum parcels under the local-
equilibrium hypothesis.

Internal Variable Theories [32,51]: A finite set of local field variables supplemented
by hidden or internal variables that describe the microstructural state of a material
(e.g., in thermoelasticity), often derived via variational principles to ensure thermody-
namic consistency.

Extended Nonequilibrium Thermodynamics (EIT) [52]: A finite set of local field variables
that includes classical densities augmented by dissipative fluxes (e.g., heat flux, viscous
stress) treated as independent state variables in order to account for memory effects
and finite signal propagation speeds away from equilibrium.

Mesoscopic Nonequilibrium Thermodynamics [53-55]: Probability distributions over a
set of local mesovariables describing internal configurations, such as the position of a
Brownian particle, molecular orientation, cluster size, or degree of protein folding.
Rational Extended Thermodynamics (RET) [56,57]: A finite set of local fields representing
moments of the velocity distribution function, such as mass, momentum, and energy
densities, as well as higher-order moments including heat flux and momentum flux.
Small-Scale and Rarefied Gas Dynamics [58,59]: The local particle velocity distribution
function, representing the probability of finding a molecule with a specified velocity
at a given position and time, typically governed by the Boltzmann equation.
Chemical Kinetics [60-62]: A set of bulk or local macroscopic variables, such as species
concentrations and reaction coordinates, sufficient to describe the chemical evolution
of a reactive mixture toward stable equilibrium.
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*  Quantum Thermodynamics [63-65]: The density operator, serving as a generalized
probability distribution that represents both classical populations (probabilities) and
quantum coherences.

*  Nanothermodynamics [19-23]: Statistical distributions over a large number of inde-
pendent, small-scale replicas of a system, where the state is defined by finite-size
parameters and internal degrees of freedom that account for non-extensive energy
contributions and fluctuations.

While connecting these ideas to the extensive literature on nonequilibrium thermo-
dynamics is valuable, acknowledging the many pioneers of the various approaches—and
summarizing the different attempts at unification, construction—would require a level
of discussion beyond the scope of this paper. Rather than claiming exhaustiveness, the
preceding list is intended to illustrate the broad range of state representations to which the
general thermodynamic concepts developed in this work may apply.

This diverse landscape of state representations illustrates the remarkable versatility of
nonequilibrium thermodynamics across different physical scales and modeling priorities.
It is important to emphasize that the foundational approach presented in this work is
intended to be compatible with, and applicable within, any of these specific frameworks.
By providing a rigorous set of operational definitions—grounded in the first and second
laws as they apply to well-defined (separable and uncorrelated) systems—our construction
establishes a self-consistent logical basis that helps clarify the limits of applicability of the
assumptions underlying any chosen set of state variables. In particular, this grounding
makes explicit the conditions of separability and absence of correlations required for the
valid application of the energy balance and the principle of entropy non-decrease, thereby
reducing the risk of conceptual misinterpretations when analyzing complex or interacting
composite systems whose components become correlated during interaction.

6. Time Evolution, Interactions, and the Concept of “Process”

The state of a system can evolve spontaneously, driven by its internal dynamics,
or as a result of interactions with its environment. An isolated system, one that cannot
interact with the environment and hence cannot cause any change in the environment’s
state, can only undergo spontaneous evolutions. Non-isolated systems interact in various
ways, resulting in the flow (or transfer or exchange) of certain properties from one system to
another. This involves a decrease in the value of a property in one system, accompanied
by a simultaneous increase in the same value in the other system. For example, during
the interaction between two systems undergoing an elastic collision, there is a transfer of
momentum and kinetic energy from one system to the other.

The equation that describes the evolution of the state of a system over time is called
the equation of motion of the system. To illustrate this, we can say that it will have a structure
similar to

dA(t) .

~ar = (A(t),internal forces(t), external forces(t)) (2)
where the function f depends on the nature of the system’s constituents. Given the function
f and the state A(#p) of system A at time t(, integration of the equation of motion allows us
to calculate the state A(t) of the system at any other instant in time, whether earlier (past)
or later (future) than #;.°

This problem, as formulated, poses an enormous mathematical complexity due, on
the one hand, to the fact that the state A(t) is a mathematical object representing an

5 In some models, a notable example being the quantum theory of open systems, the existence of the solution of

the initial value problem for the equation of motion is granted only forward in time, and often this mathematical
irreversibility is confused with the idea of thermodynamic irreversibility.
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infinity of numbers, and on the other hand, to the fact that for many systems and for the
most important states in thermodynamics, the general equation of motion is still a subject
of research. Thus, the chosen approach is necessarily different. We limit ourselves to
verifying that the temporal evolution of the system’s state is consistent with the two main
implications of the equation of motion, recognized as universally valid and therefore to be
respected by all systems. These implications are initially expressed in a non-mathematical
form as the statements of the first law and the second law of thermodynamics and are then
translated into two relations that must always be satisfied: the energy and entropy balance
equations. In practice, we give up the possibility of determining how the state changes over
time by solving the system’s equation of motion and instead limit ourselves to determining
how only the values of some main properties, defined for all states of all systems (amounts
of constituents, energy, entropy), change over time.

In other words, the temporal evolution is characterized (in an incomplete way) by
the following: (a) the description of the initial state A(t1) and the final state A(t;) of the
system; (b) the description of the interactions that occur during the change of state, which
cause the flow or exchange of certain properties between the system and its environment;
and (c) verification that the change is compatible with the first law and the second law
of thermodynamics, or with the main implications of the general equation of motion,
including the principles of energy conservation and entropy non-decrease.

For simplicity, in the following, we use the notation A; to represent the state of system
A at time t; instead of A(t7).

The first law and the second law of thermodynamics are stated as laws or principles,
i.e., as unprovable postulates. However, as we have seen, in an approach that postulates a
general equation of motion valid for all systems, these principles would emerge as theorems,
consequences of the equation of motion. Therefore, it remains a fact that the laws (the
principles) of thermodynamics express general consequences of the equation of motion,
i.e., of the dynamics of all (well-defined) systems.

The descriptions of the initial state, the final state, and the effects caused by the
interactions on the values of the main properties (amounts of constituents, energy, entropy)
related to a given temporal evolution specify a process (Figure 1). Processes can be classified
based on the effects they have on the system’s surroundings, i.e., changes in state induced
by interactions with its environment. For example, a process is called spontaneous if it is not
accompanied by any external effects. As previously seen in Section 6, an isolated system can
only undergo spontaneous processes since it cannot induce changes in the state of other
systems or be affected by them.

The notion of a process is also compatible with a time evolution in which the separation
between the constituents of the system and those of the environment is temporarily broken,
provided that both the separation and the statistical independence are reestablished at the
end of the evolution. In other words, it suffices that the system and the environment must
be well defined—i.e., separable and independent—at both the initial and final instants

of time.°

6 Ina quantum description, this requirement is highly restrictive and substantially limits the applicability of

the thermodynamic foundations discussed in this paper. Consider two subsystems. By definition, they are
initially separable and uncorrelated. Separability may be temporarily broken by turning on an interaction
Hamiltonian between the corresponding subsets of constituents, and later restored by turning it off. However,
the interaction generally generates correlations that persist after the interacting constituents are separated. As
a result, the condition of statistical independence of measurements performed on the two subsets is lost, and
the resulting entities no longer satisfy the requirements of the present definition of a system, i.e., they are no
longer subsystems. See, e.g., Refs. [24,66].
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Process for system A in environment B

System Environment
A [0 B

Initial Final Initial Final
state state state state
A —» A, B, — B,

Figure 1. The term “process” refers to the description of the initial state, the final state, and the effects
caused on the environment, related to a given temporal evolution of the state of a system.

7. Weight Processes and Adiabatic Accessibility

A process in which interactions result in the only external effect being a change in the
elevation of a weight (or another equivalent mechanical effect) is called a weight process
(Figure 2). Weight processes are conceptually important in developing the foundations of
thermodynamics because, as we will see, they provide a clear presentation as an extension
of mechanics. Two states that may be interconnected via a weight process are said to be
adiabatically accessible.”

Weight process for system A
@)

System

G
A <:> - I - g
Initial Final

state state

The only effect external to A is
Ay —> Ay a change in elevation of a weight

Figure 2. A process is a weight process if the only external effect caused by the system’s interactions
is a change in the elevation of a weight.

8. Reversible vs. Irreversible Processes

Another important classification of processes is based on the possibility of reversing
their effects. Thus, a process is called reversible if there exists, i.e., if it is physically con-
ceivable,® a way to return both the system and its environment to their respective initial
states (Figure 3), i.e., if all the effects of the process (including those external to the system)
are reversible. Otherwise, the process is irreversible, meaning that there is no physically
conceivable way to return the system and its environment to their respective initial states.

In the particular case of an isolated system, the reversibility of a process implies the
existence of a reverse process capable of returning the system to its initial state. The reverse
process need not retrace, in reverse order, the same sequence of states traversed by the
forward process.

Directly verifying, based on the definition given, whether a process is reversible or not
is impractical, as it would require testing all conceivable ways to return the system to its
initial state and, for each one, checking whether the environment also returns to its initial
state. Nevertheless, the given definition is valid and allows, as we will see, an indirect
criterion (necessary and sufficient condition for the reversibility of a process) based on the
simple balance of the property entropy, which we will define.

Further discussions of the role of adiabatic accessibility are found in Refs. [15-18,67,68].
8 Permitted by the assumed equation of motion.
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A process for system A ...it is possible to return both A and its
is reversible if... environment B to their initial states
System Environment System Environment
P () R (Gl
Initial Final Initial Final Initial Final Initial Final
state state state state state state state state

Ay — Ay B, — B, Ay — Ay By — B,

Figure 3. A process is reversible if there is a way to return both the system and its environment to their
respective initial states.

9. Statement of the First Law

The first law of thermodynamics consists of two assertions: the first is that any pair of
states A1 and Ap with compatible values of the amounts of constituents and the parameters of a
(well-defined) system A can always be interconnected by means of a weight process. Indicating
with zp — z1 the change in height produced by the weight process on a mass m in a uniform
gravitational field with acceleration g, the second assertion is that the product mg (zp — z1)
assumes the same value for all weight processes that connect the two given states A1 and A,.

10. Energy: Definition, Additivity, Conservation, Exchangeability

The main consequence of the first law is that for every system A in any of its states Ay,
a property called energy is defined, indicated by the symbol E;. The energy E; of system
A in state A is defined by the following measurement procedure: an auxiliary weight
process is realized that connects state A; to a reference state Ay (of the same system A)
chosen once and for all, to which a reference value Ej is assigned. It is then stated that

El = EO —mg (Zl — ZO) (3)

where m is the mass of the weight, g is the gravitational acceleration, and z; — zy is the
change in height of the weight, which is the only external effect in the weight process.

Due to the dimensional homogeneity of Equation (3), E; and Ep must have the same di-
mensions as gz, i.e., energy. Therefore, the dimensions of E are [mass] x [length]2 x [time] 72,
and the unit of measurement in the International System is the joule, J.

The first law guarantees that the measurement procedure described defines E as
a property of system A. In fact, it follows from the first law’s statement that the weight
process connecting states A1 and Ag exists.” and that the value of mg (z; — zo) and therefore
E; is as follows: (a) independent of the instruments used for measurement, i.e., of the details
of the interaction between system A and the weight; (b) independent of other systems
in the environment, i.e., of the weight’s details, which is the only other system affected
by the weight process; and (c) independent of measurements made at other instants of
time, i.e., of the details of the changes in A during the process. It is important to note that
the measurement procedure does not imply any restrictions on the nature of state A; and
system A. Thus, energy is property, defined for all states of all systems.""

The definition given extends what was already seen in mechanics to states that are
not covered by mechanics. This will become clearer as we proceed. One fact, already

The first law does not specify in which direction the weight process is possible, but it does allow us to conclude
that if it is not possible from A; to Ay, it is definitely possible in the opposite direction.

This is the most important consequence of the first law: the definition of energy for all states of all systems
could not be taken for granted, nor is it valid if the word system is not loaded with the restrictive meaning we
defined in Section 3.
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known from mechanics, remains valid in general: for given values of # and g, the value of
a system’s energy is bounded from below, i.e.,

E> Emin(n/ ﬁ) (4)

Since E is a property, it contributes to defining the state of the system, together with
the values of all the other properties. If the state of the system is known, then the value of
energy is also known. The change E; — E; corresponding to a given change in state from
Aj to A depends only on states A; and A; and therefore not on the interaction methods
with other systems, nor on the forces that induced it. The same change in state from A;
to A can be achieved by many (infinite) different processes, each with the same value
of Ez — El-

From the first law, it also follows that energy is an additive property in the following
sense. With the help of Figure 4, consider two systems A and B in states A; and B,
respectively, and consider the composite system C formed by the set of the two systems,
C = AB, of which the state is indicated by the symbol C1;, where the double index refers
to the respective states of the two subsystems (C;; = A;1B;). Applying the procedure
that defines energy for systems A, B, and C, after choosing the respective reference states
Ap, By, and Cyp once and for all (this is the state of C in which subsystem A is in state
Ap and subsystem B is in state By) and the respective reference values E(’;‘, Eg, and Ego,
the respective values of energy in states A1, B1, and Cy; are indicated by E4, E?, and Elcl.
Recalling the second assertion of the first law,'!

System System Composite system
A B C=AB
Reference Reference Reference
State state  State state State state
A Ao B, By Cn =A1B; Cy = AyBy
B! B Ef  E} B Egy

Figure 4. Energy differences are additive, E§; — E§, = (E{! — E{!) + (EP — EE). Energy values can
be made additive by selecting reference values for composite systems so that E§, = E{! + EE. Asa
result, Eﬁ = Ef‘ + Ef.

Bl —E§ +Ef — E§ = Efy — Efy (5)

and therefore that if the reference value for the composite system C is chosen as the sum of the
reference values of the subsystems that compose it, i.e., if E§y = E{ + E5, then

Eq =EL +EP (6)

Finally, the first law also implies that the value of the energy is conserved every time
the system undergoes a process without net external effects, such as a spontaneous pro-
cess, for example. The conservation of energy is of fundamental theoretical and practical
importance.'? This importance derives from the additivity of energy (or rather of energy

11 Tt is sufficient to consider the following: (1) the weight process for A between A; and Aj and the weight

process for C between Cy1 and Cp; and observe that they have identical external effects; (2) the weight process
for B between By and By and the weight process for C between Cy; and Cqg and observe that they have identical
external effects; (3) the sequence of the two weight processes for C between Cj; and Cy; and between Cy; and
Coo, which is effectively a weight process between Cq1 and Cyp.

Note that although in some formulations, it is presented as the principle of conservation of energy, the conservation
of energy here emerges not as a principle but as a consequence of the first law, as is the very existence of energy
as a property.
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differences) and from the fact that any process can always be considered part of a process
without net external effects of a larger system that includes all interacting systems, for
which energy—the sum of the energies of the subsystems—remains unchanged.

11. Notation for Energy Exchange and the Energy Balance Equation

From the conservation and additivity of energy, it follows that energy can be trans-
ferred (exchanged) between interacting systems. Using Figure 5 as an example, consider
a system C composed of subsystems A and B and a spontaneous process (without exter-
nal effects) in which the state of A changes from A; to A; and that of B changes from
Bj to By. Since there are no external effects on C, the value of C’s energy remains un-
changed, ie., ES, = E$. Due to the additivity of energy differences, this means that
E4t — E4 + EB — EB =0, or in other words, E{ — Ef! = —(E% — EB). The change in energy
of A is equal and opposite to that of B. This justifies the notion of energy exchange, such that
if the energy of B increases, we say that B receives energy from A, and consequently, the
energy of A decreases by an equal amount.

System System Composite.: system
A <:> B C = AB, isolated
A—B
Initial Final ~'  Initial Final Initial Final
state state state state state state
A — Ay B, — By Chi Caa
EA B EE  EB EY  ES

Figure 5. Energy can be exchanged between two systems A and B through interaction. In this
example, the composite system C = AB is isolated.

The notion of energy transferred from A to B is of practical importance, and it is
convenient to adopt special notation to indicate it. The symbol used is

Efy P ?)

where the subscript 12 indicates that it is the quantity of energy transferred between time
t; and time t; during the process in which the state of system A changes from A; to A; of
A and that of its environment B from B; to B,. Thus, we have

Ef —Ef' = —(Ef —Ef) = —E{5*P ®)

Equivalently, we can indicate the quantity of energy transferred from B to A using the
symbol E{5~B, which leads to

Bf —Ef' = —(Ef —E{) = Ey" ©)
Therefore, the two introduced symbols are not independent, and we have
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If we consider that B is the environment of A, we can simplify the notation by omitting
the subscript B.'?
EfS” = —Ef™ (11)

The relations just seen can be written in the form of the energy balance equation (Figure 6)
E3 — Ef = E{- or,equivalently,  E5 —Ef! = —E{}” (12)

This important consequence of energy additivity and conservation states that the change in
energy E4' — E! of system A following a process from A; to Ay must be equal to the (net)
amount of energy E{5 transferred into system A due to interactions with its environment.'*

System
A <:, Energy balance

B for system A

Initial Final
state state
A —» Ay
EL B

Ef - Bf = By

Figure 6. Energy balance for system A for a process in which the state of A changes from A; at time
1 to A; at time £, and the net effect of the interaction between A and its environment includes an
energy transfer E{5 (positive if in the direction of the arrows, i.e., if received by A, negative if in the
opposite direction).

It is useful to remember that the energy balance equation, like the first law itself from
which it derives, is an expression of the laws of dynamics. The time variable does not appear
explicitly, but it is strongly present: recall that A; indicates the state of system A at time
t; and Aj at time f,. To make the dynamic nature of the equation more explicit, we can
express it in the following alternative form:

dE?/ dt = EA© (13)
This form is obtained when t; = t and t, = t+ dt, with dEA = Eérdt — Ef‘, and
EAC = 5Ef‘t:dt / dt (energy per unit of time, power, transferred into A from its environ-

ment). We adopt the convention of using the prefix ¢ rather than d for infinitesimal
quantities of observables that are not properties. For example, the energy transferred in the
time interval ¢, + dt is not a property because it depends on two instants of time, t and
t + dt. Therefore, it is indicated with 6E ft: -

To apply the energy balance equation, we will develop various concepts necessary to
express, on one hand, the change in energy E5' — E#! as a function of the composition of
system A and the nature of states A; and A, and on the other hand, the quantity of energy
exchanged E{5~ as a function of the types of interactions experienced by system A in the
process from A to Aj.

For instance, later on, we will see that the interaction between a system A and a weight

in a weight process corresponds to an example of what we will call work interaction. The

13" When there is no ambiguity about the system under consideration, the notation can be further simplified

by omitting the subscript A and writing E;; = —E;;. When there is no ambiguity about the process being
considered, it is possible to omit the subscript 12 and write E~7 = —E¢". It is worth noting that when EAC
takes a negative value, it means that system A has released energy. For example, if EA¢ = —57, from Relation
(11), we can infer that EA~ = 5], indicating that system A has released 5 joules of energy.

In some texts, the energy balance equation is succinctly referred to as the “first law of thermodynamics,” so
much so that the jargon “writing the first law” is used to mean “writing the energy balance equation.” We have
already emphasized that the first law of thermodynamics leads to many important conclusions beyond the
energy balance equation, and therefore, the jargon mentioned can be misleading in addition to being reductive
with respect to the role and other implications of the first law.
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energy exchanged in an interaction of this type will be called work and denoted by the
symbol W4 instead of the generic EA*, so that for a weight process, we will write the
energy balance as

Est — E{f = WA or,equivalently,  Ej — Eff = —wA~ (14)

12. Steady vs. Unsteady States and Equilibrium vs. Nonequilibrium States

Since the number of independent properties of a system is very large—even for a single
particle—and since many properties can vary over an infinite range of values, the number
of possible states of a system is infinite. The classification of states based on the type of
temporal evolution of each state highlights some important aspects of thermodynamics.
States of a system can be classified into four types: unsteady, steady, nonequilibrium, and
equilibrium states. Equilibrium states can be further classified into three subtypes: unstable,
metastable, and stable.

If a system is subject to interactions with other systems that have non-zero effects,
its state usually changes over time, and it is called a unsteady state. However, in practical
engineering, interactions with other systems are often regulated and balanced in such a
way that their net effects on the state of the system are zero. In this case, the state is called
steady or, sometimes, stationary.

Another important way to classify states is based on the behavior dictated solely
by the internal dynamics of the system, i.e., the behavior the system would exhibit if all
interactions of the system with other systems were “turned off” or “frozen,” and only
the internal dynamics remained active. If the state changes over time due to the internal
dynamics alone, i.e., spontaneously, it is called nonequilibrium. If it does not change, it is
called equilibrium.

There are various types of equilibrium states. An unstable equilibrium is a state that
can be induced to spontaneously evolve toward different often distant) state by some
vanishingly small and brief interaction—an infinitesimal perturbation. Such a perturbation
has only a temporary, negligible effect on the environment, leaving no permanent net
external change. In contrast, a metastable equilibrium state is stable under small perturbations,
but can be changed without leaving permanent effects on the environment by means of
larger perturbations.

13. Stable Equilibrium States

Lastly, a stable equilibrium state (abbreviated SES) is an equilibrium state that can only
be modified through interactions that leave nonzero net effects on the environment of the system. In
other words, a stable equilibrium state cannot be altered without leaving net effects in the
system’s environment, i.e., without changing the state of the environment.

We will see that starting from a non-stable equilibrium state (i.e., either a nonequi-
librium state or an unstable or metastable equilibrium state), it is always possible for the
system to evolve by means of a weight process that results in the lifting of a weight and
does not leave any other changes in the state of the environment.

14. Statement of the Second Law

We shall adopt as statement of the second law a refinement of the one due to Hat-
sopoulos and Keenan [8] because from this statement we can derive all other traditional
statements, namely, those by Kelvin-Planck, Clausius, and Carathéodory.

We have already seen that the number of possible states of a system is infinite. Among
all these states, consider the subset of all the states that share a given set of values of
amounts of constituents nq,ny, ..., n,, parameters 1, B, ..., Bs, and energy E. Also, the

https:/ /doi.org/10.3390/e28040371


https://doi.org/10.3390/e28040371

Entropy 2026, 28, 371

20 of 90

number of states in this subset is usually infinite. The second law of thermodynamics consists
of two assertions: the first is that in the subset of states of a system compatible with given values
of nand B, there is always one and only one stable equilibrium state for each value of the energy E.'>

It is important to contrast this assertion with its analogous in the domain of mechanics:
for given values of n and B, the set of states considered in mechanics contains only one stable
equilibrium state, which is the one with the minimum energy, Enin(n, B). By contrast, for
given values of n and B, thermodynamics considers a much broader set of states, where there
is one (and only one) stable equilibrium state for each value of energy E.'° It is in this sense
that thermodynamics is an extension of mechanics.!”

The second assertion of the statement of the second law is that starting from any
initial state of the system, it is always possible, through a reversible weight process, to reach a
stable equilibrium state with values of n and B arbitrarily fixed among those compatible with the
initial state.

15. Proof of the Kelvin-Planck Statement of Impossibility of a Perpetual
Motion Machine of the Second Kind

The first important consequence of the second law is that, in general, not all of a
system’s energy can be transferred to a weight through a weight process, i.e., not all states
of a system can reach via a weight process a state with the minimum energy for the same
or compatible values of n and B. In particular, if a system is in a stable equilibrium state, it
cannot transfer energy to a weight through a weight process that does not alter the set of
compatible values of n and B. This statement is also known as the impossibility of perpetual
motion of the second kind (Figure 7) and is referred to as the Kelvin—Planck statement of the
second law of thermodynamics (1897).'

Perpetual motion machine of the second kind
System
R ]
T
Initial Final

SES  state The only effect external to A is
As —> Ay the lifting of a weight

g

Figure 7. Perpetual motion of the second kind refers to the possibility of extracting mechanical
energy (lifting a weight) without any other effects (weight process) from a system that initially is in a
stable equilibrium state.

15 The word “compatible” can be omitted in the absence of reaction mechanisms (such as chemical reactions

capable of spontaneously altering the amounts of constituents), internal constraints (such as movable internal
walls capable of spontaneously altering the parameters), and other transition restrictions (such as selection
rules among quantized energy levels or the constraint of strictly unitary quantum evolution). To fix ideas
and for simplicity, we proceed by assuming that it can be omitted, so that the first part of the second-law
statement reduces to the simple assertion that among all the states that share a given set of values of energy, amounts
of constituents, and parameters, one and only one is a stable equilibrium state. For the discussion of systems with
chemical reaction mechanisms, internal constraints, and transition restrictions see, e.g., [8,11].
16 The representation on the energy—entropy plane discussed in Section 33 will illustrate also graphically the
significance of this important statement.
17" The so-called paradoxes of thermodynamics, often mentioned in popular science, history and philosophy
of science books, originated from the mistaken belief, still prevalent, that the conclusions of mechanics and
those of thermodynamics should be compared, assuming that both theories contemplate the same set of states
for a given system. In this case, the paradox would be that for given values of n and B, mechanics has only
one stable equilibrium state, while thermodynamics has infinitely many, one for each value of energy. The
paradox is resolved by admitting that the set of states considered by thermodynamics contains, yes, but only
as a subset, the states considered by mechanics. Thus, both statements are valid, each in their own context.
Another “historical” statement of the second law is Clausius’ statement. We will see later (Section 38), after
defining temperature, that Clausius’ statement is also a consequence (theorem) of the more general second-law
statement we have adopted.
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Since the impossibility of perpetual motion of the second kind leads to a fundamental
inequality for all that follows, it is worth outlining the proof. We proceed by contradiction;
suppose that a perpetual motion machine of the second kind is possible: it would be a
system A (Figure 7) initially in a stable equilibrium state Ag that can lift a weight as a result
of a weight process. After the energy is transferred to the weight, the system A would end
up in a state A, with lower energy than the initial state. Now, suppose that the system A is
made up of at least two parts;'” Then, it is possible to create a second process in which the
weight returns all the energy it received to system A, causing the two parts of A to move
relative to each other. The new state A3 of system A, thus determined, is certainly different
from the initial state Ag because the two parts of A are in relative motion. We therefore
succeeded in changing the state of system A from Ag to Az # Ag while leaving no net
effects in the environment. Since this contradicts the definition of stable equilibrium, we
conclude that the assumption is absurd and, therefore, a perpetual motion machine of the
second kind is impossible.

From what has been proven, it follows that when a system A is initially in a stable
equilibrium state with energy EZ, in a weight process it can only reach states with higher
energy Ef. Using the notation introduced earlier,

Ef —E4 = -WA7 >0 (15)

16. Adiabatic Availability: Definition

The historical formulations of the principles of thermodynamics originated from a
careful examination of the technical question that, with the terminology we have developed
so far, can be formulated as follows: “How much of the energy E; of a system A in a given
state A; can be transferred to a weight through a weight process?”

The answer identifies, for each system A and any state A1, a property called adiabatic
availability, denoted by the symbol Y. It consists of evaluating, for system A in state A1, the
maximum amount of energy W4—’C, denoted as ¥1, that can be transferred to a weight in a
weight process without altering the (set of compatible) values of n and .

The measurement procedure that defines it is sketched in Figure 8. It can be proven
that W/A;C obtains when the weight process for A is reversible and changes state A into a
stable equilibrium state Ag, with values of n and B compatible with state A;. The existence
of such process is guaranteed directly by the second law (second assertion). It is also proven
that state Ag, is uniquely determined by A1, being the only stable equilibrium state with
the compatible values of amounts and parameters that can be reached from A; through a
reversible weight process.

From the energy balance, we have

Y1 =E| —Es, (16)

Clearly, adiabatic availability has the same dimensions as energy and is measured in joules,
J, in the International System of Units.

From the impossibility of perpetual motion of the second kind (Equation (15)), it imme-
diately follows that for any stable equilibrium state, the adiabatic availability is zero. If the
state is not stable equilibrium, the adiabatic availability is nonzero and certainly positive.

19 This is a more than acceptable simplification that makes the proof much simpler than the complete one ([11]

(Section 4.5)).
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Reversible weight process for A ending in a SES
O

Syitlom |:>
A-G O
Initial Final Wiax T

state  SES The only effect external to A
A — A31 is the lifting of a weight

Figure 8. Adiabatic availability ¥4' measures the maximum amount of energy that can be transferred
out of system A initially in state A; by means of a weight process. This maximum is obtained when
the weight process for A is reversible and the system ends in a stable equilibrium state. The final
stable equilibrium state Ag, is uniquely determined by the initial state A;.

Adiabatic availability ¥ has another important utility: it provides an operational
criterion to ascertain the reversibility of a weight process. In fact, it is shown that a given
weight process for system A from state A; to state A is reversible if and only if

E,—Y2=E —-Y (17)
while it is irreversible if and only if

E,—-Y,>E Y (18)
These results determine the direction in which the weight process is possible. If

Er —Y, <E —Y (19)

then the weight process in the direction from A, to A; is impossible. In this case, the first
law guarantees that the process is possible in the opposite direction.

From these results, the important connection between irreversibility and the loss of
the ability to produce useful effects emerges. It can be seen that for weight processes, the
irreversibility of the process increases the value of E — ¥, which is the difference between
energy and adiabatic availability. This is the portion of energy in the system that is not
adiabatically available, meaning it cannot be transferred to a weight in a weight process.
The fact that E — ¥ cannot decrease in any weight process leads to the conclusion that the
unavailable portion of a system’s energy cannot decrease in a weight process: it remains
unchanged if the process is reversible and increases if the process is irreversible.

Although adiabatic availability allows for such general and important conclusions
and provides an operational and quantitative criterion to verify the reversibility of weight
processes, it has a “defect” that makes it unsuitable for practical use: it is ot an additive
property. This can be easily seen from a simple example, which we will consider after
introducing the notion of mutual equilibrium.

17. Mutual Stable Equilibrium: Definition

Two systems are said to be in mutual stable equilibrium (MSE), or simply in mutual
equilibrium, if their respective states are such that the composite system is in a stable
equilibrium state.”’

Now, consider two systems, A and B, that are not in mutual equilibrium, even though
each is in a stable equilibrium state. Taken individually, each of the two systems has
zero adiabatic availability. However, the composite system, not being in a stable equilib-

20 1t should be noted that a necessary condition for the mutual equilibrium of two systems is that each is in a

stable equilibrium state. However, vice versa is not sufficient; it is not enough for two systems to be in stable
equilibrium states for them to be in mutual equilibrium.
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rium state, has nonzero adiabatic availability. Therefore, the adiabatic availability of the
composite system is not equal to the sum of the adiabatic availabilities of the subsystems.

It is possible, however, to define, for each system, a monotonic function of E — ¥
in a way that the new property resulting from it is additive. We will call this important
property entropy and denote it by the symbol S.>! In order to arrive at a clear and explicit
operational definition of entropy, next, we introduce the notion of thermal reservoirs and a
measurement procedure that characterizes them by direct comparison.

18. Thermal Reservoir: Definition

We call a system R that approximately satisfies the following limiting condition a
thermal reservoir or simply a reservoir: In any of its stable equilibrium states with given values of
amounts of constituents and parameters it is in mutual stable equilibrium with a given system C in
a fixed given state Cg.

A “practical” reservoir can be easily created in any laboratory, as illustrated in Figure 9,
by placing H,O in a container under conditions (referred to as the “triple point”) such that
some is in the solid phase (ice), some is in the liquid phase (water), and some is in the vapor
phase. In the range of stable equilibrium states in which the three phases (solid, liquid,
and vapor) are all present in finite and not microscopic amounts, this system behaves as
a reservoir.

Thermal
reservoir R
in state R;

with energy BT

System C'
in state Cp

Thermal
reservoir R
in state Rs

with energy EX

Figure 9. A practical approximation of a thermal reservoir can be obtained with H,O at the triple point.
In any state, Ry, Ry, ..., in which the solid, liquid, and vapor phases coexist in stable equilibrium,
even though they have different energy values, the reservoir R is always in mutual equilibrium with
a system C in state Cg, also containing H,O at the triple point.

The concept of a thermal reservoir is an idealized limiting abstraction, providing a
pedagogical framework that simplifies both practical modeling and theoretical develop-
ment. But it is important to note that its defining condition provides only an approximate
description of physical reality, that holds with good accuracy for systems containing a large
number of particles (exceedingly good for very large numbers, such as the triple-point

21 From a mathematical point of view, the definition of S is already unambiguously, but implicitly, defined by the

condition that for every system A (and B) and for every pair of states A; and A, (and By and By), there exists a
function S(Y), where Y denotes E — ¥, such that

sA(v4) > sA(y{!) ifandonlyif Y5 > y{ (20)
SAB(V$P) — SAP(Y{P) = sA(vS) — sA (YY) + 57 (%) — sP (1) (21)
For a mathematical formulation along these lines, see [17]. However, the explicit definition we propose

in the next sections is pedagogically preferable as it is much more concrete, even though it requires some
non-trivial reasoning.
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model), but fails for systems with few particles.22 Moreover, its strict validity would
constitute a violation of the second law.?

19. Available Energy with Respect to a Thermal Reservoir

The second assertion of the second law guarantees that starting from any initial state
A1 of any system A that can interact with a reservoir R initially in state Ry, it is always
possible, through a reversible weight process for the composite system AR (see Figure 10),
to reach a stable equilibrium state for AR with values of n and B arbitrarily fixed among
those compatible with the initial states. In the final state of AR, the system and the reservoir
are in mutual equilibrium. The final state A of system A is uniquely determined by the
chosen reservoir R and the chosen values of n and B. The final state Ry, of R is uniquely
determined by the chosen initial states A; and R; and the chosen values of n and B.

Reversible weight process for AR ending with A and R in MSE

System Reservoir |:>
A R - g
wate | 2
Initial Final Initial Final| ™
state  SES  SES SES The only effect external to AR
Ay —> Ap Ry —» Rorrey is the lifting of a weight

Figure 10. Available energy (QR)f with respect to thermal reservoir R measures the maximum
amount of energy that can be transferred out of system A initially in state A; by means of a weight
process for the composite system AR. Such maximum is obtained independently of the initial stable
equilibrium state R; of the reservoir when the weight process for AR is reversible and the composite
system AR ends in a stable equilibrium state, i.e., A and R end in mutual stable equilibrium.

Note that the energy transferred to the weight in this process, W/AR =G, corresponds to

the adiabatic availability Y{{R of the composite system AR in state A R;. It can be shown
that it is independent of the initial state R of the reservoir, i.e., it depends only the state A
of system A and the chosen reservoir R.

Therefore, we can view the process just described (Figure 10) as the measurement
procedure that, with respect to a chosen reservoir R, defines a property of system A that
we call available energy with respect to thermal reservoir R, denoted by the symbol QR. For
state A; of system A and the chosen reservoir R, regardless of the initial state R;, we
denote its value by (QR)# = ¥R or simply QR. Like adiabatic availability, it has the same
dimensions as energy and is measured in joules, ], in the International System of Units.

Unlike adiabatic availability, however, the conditions that define thermal reser-
voirs make QR an additive property (with respect to a fixed R), in the sense that
QR = (QR) + (OR)B for all states A; and B; of all systems A and B. From the
results already seen for adiabatic availability, it follows that the available energy with

22 As a consequence, when a thermal reservoir R is employed in the measurement procedure used to define

the entropy difference between two states A; and A, of a system A (see Section 21), the procedure requires
measuring the energy change of R in a reversible weight process of the composite system AR, during which
the state of A changes from A; to A;. If system A contains only a few particles while R can only be realized
with a large number of particles, the corresponding energy change of R is exceedingly small and, in practice,
difficult to detect. For this reason, in Ref. [24], we developed a more elaborate—though pedagogically less
practical—alternative formulation that avoids the use of thermal reservoirs as “entropymeters” and is better
aligned with recent technological advances in the domain of small systems; see, e.g., Ref. [69].

To see this, consider two identical reservoirs R’ and R”, initially in the same state R} = R{. Since they are
both in MSE with C in state Cp, they are in MSE with one another. Hence, state R’lR’l’ of the composite system

23

R’R” is a stable equilibrium state with energy Efl/ R _ Ef/ + Ef”. Now, consider states R} and R/ such that
Efl = Ef/ + AE and Ef” = Ef” — AE. State Ry R is another stable equilibrium state for the composite system

R'R”. But E§2/R” = Eﬁ/ R" 'so we would have two stable equilibrium states with the same values of energy,
amounts, and parameters, in direct violation of the uniqueness asserted by the second law.

https:/ /doi.org/10.3390/e28040371


https://doi.org/10.3390/e28040371

Entropy 2026, 28, 371

25 of 90

respect to reservoir R takes nonzero and positive values for all states of system A except for
the stable equilibrium state Ag in which system A is in mutual equilibrium with reservoir
R, in which case it is zero, i.e., (QR)Q =0.

Like adiabatic availability, available energy also gives rise to a quantitative criterion
to determine whether a given weight process is reversible or not: the weight process for
system A from state A; to state A; is reversible if and only if

B — ()7 = Ef — (O)F (22)
while it is irreversible if and only if
B — (07 > Ef — ()7 (23)

and this holds for any choice of the reservoir R used to measure OR [as long as, of course,
the same R is used for (QR)#! and (QR)4'].

Like the adiabatically unavailable energy, E — ¥, the unavailable energy with respect to
reservoir R, E — QFR, is conserved, meaning it remains constant over time, in reversible
weight processes; it increases if the weight process is irreversible.

Like energy and adiabatic availability, available energy is a property defined for all
states of a system, including stationary and non-stationary states, and equilibrium and
nonequilibrium states, not just for stable equilibrium states.

In Section 9, we saw that energy E is an additive property that can be transferred
between systems through interactions. These characteristics make it ideal for the analysis
of processes in complex systems, as the system can be schematized as composed of various
subsystems, and energy is the sum of the energies of the subsystems. Adiabatic availability
V¥ is not suitable for this purpose because it is not additive. Available energy QR is additive,
but it depends on the choice of a specific reservoir, so it does not measure a property of the
system itself but of the composite system, system-reservoir. The next step will be to define
a characteristic of reservoirs that will finally allow us to define the property of entropy,
which, as we will see, is additive and independent of the reservoir chosen to measure it.

A direct consequence of the results stated in this section is that starting from any initial
state A; of any system A that can interact with a reservoir R (initially in stable equilibrium
state Ry), it is always possible, through a reversible weight process for the composite system
AR (see Figure 11), to reach a final state for AR with values of n and g arbitrarily fixed
among those compatible with the initial states and with system A in an arbitrarily chosen
final state A,. In this case, in general, the system and the reservoir do not reach mutual
equilibrium. The final state Ry, of R is uniquely determined by the chosen initial and
final states A1 and A; of the system, the initial state Ry, and the chosen values of n and .

Reversible weight process for AR between any two states of A

System Reservoir |:>

A R
AR—G @) T
Initial Final Initial Final Wi arev

state  SES  SES SES The only effect external to AR
A — Ay R — Rorey is the lifting/lowering of a weight

g

Figure 11. If system A can interact with a thermal reservoir R, any pair of states A; and A, can be
interconnected by means of reversible weight process for the composite system AR.

WAR—>G

It is easy to show that the energy W7 ") "7 transferred to the weight in this process

is equal to the difference (QF)# — (QR)£ in the adiabatic availabilities of the composite
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system AR, i.e., of the available energies of system A with respect to reservoir R. Therefore,
the energy balance for system AR,

EAR — EAR — _wARS, @
using energy additivity, can be rewritten as

(Ejrey — ET) + (B3 — Ef') = —(QF){ +(QF)3 (25)

or, equivalently, adding subscripts summarizing the process details described in Figure 11,

(Edrey = ET) 1Ry = AsRoer = [Ef — ("] - [ — (Q%)3] (26)

The setup of Figure 11 is important because it supports the measurement procedures that
we discuss next and that lead to the general operational definition of entropy.

20. Temperature of a Thermal Reservoir: Definition

We define the temperature of a reservoir, denoted as T, through the following measure-
ment procedure, sketched in Figure 12.

Reversible weight processes for AR and AR’ used to measure Tx

System Reservoir -
A (auxiliary) R q
WAR=G @) T
Initial Final Initial Final Ardgrev
state  state  SES SES The only effect external to AR
Ay —> Ay Ry — Rorey is the lifting/lowering of a weight

System Reservoir |:> o
A (auxiliary)| |R° (reference) g
WAl
Initial Final Initial Final Ay Agrev ?
state  state SES SES The only effect external to AR?

Ay —> Ay R? i R(Q)rev is the lifting/lowering of a weight

Figure 12. Visualization of the measurement procedure defining the temperature Tr of thermal
reservoir R by comparison with the reference thermal reservoir RO. System A and its states A} and

Aj are chosen arbitrarily and play only an auxiliary role in the procedure, by determining uniquely

0
2rev

is to measure the energy changes of R and R? in these two reversible weight processes and compute
the dimensionless ratio (EX,, — ER)/( Eé{rlv - E{{U).

the final stable equilibrium states Rpyey and R5 . of the two reservoirs. The objective of the procedure

First, choose a reference reservoir RY, an arbitrary stable equilibrium state RY, an
arbitrary auxiliary system A, and two arbitrary states A; and A,. Consider a reversible
weight process for AR? in which A goes from A to Ay, and measure the change in energy
of RO, (EK

RO . . .
2rev — ET )4, R = Aokl Then, take the reservoir R to be measured in an arbitrary
stable equilibrium state R; and consider a reversible weight process for AR in which A

. R R
goes from A; to Ay, and measure the change in energy of R, (Ej.., — ET") AR, = AoRogey

Finally, calculate

R R
(Egrev = ET) ARy = AzRoveq

Tr = Tgo (27)

RO RO
(EZrev —E )AlRQ:sAzRU
w,rev

2rev

where Ty is an arbitrarily assigned reference value for the reference reservoir R°.

https:/ /doi.org/10.3390/e28040371


https://doi.org/10.3390/e28040371

Entropy 2026, 28, 371

27 of 90

It should be noted that Tyo is chosen once and for all. The reservoir realized with
water at the triple point (Figure 9) can be chosen as the reference reservoir R? to be used
in the measurement procedure just defined. It is a secondary standard reservoir easily
realized in all laboratories, to which the reference value Tro = 273.16 K is conventionally
assigned, where K stands for the kelvin, the unit of temperature in the International System.
Note that the measurement procedure defining Tr implies a comparison between reservoir
R and a reference reservoir R?, and therefore, Ty is a fundamental property that cannot be
expressed in terms of other fundamental properties of mechanics (length, time, and mass)
or electromagnetism (current).

It can be shown that the value Tr defined in this way is independent of the choice of
the auxiliary system A and of its states A; and Ay, i.e., the role of system A in the procedure
is purely auxiliary. Moreover, Ty is constant for a given reservoir. This means that the
measurement procedure defined here always results in the same value, regardless of the
initial stable equilibrium state R; of reservoir R, and the initial stable equilibrium state
RY of the reference reservoir RC. Finally, it can be shown that two reservoirs R and R’ in
mutual equilibrium have the same temperature, T = Tg/.

Equation (27) can be rewritten using Equation (26) as

TR = TRO

1

[E = (QR){] - [E5 — (QF")4]

which shows that, once the auxiliary system A and the two states A1 and A; are chosen,
an alternative to the direct measurement procedure outlined in Figure 12 is to use the
measurement procedures previously defined for energy and for available energy with
respect to R and substitute the results in Equation (28).

It is important to note that what we gave in this section is not the definition of
temperature for systems that are not reservoirs. That will be performed later (Section 29)
and is entirely different from the one just described, although when applied to a reservoir,
it, of course, will provide the same value as Tr defined above.

We have finally defined everything we need to define entropy.

21. Entropy: Definition (Valid Also for Nonequilibrium States)

The entropy S; of any system A in state A is defined by the following measurement
procedure, sketched in Figure 13.
First, choose a reference state Ay (of system A) to which you assign the reference value
So. Measure the energy Ey of this state using the corresponding procedure. Second, select a
thermal reservoir R and measure its temperature T using the procedure discussed earlier.
Consider a reversible weight process for AR in which A goes from A1 to Ap, and measure
the change in energy of R, (E§., — ER) 4,r, — 4yRoy, - Finally, calculate
(Efev = ET)A1R) = AoRares
Tr

S1 =50+ (29)

The dimensions of S1 and Sy are the same as those of E/ Ty, which are [energy]/[temperature],

and the International System unit of measurement for entropy is the joule per kelvin, J /K.
Equation (29) can be rewritten using Equation (26) as

(Ey —OF) — (Eg — OF)
Tr

S1=So+ (30)
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which shows that, once the auxiliary reservoir R has been chosen and its temperature Tg
measured, an alternative to the direct measurement procedure outlined in Figure 13 is to
use the measurement procedures previously defined for energy and for available energy
with respect to R and substitute the results in Equation (30).

Reversible weight process for AR used to measure the entropy of A

System Reservoir a
A R (auxiliary) |:> G|
WAR=G . T
Initial Final Initial Final Ardorev
state  state  SES SES The only effect external to AR
A —» Ay Ry — Rorev is the lifting /lowering of a weight

Figure 13. Visualization of the measurement procedure defining the entropy of system A with respect
to an arbitrarily chosen reference state A?. Reservoir R and its initial state Ry are chosen arbitrarily
and play only an auxiliary role in the procedure, by determining uniquely the final state Ry, of
the reservoir. The objective of the procedure is to measure the energy change of R in the reversible
weight process for AR in order to compute the ratio (E§,, — EX)/Tk.

It can be shown?* The entropy value S; resulting from this definition is independent
of the choice of the reservoir R, which plays a purely auxiliary role in the measurement
procedure. This implies that entropy S, like energy E, is a property of system A in and of
itself. In particular, it does not depend on the reservoir R chosen for measurement.

It is important to note that since the properties E and QR are defined for all states of
all (well defined) systems, including nonequilibrium states and small systems, the given

definition of property S is valid for any state and any system.”’

22. Practical Meaning of Entropy

To emphasize the physical and technical significance of entropy, it is interesting to
note from Equation (30) that, apart from the constants Sy, Ep, and Qg related to the choice
of reference state Ay, entropy S is proportional to the “unavailable” energy with respect to
reservoir R, E — QR. For example, the change in unavailable energy with respect to R is
equal to the change in entropy of the system multiplied by the temperature of reservoir R,

(E2— OF) — (Bt —Of) = Tr (S2 — 1) (32)

In this sense, the thermal reservoir can be viewed to play the role of an “entropymeter.”
From what has been discussed, we can also derive the expression that allows us to

calculate the available energy with respect to a reservoir R. We have already observed that

the state Ag, in which system A is in mutual equilibrium with reservoir R, has available

24 Rewriting Equation (27) that, for two reservoirs R and R’ with the state Ag instead of Ay, it is easy to derive

that
1 1

1 g R _ 1 R
Tx (EOrev El )AlleAORZrev - TR/ (EOreV El )AlRllvfrgvAOR/Zrev (31)

which shows that this ratio, for the given pair of states Ay and Ay, is equal for all reservoirs. Hence, the
value of S; — Sy in Equation (29) is independent of the choice of reservoir R. Since Sy is chosen for system A
independently of R, it follows that the entropy value S; is entirely independent of the choice of the reservoir R
used to measure it.

In traditional thermodynamics textbooks, it is not uncommon to find the assertion that entropy, and thermo-
dynamics as a whole, is defined only for stable equilibrium states. However, this is due to the fact that the
definition given there for entropy is inherently limited to stable equilibrium states, as it is based on temperature,
which, as we will see in Section 29, is only defined for stable equilibrium states.

25
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energy with respect to R equal to zero, (QR)4 = 0. From Equation (32) with state Ag
replacing state A, we can derive the two equivalent expressions

OR = E; — Egr — Tr (S1 — Sg) (33)
E; — OR E

where Er and Sy are the energy and entropy of system A in the stable equilibrium state
Ap of mutual equilibrium with R. As we will demonstrate in Section 29, the temperature
T4 of the stable equilibrium state A is equal to the temperature Tx of the reservoir.

Equation (34) provides an explicit interpretation of the practical (engineering) meaning
of entropy. Apart from the constant combination Sg — Er /T, which is independent of
state A, the entropy is proportional to E; — QF, the unavailable energy with respect to
reservoir R, the constant of proportionality being the inverse of the reservoir’s temperature.

Since E and S are properties, the differences E; — E; and S, — S1 corresponding to a
given change in state from A; to Ap depend only on these states and not on the mode of
interaction with other systems or the type of process or the forces or reactions that induced
the change. The same change in state, from A; to A;, can be obtained with many (infinite)
modes of interaction, but they all yield the same values for E; — E; and Sy — S5.

23. Principle of Entropy Non-Decrease in Weight Processes

The criteria for reversibility of a weight process that we have derived in terms
of adiabatic availability, Equations (17) and (18), and in terms of available energy,
Equations (22) and (23), can be reformulated in terms of entropy. The weight process
that takes system A from state A; to state A, is reversible if and only if

S» =51 (35)

while it is irreversible if and only if
S2> 5 (36)

Equations (35) and (36) are known as the principle of non-decrease of entropy in weight processes.
These equations can be rewritten in a single form, valid only for weight processes

(52— Sl)A1:W>A2 = (Sir)12 (Sir)12 >0 (37)

with the condition that (Si)12 = 0 if the weight process is reversible and (S )12 > 0 if
the weight process is irreversible. During an irreversible weight process, the system loses
some of its ability to transfer energy to a weight, and the entropy of the system increases.
This increase, (Siyr)12, is called entropy produced (or generated or created) in the system due to
irreversibility or simply entropy production (or generation or creation).

While energy is conserved in weight processes without net external effects, entropy
is conserved in reversible weight processes. For example, for an isolated system, energy
always remains constant, while entropy remains constant if the process is reversible and
increases if the process is irreversible.

24. Entropy: Additivity, Non-Decrease, Exchangeability

Like energy E and available energy QF, entropy S is also an additive property.”®

2% Just like for energy, additivity holds in general for differences in entropy, i.e.,

S{' =S¢ + 57 — S§ = St — Sy (38)
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From the principle of non-decrease in weight processes and the additivity of entropy,
it follows that entropy can be transferred (exchanged) between interacting systems. Using
Figure 14, consider a system C composed of subsystems A and B and a reversible weight
process in which the state of A changes from A; to A, and that of B changes from B; to
By. Since the process for C is reversible, the value of the entropy of C remains unchanged.
In fact, Equation (37) for system C yields S5, — S, = (Si)§, = 0. Due to the additivity
of differences in entropy, this means that (S5 — S{!) + (S5 — SB) = 0, or in other words,
(S5t — Sft) = — (S8 — SB). The change in entropy of A is equal and opposite to that of
B. This justifies the notion of entropy transfer or exchange, meaning that if the entropy of
B increases, we say that B receives entropy from A, as the entropy of A decreases by an
equal amount.

Reversible weight
System <:> System process for composite

— A N B systel.n.C’ = AB
Initial Final "' Initial Final Initial Final
state state state state state state

A —» A, B, — B, Cn Cho

st Sy sy 87 Sh Sh

Figure 14. Entropy can be exchanged between two systems A and B through interaction. In this
example, the composite system C = AB undergoes a reversible weight process.

25. Notation for Entropy Exchange and the Entropy (Im)Balance Equation

For the quantity of entropy transferred from A to B, we use the symbol
S8 (40)
and, consequently, for a reversible weight process for the composite system C = AB,
Sp =S =—(52-81) = —5i"* (41)

Equivalently, we can indicate the quantity of entropy transferred from B to A using the
symbol S{‘fB, which leads to

S5 =51 = —(55 = S7) = 515 ° (42)
Therefore, the two introduced symbols are not independent, and we have
Sz = 5" (43)

If we consider B as the environment of A, we can simplify the notation by omitting
the subscript B.”
§47 = —gAe (44)

for C = AB. To make it hold for absolute values as well,
S =59 +58, (39)

we need the reference values for composite systems to be chosen such that S§, = Sg' + S5.

When there is no ambiguity about the system under consideration, the notation can be further simplified
by omitting the subscript A and writing S;; = —S7;. When there is no ambiguity about the process under
consideration, the subscript 12 can be omitted as well, writing §A= = _GA“ oreven S = —S¢. ltis
important to note that when S4¢ takes a negative value, it means that system A has released entropy. For
example, if $4< = —5]J/K, according to Equation (44), $4~ = 5]/K, indicating that system A has released
5 joules per kelvin of entropy.

27
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for the quantity of entropy transferred between environment B and system A as a result of
all interactions in the process that changes the state of A from A; to Aj.
These relations, valid if the process is reversible, can be written in the form

st — s =54 orequivalently, S5 — St = —54~ (45)

This important consequence of entropy additivity and the principle of entropy conservation
in reversible processes can be generalized using the principle of non-decrease of entropy
in weight processes. In this case, for system C, S2C2 — 51C1 = (Sirr)f2 > 0, and due to
entropy additivity, we can write (5§ — S#') + (S8 — SB) = (Sir)} + (Sirr)T,, where we
have decomposed the entropy created due to irreversibility in system C into two non-
negative contributions, one from each subsystem. It is important to distinguish between
the entropy transferred S{5~® and the entropy produced due to irreversibility, as follows:

S? - SA = Sf‘2<_B + (Sirr)f‘Z (Sirr){‘Z >0 (46)
Sg - S? = _5142%8 + (Sirr)llgz (Sirr)?z >0 (47)

These relations generalize the entropy balance to processes, even non-weight ones, char-
acterized by entropy exchange between A and B, as well as entropy generation by irre-
versibility in both subsystems.

With a focus on system A (Figure 15), the entropy balance equation,”®(also named by
some authors the “imbalance equation”).

S8 —Sf =SB+ (Sim)y  (Sim)y >0 (48)

imposes that the change in entropy S5 — S#! resulting from a process for A from A; to Ay is
greater (if the process is irreversible) or equal (if the process is reversible) to the net quantity
of entropy S{5* transferred to system A as a result of interactions with its environment.

System Entropy balance
A <:| for system A

A A A A
Initial Final Stz S5 =S¢ > S5

state state or, equivalently,
A — A
i gr  SE=St=SE 4 (S
1 2 with (Si)7y >0

Figure 15. Entropy balance for system A for a process in which the state of A changes from A; at
time 7 to A, at time t,, and the net effect of the interaction between A and its environment includes
an entropy transfer S{5~ (positive if in the direction of the arrow, i.e., if received by A, negative if in
the opposite direction).

As with the energy balance equation, it is important to remember that the entropy
balance equation, as well as the first and second principles from which it derives, is an
expression of the laws of dynamics. The variable time does not appear explicitly but is
strongly present: recall that A; denotes the state of system A at time t; and A, at time ¢,. To

2 In some texts, is briefly referred to as the “second law of thermodynamics.” Therefore, the jargon “writing

the second law” is used to mean “writing the entropy balance equation.” We have already pointed out that
the second law of thermodynamics leads to many other important conclusions beyond the entropy balance
equation. Thus, the mentioned jargon can be misleading and also fails to acknowledge the broader role and
other implications of the second law, such as the state principle, the maximum entropy principle, and the
numerous relations that derive from them.
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make the dynamic nature of the equation more explicit, it can be expressed in the following
alternative form, which is useful for the analysis of continuous processes

ds?/ dt =S4 + (Sip)A (49)

This form is obtained when t; = t and t, = t 4+ dt, leading to ds4 = Sﬁdt — 54,

§A- — (551{‘2}“_ (t+dt} / dt (entropy per unit time transferred to A from its environment),
and (Sirr)A = (S(Sirr)?t}_ (t+ dt}/ dt (entropy per unit time generated in system A due
to irreversibility).

As we have seen, assessing changes in entropy is important, as they are directly related
to changes in the unavailable energy with respect to a reservoir (Equation (32)) and, i.e.,
dissipation of available energy due to irreversibility.

Stable equilibrium states play a special role in the statement of the second law of
thermodynamics and derive from it formal characteristics that make them are easier to
study than other states of a system. In Sections 26-32, we outline the main features of this
subset of states of a system.

26. Maximum Entropy and Minimum Energy Principles

From the definition of a stable equilibrium state, as well as from the statement of the
second law, another important result follows: the entropy of every stable equilibrium state
is greater (strictly greater) than the entropy of any other state with the same value of E and
compatible values of #, and B. This result is known as the “maximum entropy principle.”?’

It is useful to sketch the proof of this ‘principle’ because it allows us to invoke various
fundamental principles and definitions. Consider any system C and the stable equilibrium
state Cy with energy E§, amounts 1§, and parameters ,Bg . Then, consider any other state, C,
different from Co, but with the same value of the energy, E§, and amounts and parameters
compatible with n§ and ,Bg The first law guarantees that there exists a weight process
for C that interconnects the two states Cy and Cj, but it does not specify the direction.
Since the two states have the same energy, this weight process has no net external effect. It
follows that the direction cannot be from Cy to C; because, by definition, Cy, being a stable
equilibrium state, cannot be altered without leaving external effects. Therefore, the weight
process is in the direction from C; to Cy and is irreversible.’’ From the principle of entropy
non-decrease in weight processes (Relation (37)), it follows that

So> 51 (50)

which is what we wanted to prove. Among all the states with given values of E, n, and , the
stable equilibrium state has the maximum entropy, and all other states have lower entropy.

27. State Principle

From the statement of the second law of thermodynamics, in particular from the
assertion that the values of E, n, and B uniquely determine one and only one stable
equilibrium state for any system, it directly follows that every stable equilibrium state of a
system is uniquely determined by the values of E, n, and B. But if the state is determined,
by the definition of “state,” the values of all the properties of the system are determined.

2 Although the term “principle’ is improper, as this is another theorem that derives from the statement of the

second law.
30 We have just seen that it has no external effects and it is not possible in the opposite direction.
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This one-to-on connection between the values of E, n, 8, and the value of any other
property P at stable equilibrium is equivalent to the existence of the mathematical relation

P:P(E/nlanI”'/nr/,Bl/,BZr*-'/ﬁs) (51)

This result, valid for all properties but only for stable equilibrium states, is known as

the “state principle,”!

states of all systems: it implies the existence of interrelations between the properties of this

and it expresses a general characteristic of the stable equilibrium

family of states. For all other states, those that are not stable equilibrium, Equation (51) is
not valid, and such interrelations do not generally exist.

28. Fundamental Stable Equilibrium State Relation

Applying Relation (51) to the property entropy, S, we obtain that for the stable equilib-
rium states of any (well-defined) system, there exists the relation

S:S(Elnlan/"'/nrlﬁ]/ﬁZ/"'/,BS) (52)

which implies specific interrelations among the values of S, E, n, and B. This relation is
characteristic of the system, meaning that its functional form varies from system to system
and is known as the “fundamental stable equilibrium relation of the system in entropy
form” or simply as the “fundamental relation of the system” or “fundamental relation in
entropy form.”

In general, Relation (52) has partial derivatives of all orders,** so any difference
between the entropies of two stable equilibrium states can always be expressed in the form
of a Taylor series in terms of the differences in their values of E, n, and B.

For example, considering two stable equilibrium states with identical values for all
amounts of constituents and parameters but different energy values, E; and E(, we can write

So = S(Eo,np) G8)
S] = S(El,n, .B)
= S(Eo+ (E1 — Eo),n,B)

2

= so+ BERB) (6 - py) o ERB) (R 6w
where the symbol | o indicates that the partial derivative must be evaluated at the values
Eo, n, B, as it is in the vicinity of these values that the series expansion of the fundamental
relation with respect to the variable E has been performed.

We call normal systems those for which energy values have no upper bound, such as
when they consist of constituents with translational degrees of freedom, i.e., the great ma-
jority of practical systems relevant to engineering.>> For normal systems, the fundamental

31 Although it is not a “principle’ but rather a ‘theorem,” which, as just seen, directly derives from the general

(Hatsopoulos-Keenan) statement of the second law we adopted.

32 Except for some states within the framework of the simple system model [11] (Ch.16), where some second
derivatives are discontinuous due to the many-particle limiting approximations (simplifications) introduced
by the model. These states usually define the boundary between regions where different states of matter
prevail, which we refer to as “phases.” However, it is only in the directions that cross this boundary that
discontinuities occur, while in other directions, all derivatives are generally continuous.

33 However, in the realm of quantum thermodynamics, some systems (qubits, qutrits, spin, N-level atoms,

such as models of three-level atoms useful for understanding the operation of lasers) are assumed to have a

finite set of energy levels, so that the energy values they can take are limited by an upper bound. For these

special systems, Relation (52) is not monotone and therefore it can be inverted only over two restricted energy
intervals, yielding two relations of the form of Equation (55), respectively called the positive temperature branch

and the negative temperature branch. See Figure 24.
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relation (52) is strictly monotonic in the variable S and, therefore, it can be inverted by
expressing E as a function of S, n, and S, thus obtaining the relation

E:E(SlnlrnZ/-”/nrrﬁll,BZ/-”/,BS) (55)

called the “fundamental stable equilibrium relation in energy form” or simply the “funda-
mental relation in energy form.”

Notation for partial derivatives and differentials

A peculiar tradition in thermodynamics is to indicate partial derivatives in the follow-
ing way. Given the relation z = z(x, y), the symbol is introduced as

(82) _ oz(x,y) (56)

ﬁy ox

which is sometimes (inelegantly) read as the derivative of z with respect to x “at constant y.”
The utility of this notation lies in the fact that the symbol of the partial derivative contains all
the information about which variables are the independent variables of the function subject
to the derivative. For example, if we have the functions z = z(x,y) and z = z(x, w), the
symbol 0z /dx is ambiguous because it is not clear which of the two functions is the subject
of the derivative, whereas the symbols (9z/ ax)y and (0z/0dx),, leave no room for ambiguity.

If the relation z = z(x, y) can be “solved” with respect to either variable y, yielding
the relation y = y(x, z), or with respect to variable x, yielding the relation x = x(y, z), it
is obvious that the three obtained relations represent the same surface in the x-y-z space.
For each of them, the differential evaluated at a given “point” (x,y,z) represents the tangent
plane to that surface, for which we have the three equivalent expressions

0z 0z
dz = () dx + <> d (57)
ox /), ay /), Y
_ (% dy
dy = (ax)z dx + (az>x dz (58)
Jx ox
dx = (ay)z dy + (E)z)y dz (59)

Since these expressions represent the same tangent plane, the various partial derivatives that
appear in them are not independent of each other. For example, by solving expression (59)

for dy, we obtain

dy=—— 4 (aX/aZ)yd 60
Y= /oy, T (ax/ay), (©0)

and by comparing Equation (60) with Equation (58), we deduce the relations

ay\ ox ay\ (ax/az>y
5=/ () = ()= G eV

which can be rewritten in the following forms, the first of which is called “cyclic relation,”

BE@ - G-EE e
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For example, the fundamental relation in energy form, E = E(S, n, B), (Equation (55)),
is obtained from the fundamental relation in entropy form, S = S(E, n, B), (Equation (52)).
Both represent the same surface in the E-5-n-f space. Therefore, Relation (61) implies that

E)S) B /(BE)
2) =1/(% (63)
<8E ”» 3S )y g

Finally, writing the fundamental Relation (52) in the compact form S = S(x), with
x = (E,n, B), we can approximate the difference in its values between two neighboring
stable equilibrium states with values x and x =+ dx by the Taylor series

S(xdx) — S(x) = £ dSl+ S+ (64)

where |y means that the first and second-order differentials are “evaluated at state x,” i.e.,

925
dx ox

X X

d
dS|y = 95 -dx  and d?S|, = dx-
ox

-dx (65)

29. Temperature, Total Potentials, Pressure

Each of the first-order derivatives of the fundamental relation in entropy form,
S(E,n,B), or of the one in energy form, E(S,n, B), defines a property of the family of
stable equilibrium states of the system.

The absolute temperature, or simply temperature T, is defined as

JoE aS
- (8), /(3
aS B oE B

where we used Equation (63). For dimensional consistency, temperature has units of
[energy]/[entropy], and in the International System of Units, it is measured in kelvin, K.
The total potential of the i-th constituent, denoted as y;, is defined as

oE dS
R =-_T(=— 67
Hi (ani )S,n,ﬂ (ani >E,n,ﬁ ( )

For dimensional consistency, it has units of [energy]/[amount of constituent], and in SI, it
is measured in joule/mole, ] /mol.
The generalized force conjugate to the j-th parameter, denoted as f}, is defined as

oE aS
== =T — 68
f] (a’Bj )S,n,ﬁ (a‘Bj >E,n,/3 ( )

When the volume V is a parameter, the generalized force conjugate to V, with a sign change,
is called pressure p, and it is given by

OE > < as )
== =T(— (69)
p (av s WV Jeup

For dimensional consistency, pressure has units of [energy]/[volume], and in SI, it is
measured in joule/m> = newton/m? = pascal, Pa.

These derivatives are defined and measurable for stable equilibrium states and are,
therefore, properties. They play an important role in determining the conditions for mutual
equilibrium between systems and the spontaneous tendency for systems in stable equilib-
rium but not in mutual equilibrium to exchange energy, entropy, amounts of constituents,
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and additive parameters. It is evident that each of these properties is defined only for the
stable equilibrium states of the system: for other states, the fundamental relation does not
exist, and, consequently, its derivatives do not exist either.

Necessary conditions for mutual equilibrium

It can be shown (see below) that the equality of temperatures of two systems is a nec-
essary condition for the two systems that can exchange energy to be in mutual equilibrium.
The practical importance of this result arises from the fact that it allows for the indirect
measurement of the temperature of a system A (a partial derivative of its fundamental
relation) by measuring the temperature of another system B in mutual equilibrium with A.
A thermometer is a system for which the temperature is easily measurable and the result
readily displayed. By placing a thermometer B in contact with system A and waiting
for mutual equilibrium to be reached, the temperature reading of the thermometer also
provides the measurement of the temperature of A.>

Similarly, the other equalities (total potentials and pressures) necessary for mutual
equilibrium between systems can be proven.

The equality of the total potentials of a common constituent in two systems is a
necessary condition for the mutual equilibrium of the two systems if they can exchange
that constituent, for example, through a semipermeable membrane or simply through an
opening or conduit that connects them. Pressure equality is a necessary condition for the
mutual equilibrium of two systems when they can exchange volume, for example, if they
are separated by a movable partition.

Proof of temperature and potential equality at mutual equilibrium

We provide this proof here to show how the necessary conditions for mutual equi-
librium can be derived from the maximum entropy principle. With the help of Figure 16,
consider the two states C; and Cy of the composite system C = AB defined as follows.
In state Cy = AgBy, systems A and B are in mutual equilibrium; hence, Cy is a stable
equilibrium state. Assume, for simplicity, that A and B have volume as the only parameter
of the external forces, so that all variables x = (E,n, V) are additive, i.e., for any state
Cy = A1By, xf = xf + xf . State C; is chosen so that A1 is the stable equilibrium state with
values x{' = x{' + dx and By is the stable equilibrium state with values x5 = x5 — dx. As
aresult, x{ = x§ and clearly C; # Co; therefore, the maximum entropy principle implies

that S¢ < S§. Using the additivity of entropy, we can write this condition as
ST —S§ = (51 +57) — (Sg +5§) = (51 — S¢) + (57 = S§) <0 (70)
Since Ag and A; are stable equilibrium states, the fundamental relation for A yields

S§t = Sa(xf') and S{! = S (x4 + dx), and similarly for B, S5 = Sp(x8) and S? = Sp(x5 —
dx). Substituting in Relation (70) and using Equation (64), yields the condition

1 1
s¢ 5§ = dSaly —dSplp + §d25A|x€ + §c1253|xg +.--<0 (71)

3% 1t should be noted that while a thermometer placed in contact with a system in a nonequilibrium state will

provide a reading, this ‘apparent temperature’ is a property of the thermometer’s own stable equilibrium state
after the system+thermometer composite reaches a specific steady-state or transient interaction, rather than an
intrinsic property of the nonequilibrium system. In the present framework, we strictly distinguish between
such interaction-dependent readings—which depend on the nature of the contact and the thermometer’s
own properties— and the temperature, which is defined exclusively for stable equilibrium states via the
entropy-energy relation.
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which, using Equation (65), becomes

—_-— - = -d —d-°S —d-S - <0 72

l ox x4 ox B X 2 |x§ + 2 |x§ + (72)

This inequality must hold for all choices of dx compatible with the allowed interactions be-
tween systems A and B. For example, if A and B can exchange energy, but not constituents
nor volume, i.e., the rigid partition in Figure 16 is impermeable and fixed, than the only com-
patible choices are dx = (dE, 0,0) so that the first term in the lhs of Relation (72) reduces to
[(1/T4) — (1/T8)] dE. Then, the inequality can be satisfied for arbitrary values (positive
and negative) of dE only if the term in brackets is zero, i.e., if T = T}: temperature equal-
ity. If A and B can exchange energy and the i-th constituent, but not the other constituents
nor volume, i.e., the rigid partition in Figure 16 is semi-permeable (only to constituent
i) and fixed, than the only compatible choices are dx = (dE,dn;,0,0) and the first term
in the lhs of Relation (72) reduces to [(1/T§') — (1/TE)| dE — [(u/Tg) — (uB/TE)] dn;.
Then, the inequality can be satisfied for arbitrary values (positive and negative) of dE and
dn; only if the terms in the brackets are zero, i.e., if T = TP and pf} = u8: equality of
temperature and i-th total potential. Again, if A and B can exchange also volume (movable
partition) then mutual equilibrium requires also pressure equality.

System C'= AB System C'= AB
System A E System B System A E System B
SES Ay = SES By SES A, = SES B;
. = zf gl +dz = zf —dz
SES C() = A()Bo State Cl = A1B1 (not a SES) SC — SA + SB

Figure 16. If A and B are in mutual equilibrium in states Ag and By, then Cy = ApBy is a stable
equilibrium state. The maximum entropy principle implies that any other state C; with the same or
compatible values of ¢ = (E4 4 EB,n + nB, VA + VB) cannot be a stable equilibrium state and,
therefore, Slc < Sg . Compatibility depends on the interactions between systems A and B allowed by
the partition that separates them. For example, it can allow them to exchange only energy, or energy
and only one of the constituents, or energy and volume, and so on.

30. Concavity of the Fundamental Relation

Since the first-order term in the lhs of Relation (72) is necessarily zero, the strict
inequality stems from second order terms or, if they vanish (e.g., for thermal reservoirs),
from higher order terms in the Taylor expansion. Consider the particular case in which
systems A and B are identical and are allowed to exchange energy, all constituents, and
volume. Then, when they are in mutual equilibrium, they share the same temperature,
total potentials, and pressure. Relation (72) reduces to d?54 4 - - - < 0, which implies that
in general, for any system in any stable equilibrium state, d?S < 0, i.e., the fundamental
relation is concave in all its variables. In other words, recalling Equation (65), the Hessian of
the fundamental relation, 925/9x dx, is a negative semi-definite matrix.

In particular, for any system,*

0%S ~ (9(1/T) 1 /0T
(aE2>n,V B < oE )n,V B _ﬁ <8E>n,V S 0 (73)

If the system is a thermal reservoir, or behaves as such in a given set of states, then (825 /0 E2)n 5= 0.
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where we used Equation (66). This shows that the temperature T and the negative of its
inverse, —1/T, are increasing functions of the energy.
Since it can be shown that, except where 1/T = 0, i.e., for finite temperatures,

0°E 5[ 0°S
(asz)n,v =T <aE2>n,V 74

it also follows that for a normal system the fundamental relation in energy form,
E = E(S,n,V), is convex with respect to the variable 5.3

31. Gibbs Relation

By differentiating the fundamental relation in energy form, E = E(S, n, §), and using
the definitions of T, p, y;, and f] as just described, we can express the interrelations between
differences in energy, dE, entropy, dS, and volume.?” dV, other parameters, df, dBs, ...,
dps, and amounts of constituents, dny, dny, ..., dn, between neighboring stable equilibrium
states as follows . S

dE =TdS —pdV + ) pidn;+ ) f;dB; (75)
i=1 j=2
This relation, known as the Gibbs relation, expresses the condition that must be satisfied if by
varying the values of E, S, V, the n;’s, and the f;’s we want the state of the system to shift
along the stable-equilibrium-states manifold. The Gibbs relation represents the tangent
plane to the stable-equilibrium-states manifold.

32. Pressure and Force per Unit Area

As an application of the Gibbs relation, it is useful to prove why the pressure p, defined
at stable equilibrium by Equation (69) for a system with volume V as one of the external
parameters, is equal to the force per unit area exerted by the constituents of the system on
the walls that confine them in the container of volume V. As shown in Figure 17, we replace
any segment of the wall with a small piston of area da, which is mobile but sealed. We
apply a force 6F = g M to it using a mass oM that is exactly needed to keep the piston in
the same position as the replaced wall segment when the system is in a stable equilibrium
state with values T, p, 4, S, E, V, n, ,B’. Now consider the reversible weight process (dS = 0,
Equation (37)) that brings the system to an adjacent stable equilibrium state with values S,
E+dE,V +dV,n, B/, having as its only external effect the displacement dz of the piston
on which the mass rests. From the energy balance (14), we have

dE = —6W~ = —¢géMdz = —6Fdz (76)

while from the Gibbs relation (75) with dS = 0, dn = 0, d,B’ = 0, we have
dE = —pdV (77)
Comparing (76) with (77), it follows that 0F dz = p dV. In other words, since dV = dadz,

§oM _ oF _
oa _oa F

(78)

3 For a special system, Equation (74) shows that the positive-temperature branch of the fundamental relation in

energy form is convex, but the negative-temperature branch is concave.

37 For convenience, let us consider volume as the first parameter, 81 = V, and denote the set of other parameters

as B ={B2,...,Bs}
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The force per unit area required to maintain the piston in position by counterbalancing the
action of the system’s constituents in a stable equilibrium state with pressure p is equal to
the pressure itself. Such force per unit area is exerted at every point on the surface confining

the system’s constituents.’®
oM

il e
i I reversible
“S“;S* " weight SES with

pe )w1t 1 process T+dT, p+dp, p+dp,

Ew‘lﬂvy’ E+dE, V+dV,
1) ) /
5.8.n i

Figure 17. The pressure p (defined at stable equilibrium by Equation (69)) is equal to the force per
unit area exerted by the system on the walls confining its constituents in volume V.

33. Energy vs. Entropy Diagrams to Represent Nonequilibrium States
and Visually Illustrate Processes and Summarize Basic Principles

In this section, we introduce the E-S diagram representation, which is very useful to
visualize states and processes of a system. We use it to visually illustrate and summarize the
basic concepts and principles discussed so far. It is important to note that this representation
is different from the state diagrams used in traditional expositions of thermodynamics to
represent the properties of the stable equilibrium states under the simple-system model.
In contrast, the E-S diagram represents not only stable equilibrium states but all other
states, most of which are nonequilibrium. Moreover, the representation is valid for all
systems, large and small, with many or few particles, even for a single quantum particle.
This diagram is particularly effective for graphically depicting the relations between energy
and entropy, and adiabatic availability and available energy.

Construction of the E-S diagram

Recall (Section 5) that the state A; = A(t1) of a system at time #; is defined by the
values of the amounts of constituents n, of the parameters .* The properties Py, P,
...exist at time ¢;.States can, in principle, be represented as points in a multidimensional
geometric space with an axis for each amount of constituents, parameter, and independent
property. However, such a presentation would not be particularly useful because the
number of independent properties in a complete set is almost always infinite. Nevertheless,
useful information can be obtained by intersecting this multidimensional geometric space
with a plane (hyperplane) corresponding to fixed values of amounts of constituents and
parameters. Subsequently, we can project this subspace onto the two-dimensional energy—
entropy plane. For a system with volume V' as the only parameter, these states are projected
inside the shaded area in Figure 18, bounded on the left by the vertical line of zero entropy
states (mechanical states) and on the right by the curve defined by the restriction of stable-
equilibrium-state manifold to the given set of values of n and B. For simplicity, but without
loss of generality, we proceed by assuming that volume V is the only external parameter.

A point located within the shaded area or on the vertical line S = 0 generally represents
the projection of an infinite number of states. All these states have the same values of
amounts n, parameters V, energy E, and entropy S but different values of other properties.
They can be of any type, but not stable equilibrium state. By contrast, a point on the convex
curve of stable equilibrium states represents a single state, not a multiplicity of states. For

38 Note that if the state is not a stable equilibrium state, the scheme illustrated in Figure 17 can result in different

values of 0F/éa from point to point on the wall, as the Equation (77) ceases to hold, and pressure is not
even defined.

39 A complete set of independent properties is sufficient, given which all other properties can be calculated.
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each of the points (states) on this curve, the values of all properties are uniquely determined
(state principle) by the values of n, V, and E.

A
fixed values

ofnand V

\'"“reg‘ioﬂxfifxt‘he ;‘f‘a{e
-_of thermod

amic

FE 1
line of the states [~
of zero-entropy

mechanics .| curve of the stable
equilibrium states

;l ,,,,,,,,, S(E-,nv V)

|
N1
|
E(S;,n,V) |- ,[ E(Sf)iz, V)
Emin(nf v) AEmin i
! >
S=0 Si S(Ey,n,V) S

Figure 18. Projection onto the E-S plane of the multidimensional geometric space with an axis for
each amount of constituents, parameter, and independent property, restricted to states that lie in
the subspace corresponding to fixed values of amounts and parameters, assuming for simplicity
that volume V is the only parameter and the system is normal and has non-degenerate ground-
energy levels.

Maximum entropy and minimum energy principles

Every stable equilibrium state is the state of maximum entropy among all those with
the same values of E, n, and V. It is also the state of minimum energy among all those with
the same values of S, n, and V.

Figure 18, shows that the set of states with values E1, n, and V projects onto a horizontal
segment between S = 0 and Sg, = S(Ey,n, V). The point at the far right of this segment
(constrained-maximum entropy) represents the state Ar,, the unique stable equilibrium
state with values E, n, and V. There are no states to the right of Ag, with energy E = E;
and the same values of n and V. Moreover, as demonstrated in Section 26, no other state
(of any kind) with the same values of E1, n, V projects onto this point.

In an isolated system (system-environment interactions cannot affect their respective
states), every state A; on the E = Ej segment, if not a metastable or unstable equilibrium, is
pushed by internal (so-called dissipative) dynamics toward states with increasing entropy
until it reaches the stable equilibrium state Ag,. This spontaneous process is irreversible
because, in the absence of effects of interactions with the environment, the increase in
entropy can only be generated internally by the dissipative dynamics of the system. By
definition, it is impossible to return from the stable equilibrium state Ag, back to the state
A1 without leaving effects in the environment.

Zero-entropy subspace: mechanical states

Figure 18 refers to a normal system (no upper bound in the energy) with non-
degenerate ground-energy levels and shows that the set of states with values 51, n, and V
projects onto a vertical half-line with the lower endpoint at Es, = E(S1,n, V). The point
at this endpoint (minimum energy) represents the state Ag , which for a normal system is
the unique stable equilibrium state with values S1, n, and V. There are no states below Ag,
with entropy S = 57 and the same values of n and V.

If we consider the set of states with values S = 0, n, and V (mechanical states), the
half-line has an endpoint at E = E(0,n,V) = Enin(n, V) corresponding to the absolute
minimum value that energy can take for the given values of n and V. The point at this
endpoint represents the state Ag_. . For systems with non-degenerate ground-energy

https:/ /doi.org/10.3390/e28040371


https://doi.org/10.3390/e28040371

Entropy 2026, 28, 371

41 0of 90

levels, this is the unique stable equilibrium state with values S = 0, #, and V, and the only
equilibrium state (with values n and V) considered in mechanics.

The zero-entropy line represents all the states considered in mechanics (classical
or quantum). As previously observed, the energy—entropy diagram clearly shows how
mechanics emerges in this general presentation as a particular branch of thermodynamics,
namely, its restriction to the zero-entropy states.

Maximum-entropy subspace: thermodynamic equilibrium states

Similarly, the thermodynamics of equilibrium states (so-called thermostatics), which
considers only stable equilibrium states (so-called thermodynamic equilibrium states) and
processes that occur exclusively through sequences of stable equilibrium states (so-called
quasi-static processes), emerges as another particular branch of thermodynamics, namely, its
restriction to the (constrained)-maximum-entropy states.

Fundamental relation and temperature

The stable-equilibrium-state curve on the E-S diagram represents, for fixed values of
n and volume V, the fundamental relation S = S(E, n, V) in entropy form or, equivalently,
the positive-temperature branch of its inversion into the energy form, E = E(S,n,V)
(the only branch for a normal system). The slope of the tangent line to this curve,
(9E/9S),, = 1/(dS/9E), v, coincides (Equation (66)) with the temperature T of the stable
equilibrium state represented by the point where the line is tangent. Temperature is not
defined for states that are not stable equilibrium states because the fundamental relation
does not hold for them, and in general, E depends on more variables than just S, n, and V.

Third law: Zero-temperature at ground-energy stable equilibrium states

For a normal system (not behaving as a thermal reservoir), the fundamental rela-
tion in energy form, E = E(S,n, V), is convex in the variable S (Equations (73) and (74)),
(0*E/ asz)nlv > 0. The temperature is positive except for the ground-energy stable equi-
librium states, i.e., those with minimal energy Enin(n, V) for the given values of n and V.
The assertion that the temperature of the ground-energy stable equilibrium state is zero is
known as the third law of thermodynamics. It is not a consequence of the first and the second
laws, and we cover it here only marginally.*’

As already seen, the states considered in mechanics all have zero entropy, and for
systems with non-degenerate ground-energy levels, the state of minimum energy is a
stable equilibrium state, as depicted in Figure 18. Due to the convexity of the fundamental
relation, temperature is an increasing function of energy, so the stable equilibrium state of
minimum energy also has the minimum temperature for the given values of n and .

However, convexity and the statements of the first and second laws of thermody-

namics do not exclude that the value of Tg_. be finite. That it is zero emerges within the

formulations of quantum and statistical models. To avoid resorting to such formalisms, in
introductory expositions it suffices to assume an additional law, the third law of thermody-

namics, by asserting that all the ground-energy stable equilibrium states have zero temperature.

40 For a discussion on the quantum foundations of this assertion in the context of the present method of exposition

of thermodynamics, see [70], where we also provide an improved statement of the second law compatible
with the possibility, not excluded by the third law, of system’s models with degenerate ground-energy levels,
for which the zero-temperature ground-energy stable equilibrium states need not have zero entropy.
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This statement is also compatible with the possibility, considered in the context of
quantum theory, that the stable equilibrium state of minimum energy has nonzero entropy,
as depicted in Figure 19, with an entropy value given by

S(Emin, 1, V) =kglngi(n, V), (79)

where kg is the Boltzmann constant, and g1 (1, V') is the multiplicity of the minimum energy
states for the given values of n and V. For such systems, the minimum-energy states in
mechanics, those with zero entropy, are not stable equilibrium states. However, if viewed
from a restricted perspective that only considers states of mechanics, subject to a non-
dissipative equation of motion valid only in this restricted domain of states, they typically
appear as ‘partially’ stable equilibrium states. They are considered “partially’ stable because
they are stable only with respect to perturbations that keep entropy equal to zero.

\
. ~.fixed values 7
line of the states R S
- ofm.and V~
of zero-entropy
mechanics | 7/ curve of the stable
; § equilibrium states
multiple states [ “-stable equilibrium state. S(En,V)
of minimal ener “of minimial energy. or
B OhRImALlenerey.. E(S,n,V)
Emin(nh V) ] TEmin = O
AEmin
S=0 S

Figure 19. E-S diagram for a system with degenerate ground-energy levels. The stable equilibrium
state corresponding to the minimum energy Enin (1, V) does not have zero entropy, but the third law
asserts it has zero temperature.

Adiabatic availability

In a weight process, every state A; at the intersection of the S = S; segment with
the E = E; segment in Figure 20, if not a metastable or unstable equilibrium, is pushed
by internal dynamics toward states with increasing entropy. It can also be subject to
interactions that result in energy exchange (with the external weight). In such a process,
there is a competition between the internal dynamics, whose dissipative part tends to
generate entropy with a characteristic timescale, and the interactions with the external
weight designed, for example, to extract as much energy as possible from the system.
Since the characteristic timescale of irreversible part of the system’s internal dynamics
typically that depends on the system’s structure construction details, the designer will
be able to extract more energy from the system the faster the action of the interactions
with the external weight. This ensures that energy is extracted so rapidly that the internal
dynamics have the least possible time to generate entropy. In the limit, if the weight process
is reversible, the entropy will remain unchanged, and the state will move along the S = 5;
segment. In this case, it is possible to bring the system to the state of minimum energy
Ag,, and therefore, the extracted energy will be equal to E; — Eg,, which is the adiabatic
availability of the system in the state A (Equation (16)), ¥1 = E; — Eg,.
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Figure 20. Graphical representation on the E-S diagram of the adiabatic availability of state A1 of
system A.

Available energy with respect to a thermal reservoir

The E-S diagram for a reservoir R is shown in Figure 21. The stable equilibrium state
curve is a simple straight line with a slope equal to Tg.*!

ER — ER = Tr (S8 — s§) (80)
A fixed values
E of n and V TR
Ef R
EL Ry

Sk sh g
Figure 21. E-S diagram for a thermal reservoir R showing that the stable equilibrium state curve has
(325 / E)Ez) v=0 and constant slope Tg, i.e., it is a straight line.

n,

Now, consider the available energy of a system A in state A; with respect to reservoir
R and recall Equation (33),

OR = E; — Egr — Tr (S1 — Sg) (81)

where E; and S; are the energy and entropy of state A; of A, Eg and Sg are the energy
and entropy of A in the stable equilibrium state Az with temperature Tg, i.e., the state
in which A is in mutual equilibrium with reservoir R. Figure 22 shows the graphical
representation of QR on the E-S diagram for system A. The two terms E; — Eg and
Tr (Sr — S1) are represented separately. Remember that available energy is the energy
transferred to the weight in a reversible weight process for the composite system AR in
which the state of A changes from state A; to state Ag. Therefore, the change in entropy
of A, Sg — S1, must be accompanied by an equal and opposite change in the entropy of
R, Sg — SR = —(Sg — S1) which, as visualized in Figure 21, requires a change in reservoir
energy of ER — ER = Tp (S8 — SR) = —Tg (Sg — S1). This change is essential in the energy
balance for the composite system AR and ensures that the overall energy transferred to

41 Note that no system can behave like a thermal reservoir in all of its states because the condition that the

temperature Ty is equal for all stable equilibrium states is incompatible with the third law, which requires it to
vanish at the minimum energy.
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the weight is indeed (E; — ER) + Tr (Sg — S1). The two contributions are visualized in

Figure 22.
A
E fixed values
ofn and V
El Al..
A A *
FE, — Eg
o S Ap
(S1=Sr)TR| Eg, As,
v v /
S =0 S, Sz S

Figure 22. Graphical representation on the E-S diagram of the available energy of state A; with
respect to a thermal reservoir R with temperature Tg.

Pressure and chemical potentials

Figure 23 hints at constructing a three-dimensional graph by adding an axis corre-
sponding to the volume V. For simplicity, only the stable-equilibrium-state curves corre-
sponding to two values V and V' are drawn. Geometrically, in this E-S-V diagram, the sta-
ble equilibrium states fall on a surface obtained by projecting the points representing states
onto a multidimensional geometric space with one axis for each amount of constituents,
parameter, and independent property, restricted to those lying on a subspace corresponding
to fixed values of the amounts (and other parameters, if any, excluding volume).

fixed values E=E(Sn,V)
of n E=E(Sn,V) TN

A

Emin (na V/)

Vv’
S=0 Sy

> S

Figure 23. Graphical representation on an E-S-V diagram of two states A; and Ay, with equal
energy (E; = Ey) and entropy (51 = Sy) but different volumes and, therefore, different adiabatic
availability (E; — Es; # Ey — Eg,,).
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Two states, A; and Ay, with equal energy (E; = Ey/) and entropy (S = Sy/) but
different volumes, are represented. It is noted that the adiabatic availability of the two
states is also different, as E; — Eg; # Ey/ — Eg,,.

The slope of the tangent plane to stable-equilibrium-state E-S—V surface in the direc-
tion of constant S, (0E/9V)s ,,, coincides with the negative of the pressure, —p, of the stable
equilibrium state where the plane is tangent.

A similar three-dimensional diagram can be constructed by adding an axis correspond-
ing not to volume but to the amount #; of one of the constituents. This results in the E-5—#;
diagram, in which the slope of the tangent plane to the stable-equilibrium-state E-S-n;
surface in the direction of constant S, (0E/ ani)srn;,v, coincides with the chemical potential
;i (or total potential if there are other parameters besides volume) of the i-th constituent in
the stable equilibrium state where the plane is tangent.

Special systems: Negative temperatures

Almost all systems of practical interest are characterized by the ability to accommodate
unlimited amounts of energy, which can be distributed among translational, rotational,
vibrational, and electronic degrees of freedom of the molecules and/or atoms that constitute
them. For all these systems, the E-S diagram is as shown in Figure 18: the fundamental
relation S = S(E, n, B) is monotonically increasing in energy, and therefore, its inversion
with respect to E yields the energy function E = E(S, n, B), a single-valued function with
a convex shape, (9°E/ BSZ)n, >0 the temperature (JE/9S), 4 is a non-negative function
increasing with energy (starting from zero for the minimum energy state).

However, there are some special systems of quantum interest whose models require
the existence of both a minimum and a maximum energy value for fixed amounts and
parameters. For example, the model of an electron’s spin in a magnetic field, the three-level
atom model used to understand the operation of some lasers, and many others are systems
characterized by a finite range of energy values existence between a lower and upper limit
for energy values (levels).

Such special systems, like all others, still adhere to the laws of thermodynamics we
have described. However, the fundamental relation S = S(E, n, ) is not monotonically
increasing in energy, and therefore, its inversion with respect to E does not yield a single-
valued function of (S, n, B). Figure 24 shows the E-S diagram for a special system. The
fundamental relation S = S(E, n, B) maintains a concave shape, (825 /9E?) np < 0. The
negative of the inverse temperature —1/T = —(dS/JE), p is an increasing function with
respect to energy, ranging from —oo for the minimum energy state to +co for the maximum
energy state, passing through zero at the state with the maximum entropy Smax(n, B).
Therefore, in addition to ‘normal’ equilibrium states with positive temperatures (—1/T
between —oo and zero), the system allows for ‘special” stable equilibrium states with
negative temperatures for energies greater than the value Eg_ (where —1/T = 0), up
to the stable equilibrium state with maximum energy (maximum for the given values of
n and B), where —1/T = 400 and hence the temperature is again zero. It is noteworthy
that —1/T is well-defined for all stable equilibrium states and changes smoothly from
—oo to 400 passing through zero. By contrast the temperature T has a discontinuity at the
stable equilibrium state with Eg _where it jumps from +co to —co. This state is not the
hottest stable equilibrium state of the system for the given n and B. Later, in Section 38, we
define what we mean by “hot” and “cold,” and show that the stable equilibrium states with
negative temperature are all hotter than the positive-temperature stable equilibrium states.
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E fixed values
of n and B
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Figure 24. E-S diagram for a special system that, for fixed values of n and B, has energy values
bounded between a minimum and a maximum. Stable equilibrium states with energy higher than
Es, . have negative temperatures.

Energy-Entropy constraints on energy conversion: The role of entropy sinks

Figure 25 illustrates a fundamental constraint on energy extraction from systems
initially in stable equilibrium, expressed most transparently with the help of the E-S
diagram. Consider a system A initially in a stable equilibrium state Ag; with energy EZ,
entropy 51541' and temperature Tﬁ.

A System A A System B
fixed values fixed values
of n and V ofn and V

A
ESI

A
ES2

A A B B
Ss S& Sq1 Ss

Figure 25. (Left): To extract energy from a system A initially in state Ag;, we must reduce its entropy.
(Right): To transfer entropy into a system B initially in state Bgy, we must increase its energy.

A transition to a lower-energy state Ag, cannot occur without a simultaneous decrease

in entropy. In particular, the extraction of an energy amount E{5~ = E£, — EZ, requires the

extraction of at least an entropy amount S5~ satisfying
A

A A A A ESl — EéZ A E{AZH A
512H = SSl - SSZ + Sirr > TA + Sirr = TA + Sirr
S1 S1

(82)

where we used the entropy balance equation for A and the inequality is illustrated
in Figure 25(Left). A purely vertical downward displacement in the E-S diagram—
corresponding to energy extraction without entropy extraction—is impossible, as it would
violate the second law and amount to a perpetual motion machine of the second kind.

The necessary entropy extraction requires the presence in the environment of A of an
auxiliary system B capable of accepting entropy. In practical energy conversion applications,
this role is typically played by an external system such as a river, a lake, the atmosphere,
the sea.*> Such systems function as “entropy sinks.”

4 In physics and chemistry applications this role is often assigned to a so-called “heat bath” or a thermostatic

bath, modeled by conditions essentially equivalent to our definition of a thermal reservoir.
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Assume the auxiliary system B is initially in a stable equilibrium state Bg; with energy
EB , entropy SE|, and temperature TZ. A transition to a higher-entropy state Bs, cannot
occur without a simultaneous increase in energy. Therefore, no entropy can be transferred
to system B without an accompanying transfer of energy. To accept an entropy amount

S%‘_ , system B must also receive at least an energy amount satisfying

Efy = Eg — Es1 > (Ss2 — Sa1) T8, = (St5 + SE) T (83)

where the inequality is illustrated in Figure 25(Right). This energy transfer to the environ-
ment of A is often described, misleadingly, as wasted energy. In fact, it performs an essential
thermodynamic function: it enables the disposal of entropy required for useful energy ex-
traction from the system of interest. The presence of an entropy sink is therefore not a source
of inefficiency, but a necessary condition for the operation of any energy-conversion device.

The true sources of inefficiency in practical energy systems arise instead from internal
irreversibilities within system A and B, as well as the machinery X used to accomplish
the energy and entropy transfers and the energy conversion, i.e., from S + SX + SB .
Combining Equations (82) and (83), assuming the machinery X undergoes a cyclic process,
ie., Xo = Xj, so that Sff = Sf‘z_> + Si}fr, yields

TE ) TB
Elf > By + (Sin+Sin+Si) T thatis  Epy| > 5B (84)
S1 S1

This result can be expressed also by saying that of the energy E}~ extracted from A, only
the energy amount E£,* — EX~ is available for performing useful tasks, because the energy
E®~ must be used to accomplish the disposal into system B of the entropy that must be
removed from system A in order to achieve the energy extraction; therefore, at best (i.e.,
even in the absence of irreversibility), the fraction of extracted energy that remains available
for useful tasks is bounded by*®

EA— _ EB+ TB
12 12 S1
S <1-=F (85)
A A
Ey” s
Figure 25 thus provides a direct geometric interpretation of the need for entropy sinks
which rules the design of energy conversion devices.

34. Modes of Interaction Between Systems

The foregoing discussion has progressed substantially—including the definition of
entropy and several other key results—without invoking the notion of heat. In doing so,
we have developed all the conceptual and analytical tools required to introduce a rigorous
definition of heat and to generalize it to heat-and-diffusion. This is the subject of the next
several sections, which are devoted to characterizing the various modes of interaction
between systems.

Because our modeling approach almost invariably begins with balances of energy,
entropy, amounts of constituents, and volume, particular attention is devoted to the ex-
changes of these quantities across the frontiers separating interacting systems. The nature
of these exchanges provides the basis for a precise classification of interactions.

43 The rhs of Equation (85), which is referred to as the Carnot coefficient between the two temperatures T, and

TZ. The lhs is often referred to as the energy efficiency of the conversion, but this language is misleading because,
as already explained, it suggests that EZ~ is avoidable, while it is not.
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Interactions that involve exchanges of energy and volume only, without any exchange
of entropy or constituents, are termed work interactions. A paradigmatic example is the
interaction between a system and a weight in a weight process.

Other interactions involve exchanges of both energy and entropy, with or without
exchanges of constituents and volume. These are termed non-work interactions. As will be
shown, heat and heat-and-diffusion interactions are special subclasses of non-work interac-
tions, for which explicit relations can be established between the exchanged amounts of
energy, entropy, constituents, and volume.

Interactions generally drive the interacting systems into nonequilibrium states. If the
interaction is momentary, these nonequilibrium states subsequently evolve spontaneously
toward stable equilibrium, thereby inducing further changes in nonconserved properties.
In particular, the spontaneous and irreversible evolution from a nonequilibrium state
toward stable equilibrium entails the spontaneous generation of entropy within the system.
Accordingly, interactions may change the entropy of a system both directly, through entropy
exchange with other systems, and indirectly, through entropy generation associated with
irreversible internal dynamics.

Distinguishing between changes in properties due to exchanges with other systems
and those due to spontaneous internal generation is essential for both understanding
and engineering processes. For example, in an energy-conversion device, minimizing
the spontaneous generation of entropy within its boundaries is a primary objective in
improving efficiency. Conversely, in compact heat-transfer devices, maximizing the ratio
of transferred energy to device volume may require accepting high rates of spontaneous
entropy generation within the device.

In general, when two systems begin to interact, they temporarily lose their separability
and therefore, according to the present definitions, cease to be systems in their own right.
Their individual energies are no longer defined, and only the energy of the composite
system can be meaningfully specified. Part of this energy is associated directly with the
interaction itself and cannot be unambiguously attributed to either collection of constituents.
A simple illustration is provided by the collision of two molecules: as they approach,
electrostatic interactions build up, temporarily storing energy in the interaction field; when
the molecules separate again, this contribution vanishes. Once separated, the molecules
return to being well-defined systems only if the internal dynamics has eliminated the
correlations generated during the interaction.

An important exception arises when the interaction is produced by a controlled
variation of an external parameter common to both systems. In a weight process, for
example, a rigid coupling can be engineered between a system parameter and the elevation
of a weight in a gravitational field. Since the weight has a single independent property, no
elastic or field-mediated energy storage external to the systems is involved. As a result, the
system and the weight remain continuously separable and uncorrelated, and thus qualify
as bona fide systems throughout the process.

In the modeling of complex energy systems, it is essential to identify subsystems
in a manner that allows the contributions of each to the overall entropy generation by
irreversibility to be clearly identified. This analysis is carried out through energy and
entropy balances, which require explicit specification of the types of interactions through
which subsystems exchange energy and entropy. The classification of interactions into
categories such as work, heat, diffusion, heat-and-diffusion, and radiative interactions is
therefore instrumental and can be achieved only through precise and restrictive definitions.

In particular, the concepts of work and heat provide a quantitative means to distinguish
entropy generated by irreversibility from entropy exchanged through interaction. As will be
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shown, these concepts enable the precise identification of opportunities to reduce entropy
generation and thereby improve the energy performance of thermodynamic systems.

35. Work Interactions

Work interactions involve exchanges of energy and volume only, without any exchange
of entropy or constituents. The energy transferred between system A and B by means of
a work interaction is called work and denoted with the symbol WA=B which assumes
positive values if the energy is transferred from A to B and negative if the transfer is in the
opposite direction. We use the symbol W48 when the amount of energy transferred is
infinitesimal and W42 for the rate of transfer in a continuous process. When the context
allows it, and the focus is on system A (and B is its environment), the symbols may be
simplified to WA=, sWA= and WA or even W, SW, and W. Notice the identity
WA=B = _WASB e, reversing the arrow on the symbol is equivalent to changing its
sign: a negative value of W48 means that the transfer is from A to B, opposite to the
direction of the arrow.

A process in which a system undergoes only work-type interactions is called an
adiabatic process. If system A changes from state A; to state A in an adiabatic process, the
energy exchange E4¢ is equal to the opposite of the work done on the environment W4,
and the entropy exchange S = 0. Denoting the entropy generated within system A by

S, the energy and entropy balances for an adiabatic process take the alternative forms

Ef —Ef = —wA> st st =54 (86)
dEA = _sWwA— ds4 = 5S§r (87)
dEA/ dt = —WA— dst/dt = s (88)

The E-S diagram allows a graphical illustration of these ideas. Consider first the
example of a system A consisting of a battery and an ideal electric motor on whose shaft a
weight B hangs as shown in Figure 26. At time ¢;, the battery is charged and the state is A;.
Between t; and t;, the motor, connected to the battery terminals, is activated, the weight
is raised and the system reaches state A,. Between t, and t3 the battery is disconnected
from the engine and system A remains perfectly isolated. However, the battery discharges
internally and the system reaches the state A3 in which the battery is completely discharged.
It is clear that the mechanism that causes the internal discharge of the battery is always
active. If its speed is much lower than the speed with which the lifting of the weight
occurs, then the sequence of states is the broken one that passes through state A,. If instead
the internal discharge and the weight lifting occur at comparable speeds and therefore
proceed simultaneously, then the states between A; and Az follow a curved path, as shown
in Figure 26.

Consider a work interaction between two identical systems A and B with identical
values of the amounts of constituents and parameters (volume, etc.). With this particular
choice, the stable equilibrium state curves of the two systems are identical and we can
superpose their E-S diagrams on a single plot. Assume (Figure 27) that states A; and
Aj have the same entropy, Sf = Sf‘, and the same holds for states By and By, Sg = Sf.
The entropy balances, §A— — S{r‘r > 0 for system A and §B— — Sﬁr > 0 for system B,
imply that, if A and B interact only with each other and not with other systems so that
S8~ = §4< = —847 then S8~ = §47 = 0, i.e,, the exchange of energy between the
two systems is not accompanied by any exchange of entropy. It is a work interaction, with
WA=B = EA= = EB<_ Graphically, the work is represented by the equal length of the
vertical segments A; A, and By B, on the diagram in Figure 27. If the final states are A, and
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B, (as in Figure 27(Left)), the entropy balances also imply that the process is reversible (for
both systems, S = 0 and S; = S1 imply S;;y = 0).

A
EA /
‘/‘
A / , System A: ,
/ | battery and ideal |,
/ electric motor
A A
//
— 7
st i

Figure 26. E-S diagram for a system A containing an initially charged battery and an ideal electric
motor connected to a weight B via a rope wound on its shaft, showing different paths in state space
that may result depending on how rapid is the internal battery discharge with respect to the work
interaction with the weight.

A A A
E'E®

SA,SE > SA,SB > S.4’SB >
Figure 27. Superposed E-S diagrams for two identical systems A and B exchanging energy by a work
interaction. (Left): the process is reversible and the systems end in nonequilibrium states. (Center):
the reversible process is followed by a spontaneous irreversible relaxation of each system to stable
equilibrium state. (Right): the spontaneous irreversible relaxation toward stable equilibrium state
starts and takes place simultaneously to the work interaction.

However, since A, and B, are not stable equilibrium states, they will evolve sponta-
neously towards stable equilibrium thus causing an irreversible generation of entropy. For
example, in Figure 27(Center), the spontaneous evolutions start after the work interaction
has ended, as the nonequilibrium states A; and B; relax towards the stable equilibrium
states Az and B3, respectively. But the change of state from A; to A3 can occur in many
other ways, represented by different paths on these diagrams. The curved paths A A3
and B; B3 in Figure 27(Right) show the possible paths when the spontaneous relaxations
towards stable equilibrium occur in both systems simultaneously to the energy exchange
by work interaction.

We already noted that all weight processes are also adiabatic, since a weight has zero
entropy and cannot accomodate any entropy transfer. Not all adiabatic processes, however,
are weight processes. For example, if system A has a work interaction with system B, as a
result of which entropy is generated within B, the process for system A is adiabatic but not
a weight process, since the effects external to A are not only mechanical. However, it can
be shown that given any non-mechanical adiabatic process there always exists a weight
process with the same initial and final states.

36. Non-Work Interactions

To begin the discussion of non-work interactions, let us introduce the symbol M to
denote non-work, i.e., the energy transferred by means of a non-work interaction, and
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recall that we call non-work any interaction in which in addition to energy transfer there is
also an entropy transfer. The balance equations for system A if it experiences a non-adiabatic
process with both work and non-work interactions, become

Es — Eff = WA —mA St st = g4 45 (89)
dEA = sWAs —smA— dsA = —5547 4 654 (90)
dEA/ dt = WA — mA™ dsA/dt = -4~ 4+ A 91)

In the next subsections, we show that in non-work interactions the initial states of the
interacting systems determine the range of values of the entropy transfer that allow a given
energy transfer. Notice that for a cyclic process (E; — E; = 0 and S, — S; = 0) we have
MA7 = WAS and §4~ = SA . Similarly, at steady state (dE#/ dt = 0 and dS#/ dt = 0)

we have MAH = WA< and $4~ = Si"r‘r. In these special cases, the conditions sA > 0 and
SA > 0 imply that

rr
ur

A= >0 s >0 (92)

cyclic = steady —
process state

These relations are general forms of the so-called Clausius inequality (we will see its tradi-
tional forms in Section 42).

37. Entropy Transfer Bounds in Non-Work Interactions

Before proceeding with the precise definition of heat interactions, let us clarify an
important point by considering two systems, A and B (Figure 28(Top)), initially at different
temperatures T{* and TP, which interact with each other directly (or are made to interact
indirectly through some cyclic machinery X, but without leaving net effects external to AB)
in such a way as to exchange an amount of energy equal to 6EA~5.

For systems A and B, the energy and entropy balances are

dEA = —gEA™B dsA = —6547B 1 554 oSA > 0 (93)
dEB = sEAB dsB = 55478 1 558, 6B >0 (94
Moreover, the maximum entropy principle implies the inequalities**
4 _dEA 1 [9%Sgks 4 Ao _ dEA
ds*<——+4 = dE < — 95
2_AT1A+2<8E2 ),,V ( )S_ATl )
B
dEB 1 /9%Ssps dEB
dsb<— 4+ = dEB)? < 9%
z—BTlB+2(aEZ>nV( )3—BTlB ©6)

4 Rel. (95) for system A is proven as follows. The initial state A; is a stable equilibrium state with energy E{

and entropy S{\. If the energy changes by dE, the final state A, has energy E5' = E{! + dE/. Among all the
states with this energy, the stable equilibrium state has the maximum entropy, i.e., (assuming for simplicity

that parameters, VA, and amounts of constituents, n, remain unchanged) S? = Sf‘ +ds4 < Sémax

S&(E{t + dEA, VA, n?t) where the strict equality holds only if also the final state A5 is a stable equilibrium
state. By Taylor expansion, Sﬁmax = Sf + dEA/TlA + (aZSSEs/BEZ)n/VH‘(dEA)2/2 + - < S{‘ +dEA/TA,
where the strict equality holds only if the second derivative of the fundamental relation (otherwise always
negative) vanishes, such as for a thermal reservoir or two-phase states. Combining these relations yields

Rel. (95) for A, and similarly, Rel. (96) for B.
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5S4 » 5SA~>B 584A=B " 5SE

Figure 28. Systems A and B are initially in stable equilibrium and interact with each other (without

leaving net effects external to AB) by exchanging an infinitesimal amount §EA—8

of energy. Such
exchange can occur only if 6S4 7P satisfies Relation (98). The E-S diagrams in this Figure are quite
complex and full of details, but once the derivation in this section is understood, they provide a
graphical illustration of its various elements. The dashed lines represent the range of possible final
states Ay and By, respectively, while the dotted paths from A; to Ay and from B; to B, represent
one particular realization, compatible with Rel. (98), in which the systems, simultaneously to their
energy and entropy exchange, relax toward stable equilibrium but at time t, have not reached yet the

stable equilibrium state.

Combining these relations (by eliminating dEA,ds4, dEB, dsB ), yields

—6SA7B 155 < —GEAPB/TA and  6547B 0SB < SEACB/TE (97)
2A3A 2B,3B
and, solving for 55478, we obtain the following important train of inequalities.*
SEAP A—B A A—B A—B B SEAP
—5 < 6§ — 054, < dS < 6§ +6Siy S ——p— (98)
T 2434 1A 1B 2838 T

% Strict equality 2A,3A holds if the final state A, of A is a stable equilibrium state (2A) and if (8255135 /9E? )n,V |{‘ =

0 (3A), for example if A is a thermal reservoir. Strict equality 1A holds if (55{?r = 0, i.e., no entropy generation
within system A. Strict equality 1B holds if 555r = 0, i.e., no entropy generation within system B. Strict
equality 2B,3B holds if the final state B, of B is a stable equilibrium state (2B) and if (92Ssps/ BEz)n’V B=o0
(3B), for example if B is a thermal reservoir. Clearly, for T{! # TP it is impossible that all equal signs apply. For
example, if both A and B are thermal reservoirs and their final states A, and B, are stable equilibrium states,

Relations (98) imply that either 6S22. > 0 or 655, > 0, or both.

nr ur
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from which it is observed that, short of additional conditions, there is no unique relationship
between the exchanged entropy 65478, the exchanged energy SEA~B, and the initial
temperatures TlA and TlB . In other words, S4B can range from & EA—B/ TlA to SEATB/ TlB .

The E-S diagrams in Figure 28 provide a graphical illustration of the various elements
of the above derivation. The dashed lines represent the range of possible final states A,
and By, respectively, while the dotted paths (from A; to Ay and from B; to B,) represent
one particular realization, compatible with Rel. (98), in which the systems, simultaneously
to their energy and entropy exchange, relax toward stable equilibrium but at time ¢, have
not reached yet the stable equilibrium state.

It is important to note that in the very special limiting cases in which the initial
temperatures of A and B are very close, i.e., for T{* — TP, the range of possible values of
55478 defined by Rel. (98) shrinks to a single value. Furthermore, in order for all equality
signs to hold in this limit, it is necessary for both A and B to end up in stable equilibrium
states, and 652 = §SB

rr ur
important and is precisely what characterizes a heat interaction, because then and only

= 0. In Section 40 we will prove that this limiting situation is

then the non-work interaction is entirely distinguishable from work. But before that, we
discuss other important results that follow from Relation (98).

For example, if SEA7B is negative, using the identities JEA7B = —§E4<B and
65478 = 554 B Rel. (98) is more conveniently rewritten in the equivalent form
SEACE SEA«B

> 6S4E 4+ 588 > 684 > 55ACE —ssE > (99)
1A

1rr 1Irr  —
TlA 243A 1B 2B3B TlB

The direct reading of either Rel. (98) or (99) yields the following general conclusion (theo-
rem): two systems initially in stable equilibrium states with different temperatures that interact with
each other and nothing else cannot exchange energy without a simultaneous exchange of entropy,
unless their temperatures have opposite signs. For positive temperatures, say T{* > TP > 0, to
accomplish a given energy transfer SEA~5 the interaction must produce also an entropy
transfer 6SA 8, at least equal ¢ EA—B/ Tl“’ but not more than §EA—B/ TlB . Said differently, a
work interaction (65478 = ) between A and B under these conditions is impossible for
temperatures of the same sign, whereas for initial temperatures of opposite signs can occur
only if the work is in the direction from the system with higher value of —1/T into the one
with lower value.

38. Clausius Statement of the Second Law (Proof)

The train of inequalities in Rel. (98) provides, among other things, the “proof’.*® of
Clausius’ statement (1850) of the second law of thermodynamics, which states that a process
that has as its only effect the transfer of energy from a system in a stable equilibrium state with
positive temperature to another at a higher temperature is not possible, not even if the energy transfer
is infinitesimal.

The proof follows directly from Rel. (98) or the equivalent (99). By focusing on the

extreme sides of these inequalities and collecting SEA ™8, we obtain
1 1 1 1
(A - B) SEA7P <0 or (A - B) SEAE >0 (100)
T n T n

46 Often, in traditional expositions, one assumes Clausius’ statement as the statement of the second law, after

having introduced heuristic definitions of temperature and heat. Clearly, in any axiomatic exposition, the
postulated statement of the second law cannot be proved, as it is taken as the starting point of the deductive
structure. In our approach, the statement of the second law that we postulate as the starting point is the
Hatsopoulos—Keenan statement. In our context, the Clausius’ statement emerges as a theorem, and here we
provide the rigorous proof, without using the definition of heat.
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From this follows that the interaction with EA~8 > 0 is possible only if the temperatures
are such that —1/ TlA > _—1/TB, ie, only if either TlA > TlB > 0 (both A and B are normal
systems, i.e., their stable equilibrium states have positive temperatures) or TlA < TlB <0
(both A and B are special systems and are both in stable equilibrium states with negative
temperatures) or T{* < 0and TP > 0 (A is a special system in a negative-temperature stable
equilibrium state, while B is in a positive-temperature stable equilibrium state).

For positive temperatures, which is the only possibility for almost all practical systems
of engineering interest, these inequalities simplify to

(T = TBYSEA7B >0  or (TP—THSEACB >0 (101)

from which it is easier to see that 6EA—B

can be positive, and thus the flow of energy can
be in the direction from system A to system B only if T > TF, i.e., if A is “warmer” than
B. From this result, it emerges that, in the realm of normal systems, temperature measures the
tendency of a system in a stable equilibrium state to give up energy.*’

The E-S diagrams in Figure 28 provide a graphical illustration of the reasons why
the Clausius’ statement holds true. The dashed lines in the diagrams show the range of
possible final states A, and B,. For 6EA™B > 0, i.e,, to transfer energy out of system A, we
must transfer out of A (and therefore into B) also at least SEA™5 /T of entropy. But the
maximum entropy that B can accomodate is SEA~5 / TE.

Similar limitations, but more restrictive, apply in general if the energy transfer is to be
finite, EA~B. The E-S diagrams in Figure 29 show the graphical constraints, which depend
on the fundamental relations of the two systems. In fact, to transfer energy out of system
A, we must transfer out of A (and therefore into B) also at least the amount of entropy
needed to reduce its entropy at or below the maximum value possible for its final energy
E4t = E{t — EA7B. At most, system B can accomodate the amount of entropy needed to end
in the stable equilibrium state with its final energy E¥ = EP + EA=B. Therefore, the ranges
of possible final states are as shown by the dashed lines in the Figure. The generalization of

Relation (98) to this case is (dropping superscripts on n and V for compactness)

S&ps(Ef, V,m) — Sép (Ef —EA7B,V,m) < $478 < S&(EP+EATP,V,n) — SEig(EF, V,m) (102)

which entails, albeit implicitly through the fundamental relations of the two interacting
systems, a restriction on how much energy EA~? the two systems can exchange for the

given initial stable equilibrium states as well as the lower and upper bounds on the entropy

S4B that must and can be transferred for a given energy transfer E4—5. Note that for

a normal system both entropy bounds have the same sign as E4~5

and, therefore, also
S4B has the same sign, meaning that the entropy transfer is in the same direction as the

energy transfer.

47 More generally, without assuming that temperatures are positive, Rel. (100) implies that —1/T can be

interpreted as a ‘potential” that measures the tendency to give up energy. In quantum information technologies,
it is common to have to deal with systems with a finite number of energy levels, such as spin systems or
polarized photons which, because the energy is upper bounded, have both positive ad negative temperature
stable equilibrium states. For these systems, the potential —1/T ranges from —oo (zero absolute positive
temperature, the “coldest” stable equilibrium state) to +-co (zero absolute negative temperature, the “hottest”
stable equilibrium state), passing through zero (the maximal-entropy stable equilibrium state).
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Figure 29. Systems A and B are initially in stable equilibrium states and interact with each other
(without leaving net effects external to AB) by exchanging a finite amount EA~5 of energy. Such
exchange can occur only if there is also an entropy transfer S48, at least $4~8|;, but no more
than S4B | max-

39. Clausius Statement of the Second Law Extended to Nonequilibrium

The foregoing result allows us to extend Clausius’ statement of the second law to a
process that has as its only effect the transfer of energy and entropy between subsystems
A and B that start in nonequilibrium states A; and B;. Repeating the same procedure we
used to derive Relation (102), it is easy to show that for a finite transfer of energy EA~F we
end up again with the same inequalities

St — Sgpg(Ef — EA7P, vA,nA) < 478 < S8 (EP + EA7P, VB, wP) — s (103)

where, however, the left hand side can be negative, and therefore, the direction of net
entropy transfer may be zero or even opposite to that of the energy transfer. This may occur
when the state of the system that yields energy to the other is sufficiently far from stable
equilibrium. More precisely, for EA=B > 0, this occurs when

Dt >S4 (E, VA, n?) — Sig (B — EA7E, v A nf) (104)
or, for EA7B < 0, when
D > SB.o(EB, VB, uB) — SB.o(EP + EA7B, VA4, n?) (105)

where Df‘ and Df denote the (nonnegative) “distances from stable equilibrium” of the
initial nonequilibrium states A; and By, respectively defined by

Dt = SAo(E, vA, n) — s and  DP =SB (EP, VB, uP) —SP (106

Clearly, if the net entropy transfer may be zero, it means that the energy exchange EA~8
can be done by means of a work interaction.
If the transfer of energy is infinitesimal, Rel. (103) becomes

§EA%B

A A
Téo(ER, VA, nh)

_Dp<sAB < 5EBAHBB — 4+ D! (107)
T8 (EF, VB, uP)
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which of course, reduces to Rel. (98) if the initial states are stable equilibrium (D{‘ = Df =0).
But in general, if the distances from stable equilibrium are finite, the infinitesimal terms on
the rhs and lhs can be neglected, leaving

~Dft <478 < pP (108)

which involves no approximation if the energy transfer is exactly zero and means that in
principle it is possible to achieve “pure entropy transfer interactions” ranging from the two
extremes whereby on the one end A is placed in a stable equilibrium state by receiving
from B an amount S48 = D#!, and on the other end B is placed in a stable equilibrium
state by receiving from A an amount S48 = DB,

Similar conclusions can be drawn from Rel. (103) for finite values of EA5. Focusing
on the extreme sides of those inequalities, we obtain (dropping the dependence on # and V
for compactness)

S{' = Sgps (Ef' — %) < Sgs (B + E47F) — 57 (109)
or equivalently, in terms of D{* and D,
Sées(Ef') — Séps(Ef' — EA7P) — Dit < SEpg(EY + EA7°F) — S&g(EY) +Df  (110)

This represents the extension of Clausius’ statement of the second law to nonequilibrium
states. Indirectly, through the fundamental stable-equilibrium-state relations of the two sys-
tems, it entails a bound on the amount of energy that can be transferred from A to B for the
given initial nonequilibrium states A; and Bj.

40. Heat Interactions: Definition

A special limiting class of non-work interactions between two systems that are initially
in stable equilibrium states is one that can be completely distinguished from a work interaction.
Here, we will define precisely what we mean by this and prove that it may happen only in
the limiting situation in which the difference in the initial temperatures of the interacting
systems vanishes. In this limit, the ratio of the exchanged energy to the exchanged entropy
equals the initial temperature of either system. This is called a heat interaction, and the
resulting energy exchanged is called heat.

To do this, consider again the interaction between A and B sketched in Figure 28 and
suppose that we operate it as the result of the sequence of two separate processes with the
assistance of a stationary or cyclic machine*® X interposed between A and B as sketched in
Figure 30.*’ In the first process, machine X receives from A the amounts of energy 6EA~%
and entropy 654X respectively equal to the amounts SEA~? and S48 that in Figure 28
pass directly from A to B. Machine X uses them to attempt to separate part of the energy
received from A and to store it temporarily by lifting a weight G. System A ends up in the
same state Aj as in Figure 28, while system B ends up in a different state B,/. In the second
process (Figure 31), the weight transfers to B the energy it received from the machine, and
B ends up in the same state B; as in Figure 28. In the end, the sequence of two processes has
the same net effects and, therefore, is equivalent to the direct exchange process in Figure 28.
However, if the initial conditions of A and B are such that the amount of energy passed

48 A stationary machine is a system that, while interacting with other systems, always remains in the same state.

A cyclic machine is a system that, while interacting with other systems, periodically returns to its initial state.
Note that the definition of a cyclic machine includes the case of a stationary machine.
49 Ttis important to emphasize that the cyclic machine introduced here is not an ‘engine’ in the sense of a practical
application. Rather, it serves as a conceptual measuring device—a test system—that allows us to operationally

determine if a non-work interaction can be decomposed into a work part and an irreducible non-work part.
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to the weight G is non-negligible, we must conclude that a finite fraction of the energy
received by B (specifically, the energy it receives from the weight in the second process in
Figure 31) is clearly identifiable as work. In this case, the non-work interaction between A
and B is not heat.

6EX—>B

> System B
5SX~>B

System A

Cyclic

Initial SES A; x machine Initial SES B,
at TA 05 X Jswx=c at TP

Work interaction fl
with weight G © '

Figure 30. The cyclic machine X interposed between interacting systems A and B intercepts the

Final state Ay Final state By

energy and entropy they exchange and attempts to channel as much energy as possible into lifting
a weight G. This lifting becomes impossible in the limit as TlA — TlB. In this limit, the non-work
interaction between A and B is a heat interaction.

SWG—B System B

Initial state
By

Final state Bs

Figure 31. If the initial conditions of A and B are such that the machine X in Figure 30 can transfer
a non-negligible amount of energy SWX~C to the weight G, the interaction between A and B is
not heat. If that energy is then given to B by means of a work interaction, the final effects on B are
the same as in Figure 28. The energy received by B from the weight is clearly identifiable as work.
Therefore, the machine X has been able to split the energy transferred from A to B so that a finite
fraction is work. When this is possible, the non-work interaction between A and B is not heat.

EA—>X

To calculate what fraction of the energy & the machine X can transfer to the

weight G, we write the energy balance for X and the entropy balance for the composite
system AXB in the process of Figure 30, recalling that by definition dSX = 0,

0= 0EA7X — gWX2C _ X2 454 1 dsB = 554XB > ¢ (111)
The energy balances for system A and system B (before receiving the work SWS~5) are

dEA = —6EA7X  and  dEB = 6gX7B (112)

Furthermore, as previously seen, the principle of maximum entropy and the fact that
initially A and B are is stable equilibrium states requires that

where the strict equalities hold only if they also end in stable equilibrium states. Combining

these relations,

ds

we obtain

SWX

A
Agdi
Tl

and

-G S <1 _ ,;i)éEA*}X TB §SAXB
1

dst <

dEB
Ty

rr
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where the equality sign holds only if both A and B end in stable equilibrium states. In the

best-case scenario, namely, if the machine X operates reversibly (58{;‘}3 = 0) and both A

and B end in stable equilibrium states, the fraction of the energy that X receives from A
manages to send to G is equal to

X—=G B
Winax g _ 1 (115)
SEA—X T4

This result is interesting in itself, because it proves the famous Carnot expression for the
maximum work. But here, its importance is in showing that if T{* # TP, this fraction
assumes finite values and therefore we conclude that a finite fraction of the exchanged
energy 6EA~P can be separated as work.

However, in the limit as TlA — TlB , we have

X—=G

Tlmax 116
TI"‘1—>H;“13 SEA—B (116)

In this limit, i.e., in practical terms, when the temperatures T{‘ and TlB differ by at most an
infinitesimal amount, (TlA — TlB ) < TB, machine X, even under the best conditions, cannot
possibly spit the energy transferred between A and B so that a finite fraction is work. These
are the limiting conditions that define a “heat interaction,” i.e., a non-work interaction
entirely distinguishable from work, in which the interacting systems exchange energy and
entropy, but no constituents nor volume. The extension of this same logic and definition to
interactions that in addition to energy and entropy exchange also volume and constituents
is discussed in the following sections.

Rel. (98) implies that in the limit as TlA — Tg and TlB — Tq the difference between the
upper and lower bounds to allowed values of S48 for a given value of 6EA~8 becomes
vanishing; therefore, the range of possible values of S48 squeezes to a single value

A—B A—B A—B A—B
OE ~ lim OE < 5SA—B < lim OE - OE
To TA5T,  Tf BT T) To

(117)

In this limit, the relationship between the energy and entropy exchanged from A to B is
uniquely determined by the temperature Tp at which the heat interaction occurs, where
To denotes the nearly common value of the initial temperatures T;' and TF of the two
interacting systems. The exchanged energy is called “heat” and is traditionally denoted by
the symbol Q~ instead of E, i.e., §Q”4 75 instead of SEA~B, so that Rel. (117) reduces to

the famous relation
5QA—>B

é‘sA-)B —
To

(118)
The ratio of the energy and entropy exchanged in a heat interaction is equal to the tempera-
ture at which the interaction occurs.

Often, in practical applications, as sketched in Figure 32, a system A may not be in a
stable equilibrium state but can be modeled as the composition of multiple subsystems,
one of which, A’, is in (or near) a stable equilibrium state at temperature Tp. Similarly,
also system B may consist of multiple subsystems, one of which, B/, is in (or near) a
stable equilibrium state at a temperature that differs from Tg by an infinitesimal amount,
Tq £ dT. If the two subsystems A’ and B’ undergo a heat interaction at temperature T
then we generalize the definition given above and say that systems A and B undergo a heat
interaction at temperature T across their contact through their respective subsystems A’
and B’, even if A and B do not start in stable equilibrium states.
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Subsystems

System A System B

T

Contact

Figure 32. The interacting systems A and B are not in stable equilibrium state, but their respective
subsystems A’ and B’ are in contact and have nearly identical temperatures, T4 ~ TQ ~ T5',

41. The Role of Heat Interactions in Heat Transfer Modeling

Among the conditions that identify heat interactions, the most restrictive one appears
to be the requirement that the temperature difference between the interacting systems be
infinitesimal. In fact, the common notion of heat seems in contradiction with this idea,
since in everyday language we always refers to heat as the energy exchanged between
systems at different temperatures. However, when two bodies at different temperatures
come into contact, the phenomenology is quite complex because the contact brings them
into nonequilibrium states. The discipline that studies this ubiquitous phenomenon is
traditionally called heat transfer.

These nonequilibrium states are usually modeled by making the continuum, local
quasi-equilibrium, and simple-system assumptions. We do not discuss these assumptions
here in any detail, but it is well known that they allow to represent the two interacting bodies
as composite systems made up of many small (infinitesimal volume) subsystems (fluid
parcels, in fluid mechanics; material points, in solid mechanics), each in a nonequilibrium
state not too far from stable equilibrium so that, even if they are nonequilibrium states,
some of their properties can be approximated with those of the unique stable equilibrium
state with the same energy and compatible amounts of constituents, that each small volume
would spontaneously reach if it were isolated from the adjacent volumes. Among these
“local” properties is the temperature and as a result the model defines a generally continuous
field of temperature that may vary with time. The interaction between adjacent small
volumes through their surface of contact is well approximated by a heat interaction. Indeed,
by continuity the temperatures assigned to adjacent infinitesimal elements of the continuum
may differ only infinitesimally, thus fulfilling the very restrictive limiting condition that
defines a heat interaction.

For simplicity, consider the one-dimensional case as schematized in Figure 33, and the
small volume between the surfaces at x and x + dx, where the assigned local temperatures
are T and T + dT, respectively. Assuming only heat interactions, the small volume receives
energy Q% and entropy §Q% /Ty through the contact interface at temperature T, and

gives away energy 6Q and entropy (SQ;F dx/ Txt+dx through the one at T, 4,. The

N
x+dx
energy and entropy balances for the small volume are

d(éE) Y N— d((SS) _ 5Q; 5Q;Fdx 5
—a =09 —0Qa TR A S (119)

For example, if it is in a steady-state, i.e., its energy 6E and ¢S remain constant in time,

the energy balance implies 6Q,”, 4, = Q% and the entropy balance may be rewritten as
. . 1 1 ced(1/Ty) o 1 dTy
. s = —_— = i S A = — g
0Sirr = 0Q% (Tde Tx) 0Qy P dx 0Qy T2 dx dx (120)

where we used the continuity of the temperature field to write Ty, g, = Tx + (dTy/ dx) dx.
The condition 8S;,; > 0 must of course be always satisfied. In fact, Fourier’s law of
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heat conduction assumes §Q%” = —kA dTy/ dx, with k positive and representing thermal
conductivity and A the surface area of the contact interfaces at x and x 4 dx where the
heat interactions occur. Dividing by A dx and denoting the entropy production per unit
volume by ¢ = 6S;;;/ (A dx) and the x-component of the heat flux vector by g% = 6Q% /A,
the entropy production density takes the well-known equivalent forms

//d<1/TX>_ p 1dTe 1 dTy 2_(‘7;/)2
(-

T T dx kT2 (121)

a2y T
At steady state, the small volume maintains its entropy constant by releasing through the
contact interface at x + dx exactly the sum of the entropy it generates by irreversibility
and the entropy it receives from the contact interface at x. The small volume generates
entropy due to irreversibility because its state is steady-state but nonequilibrium, near but
not coinciding with the stable equilibrium state at temperature Ty. Therefore, maintaining
it at steady state requires to balance the competition between its internal dynamics, which
would spontaneously push it towards equilibrium, and the heat interactions with adjacent
small volumes, which keep it in disequilibrium.

Infinitesimal element in a nonequilibrium state
not too far from a stable equilibrium

Contact with adjacent Contact with adjacent
element at the left. element at the left.
Assume heat interaction Assume heat interaction
at T, \ \ at Tyrdr

Y =
5Qa€ 5Qx+dz
S -
6@7 5Qm+dx
Tx Tz+dz
x x+dx

Figure 33. One-dimensional heat-transfer model, based on heat interactions, of an infinitesimal
element of a continuum in contact with adjacent small volumes at slightly different temperatures. The
infinitesimal element is in a nonequilibrium state not too far from stable equilibrium. The attraction
toward equilibrium resulting from the dissipative part of its internal dynamics produces spontaneous
generation of entropy.

42. Energy and Entropy Balances and Clausius Inequalities for
Closed Systems

A system subjected only to interactions that do not transfer amounts of constituents is
called a closed system. If the modes of interaction are only work and heat, the energy and
entropy balances take the forms

Ef —Ef = LW/ — 0t S5 — 51 = —L,Q1 7/ To, + S (122)
dEA = T oWAT — xieQf ds? = —x,6Q87 /Tg, + 654, (123)
dEA/ dt = WA — 00 ds?/dt = —5;Q87 / To, + S (124)
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For a cyclic process (E; — E; = 0 and S, — S; = 0) or at steady state (dEA/dt = 0 and
ds4/ dt = 0) they entail the following special forms of Clausius inequalities (92)

Qi Qi
Yy >0 y >0 (125)
j TQf cyclic i TQj steady
process state

As another special case, for historical rather than practical reasons, consider a temporal
sequence of processes for system A that takes it from state A at time ¢ to state A, at time
fy. At each step of the sequence, i.e., in the interval from ¢ to f + dt, the system experiences
only work interactions of magnitudes ) ;6 WZ.A_> = ZinA_’ (t) dt and heat interactions of
magnitude ZjéQ]A“ = Z]'Q]A“ () dt at temperatures Tq, (t) which may all vary with time.
By integrating the energy and entropy balances from time {1 to time f;, we obtain

tp | f
Er—Ei = LW (- [Lof (i (126)
A—
Sy~ S =— tzz Q ()dt+ % gn(t) dt (127)

Q() ty

If the process is cyclic, i.e., the final state Ay coincides with the initial state A, then
E, — E; = 0and S; — S1 = 0. The energy balance yields § EjQ']Aﬁ(t) dt = § WA (t) dt
and the entropy balance, using the condition Sir(t) >0, yields the relation known as the

Clausius inequality

t2 QA—> (t )

75 Z >0 (128)
t1 TQ]

where the symbol ¢ serves as reminder that the relation is valid only if the process is cyclic.

43. Non-Work Interactions with Exchanges of Volume

In this section, we consider two systems, A and B (Figure 34), initially in stable
equilibrium states with different temperatures T{* and TF, and different pressures p{' and
pY. They interact with each other (and nothing else) in such a way as to exchange an
amount of energy equal to SEA™ but, differently from the cases considered this far, they
can also exchange volume through a sliding piston that remains rigid and (except for
position) returns to its initial state.

To the energy and entropy balances, we must add the volume balance

dEA = —0EA7B qvA = —svA2B st = 55478 a5 sSA >0 (129)
dEB = sEAB dvB = syA—B dsB = 5478 4 558 5SE >0 (130)

1rr ur

Moreover, the maximum entropy principle together with the Taylor series expansion of the
fundamental relation imply, for either system, the inequalities

dS < (dE+p1dV)/Ti + df ySeps/2+ -+ < (dE+ p1dV) /Ty (131)

because the second differentials of the fundamental relations are non-positive by the
conditions on stability,

d2 |, Seps = 9"Ssks (dE)2+ZaszEs dE dv + 9" Ses dv)2<o  (132)
: OE2 |p 9LV V2 |y T

The first strict equality in Rel. (131) holds when the system ends in a stable equilibrium
state, and the second when the second differential is zero, e.g., for thermal reservoirs with
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variable amounts of constituents, for which temperature and pressure have the same values
for all stable equilibrium states.

Rigid, cyclic,
non-adiabatic

System A 65/“‘13 System B
Initial SES A; ;_)B Initial SES B;
at T/, pi' ‘;‘g p | TP p?

Final state A, Final state By

Figure 34. Systems A and B are initially in stable equilibrium states and interact directly without other
effects through a moving piston, exchanging energy, volume, and entropy. Note that sVA=E 5 0
when the piston moves to the left. Such an interaction can occur only if Rel. (134) is satisfied.

Combining these relations, by eliminating dEA,dv4,ds4, dEB, dVvB, dsB, and using
5S4 >0,6SB >0, yields

ur ur
_5SA~>B < —((SEA*)B + pi“i JvAHB)/TlA 5SA~>B < (5EA~>B + p:l? §VA~>B>/TlB (133)
which together become

éEA%B + P{l 5vA%B
rf

5EAHB 4 pi} évA%B

S 5SA~>B S i’
Tl

(134)

Again, for the new set of conditions, these inequalities set lower and upper bounds to the
range of values that the entropy transfer must and can take for given transfers of energy
and volume.

Also here, in the limiting case where A and B start almost in mutual equilibrium
(T{ — TP and pf! — pP) such range of values shrinks to a single value

551‘1%8 B (SEA%B +p1 5vA%B
= T,

(135)

SA—>B

In the particular case of an adiabatic piston, whereby ¢ = 0, so the interaction is

work, denoting the energy transfer by §WA =8 instead of SEA~? and using the identity
SVA=B = _5VA<B the relation becomes

SWATB = p sV ACB (136)

But, under these conditions, a work interaction (6S48 = 0) between A and B is also
possible if p{t # p¥ provided the energy and volume transfers obey the conditions

(5wA%B + p{} (5vAﬂB
T

5wAﬁB + P? (SVA%B
Ty

<0<

(137)

For positive temperatures, these imply —p? sVA=E < gWA=B < —pA 548 5o that
sVA<B > 0 (the piston in Figure 34 moves to the right) requires pf! > p?,

B 5wA—>B "

Pl < Syacs S P (138)

For example, consider the setup sketched in Figure 35, where a weight G of mass

mg = (pt — pP)a/g is attached to the piston (of surface area a) so as to balance exactly
the different pressures exerted on its two sides. When SVACB > 0 the piston moves
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to the right and lifts the weight. The above relations do not hold at this stage because
the assumption that systems A and B interact directly without other effects is not satis-

fied. In fact, it is a weight process for the composite system AB and the work done is
SWAB=G — (piq _ P?) SVA<B,

Rigid, cyclic,
adiabatic piston
System A surface area a System B
6VVAHB
O . > "
Initial SES A; B Initial SES B;
at 77, pit | OV at TP, p¥
mag = (p —pf)a
Final state A, Final state By

Figure 35. Systems A and B are initially in stable equilibrium states and interact through an adiabatic
piston of surface area a attached to a weight of mass mg = (p{! — pP)a/g chosen so as to balance
exactly the different initial pressures applied on the two sides of the piston. When VA< B > 0, the
piston moves to the right and lifts the weight.

But if we return the weight to its initial height by giving its energy back to AB by
means of fixed-piston weight processes for A and B, then the assumption is fulfilled
and the net final effect is a work interaction between A and B (with no net external
effects) accomplished via the piston and the weight. If we denote by a the fraction of
SWAB—=G given to B (0 < a < 1) and 1 — « that given to A, the net works for A and
B are SWA™ = pfloVATE — (1 — a)sWAB2C = gWBe = pBovACE 4 q gWAB=GC o,
equivalently, SWA=8 = a p{ + (1 — ) p?, which upon varying « fills the entire range of
values allowed by Relation (138). Of course, the work interactions with the weight leave A
and B in nonequilibrium states, and therefore, the systems will spontaneously relax toward
stable equilibrium, thus generating entropy.

44. Non-Work Interactions with Exchanges of Constituents

In this section, we consider two systems, A and B (Figure 36), initially in stable
equilibrium states with different temperatures T{! and TP, and different chemical potentials
{u;}4 and {p;}?, where {y;}# is shorthand for p1|#, pa|2,... ,ur|{ and similarly for {p;}5.
They interact with each other (and nothing else) in such a way that the overall exchange
of energy is SE4 75, and in addition, there are also exchanges of amounts of constituents,
{6n#7B}, through one or more apertures that open when the interaction begins and close
immediately after, leaving the volumes unchanged.

To the energy and entropy balances we must add a balance for each type of constituent,

dEA = —6EA7B dnf = —nf 7B dsA = —5547P 4 554 5S4 >0 (139)

1r ur
dEB = SEA-B dnP = snfA—B dsP = 5sA=F 4 558 6SE. >0 (140)

The maximum entropy principle together with the Taylor series expansion of the funda-
mental relation imply, for either system, the inequalities

dS < (dE — Lpil1dny) /T + df ,Sses /2 + -+ < (AE — Tyl dmy) /T (141)

because all second differentials of the fundamental relations are non-positive by the condi-
tions on stability. The first strict equality holds when the system ends in a stable equilibrium
state, and the second when the second differential is zero, e.g., for thermal reservoirs with
variable amounts of constituents, for which temperature and chemical potentials have the
same values for all stable equilibrium states.
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5EA—>B
{(STL?HB}

Initial SES A, ” Initial SES B,
5 A—B
at T2, {p}d | 09 at TP, {y1;}

System A System B

Final state A, Final state By

Figure 36. Systems A and B start in stable equilibrium states and interact directly without other
effects by exchanging energy, entropy, and amounts of constituents, without exchange of volume.
Such an interaction can occur only if Rel. (142) is satisfied.

Combining these relations by eliminating dE4, dn{‘, ds4, dEB, anB, dsB, using
584 >0,6S8

Fi ir = 0, and proceeding like in the previous sections, yields

(SEA%B _ Zl‘ulh‘l (SHIAHB - (5SA—>B - (SEAHB _ Zl.ulﬁg 5ngAﬁB
rf B B TP

(142)

Again, for the new set of conditions, these inequalities set lower and upper bounds to the
range of values that the entropy transfer can take for given transfers of energy and con-
stituents. Also here, in the limiting case where A and B start almost in mutual equilibrium
(T{ — TP and {p;}{ — {p;}?), such range of values shrinks to the single value

SEA7B — ¥ iy onfAB

5 A—B _
S T

(143)

45. Non-Work Interactions with Exchanges of Volume and Constituents

If volume is also exchanged, as sketched in Figure 37, the interaction is possible when

(SEA~>B 4 p? (SVAHB _ 211”1'14 (SI’IZA*)B
T

5EA~>B 4 p? 5vAHB _ ZlylllB (SVIZA*)B
TB
1

< 55478 < (144)

In the limiting case where A and B start almost in mutual equilibrium (T{* — TE, p2t — p¥5,
and {p;}{ — {p;}?), such range of values reduces to the single value

5EAAB 4 p1 évA%B _ Ziﬂi‘l 5;,11{4%3
Ty

58478 — (145)

System A SEA—B System B
{on ="}
Initial SES A, > Initial SES B;
at 11, SyA=B at TP,
{wdt, vt | sgas | Al pf

Final state As Final state By

Figure 37. Systems A and B start in stable equilibrium states and interact directly without other
effects by exchanging energy, entropy, amounts of constituents, and volume. Such an interaction can
occur only if Rel. (144) is satisfied.

46. Heat-And-Diffusion Interactions: Definition

The above results lead to the following important definition of another special limiting
class of non-work interactions between systems initially in stable equilibrium states. Since
it can be viewed as a generalized form of heat interaction combined with the diffusion of
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constituents, we call it heat-and-diffusion interaction. As for heat, the conceptual and practical
definition of heat-and-diffusion hinges on its complete distinguishability from work. The
procedure is a simple extension of the discussion in Section 40, so we can skip most details
and go directly to the results.

Consider first the case of Figure 36 (no volume exchange). Let us interpose a cyclic
machine X between interacting systems A and B with the purpose to intercept the energy,
constituents, and entropy they exchange and attempt to channel as much energy as possible
into lifting a weight G, as sketched in Figure 38. If the machine is successful, the subsequent
step, like in Figure 31, is a weight process in which system B receives the energy temporarily
stored by lifting the weight, so that the end final effect is the same as in Figure 36, but we
can say that part of the energy transferred from A to B is clearly identifiable as work.

5EX—>B
5EA—>X {5an_>B}
System A > System B
A—X
{oni 7"} Cyclic 5SX—B
Initial SES A, "\ machine Initial SES B,
at T, {u}i | °° X Jowxa at 77, {:}V
Work interaction f ﬁ
Final state A, with weight G O l Final state By

Figure 38. The cyclic machine X interposed between interacting systems A and B intercepts the
energy, constituents, and entropy they exchange and attempts to channel as much energy as possible
into lifting a weight G. This lifting becomes impossible in the limit as TlA — TP and yll — ub for
every i. These limiting conditions define the non-work interaction between A and B that we call a
heat-and-diffusion interaction.

By writing balances of energy, entropy, and constituents, and using the maximum
entropy principle, like we have done above to obtain Rels. (114) and (115), we can easily
show that the maximum work that machine X can transfer to the weight is

T B
Wnax = (1 TA)(SE’“X L (uzll uzll)én:«“‘* (146)

This result is interesting in itself, because it generalizes the famous Carnot expression for
the maximum work. But here, its importance is in showing that it is only in the limit
as T{* — TP and {y;}{! — {u;}? for every i that the maximum work vanishes. This
limit defines the heat-and-diffusion mode of interaction. We have already proved that
in this limit the exchanges of energy, entropy, and constituent are uniquely related by
Equation (143),

SEAD — Yapili onf P

A—B __
) = T

(147)

which of course may be viewed as a generalization of the famous relation 6S478 =
JEA—B / Ty (Equation (118)) which holds for simple heat interactions.

However, it would be misleading to think of the entire energy transfer as “heat.” In fact
only part of SEA™B and part of 55478 can be interpreted as associated to heat. To this end,
let us note that, in general, the chemical potentials may be written as y; = h; — Ts; where
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hi = (0H/on;); .. and s; = (3S/an;)

constituent i.”’ Therefore, Equation (147) may be rewritten as

» are the partial enthalpy and partial entropy of

T,pn T,pn

5QA7B = SEAZB _ v |y onfA B = (55A*B —yusih 5n;‘HB) T (148)

where the first equality defines what is called measurable heat [42] (Par.IlL.3). Equivalently,
we may write this as the generalization of Equation (118),

5QA~>B 5EA—>B _ Eihi‘l 5nlA—>B

08470 — Lisihonf 7P = = — = T (149)

which shows that the temperature T; at which the heat-and-diffusion interaction occurs
is not equal to the ratio SEA75 /55478 of the entire energy transfer to the entire entropy
transfer, but it is equal to the ratio (JEA™E — Y ;|1 6n7B) /(6SA78 — Yoisiy onf 7 B) of
only the portions of energy and entropy transfers not directly associated with the diffusion
of constituents. In other words, the measurable heat 5QA_>B in a heat-and-diffusion
interaction is the difference between the overall energy transfer SEA™5 and the enthalpy
transfer _;h;|1 6n{18, which in turn can be viewed as the energy transfer due in part to the
internal energy carried by the diffused constituents and in part to the pulsion work needed
to move them against their local partial pressures.”!

Similarly to Equation (143), for the case of Figure 37 in which also volume is exchanged,
we may use the identity y; = h; — T5s; in Equation (145) and define the measurable heat
5Q478 so that the energy and entropy transfers can be written as follows

SEATE = 5QA7B Y|y onf 7B 4 py sV ACE (150)
5QA—>B
5SA7E — T + Ysi|q onft B (151)

47. Availabilities with Respect to Various Kinds of Thermal Reservoirs

We now return to the concept of available energy, previously introduced in the context
of a system A interacting with a thermal reservoir R through a weight process for AR.
In that setting, the maximum amount of energy that can be transferred to a weight is
achieved when the process is reversible, and when the system ends in a state of mutual
stable equilibrium with the reservoir. The reservoir’s role as source or sink of entropy is
indispensable to achieve reversibility of the weight process for AR. More generally, one
may prescribe two arbitrary states of the system, say A; and Aj, as sketched in Figure 39
and ask a different question: given access to interaction with a specified thermal reservoir,
what is the maximum mechanical work that can be extracted during the transition from A;
to Ay, or, if work must be supplied, what is the minimum amount required? Questions of
this kind are answered systematically by combining energy and entropy balances for the
composite system with the fundamental relation of the reservoir.

50 The enthalpy H = E+ pV = H(S,p,n) is defined by the Legendre transform with respect to variable

V of the fundamental relation in energy form, E = E(S,V,n). It can be shown that within the simple-
system approximation [11] (Par.17.8), valid only for large amounts, H = ) ;n;h; and S = Y; n;s;, where
hj = (0H/on;)y,,» = hi(T,p,n) and s; = (35/0n;)r,,,» = si(T, p,n), so that the terms Y;/1;|1 on#~8 and
Yisil1 nf B can be interpreted as the enthalpy and entropy “carried” by the exchanged constituents as they
cross from one system to the other.

This is by analogy with the notion of bulk flow interaction [11] (Ch.22), whereby the energy transfer is due in
part to the internal energy carried by the bulk displacement of constituents and in part to the pulsion work
needed to move them against the local pressure.

51
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System Reservoir Wh- .
—
A = R Reversible / Zma l‘( Al Az )
State  State S.es  Ses | v i 0 WA >0
AL 7 Ay Ry Ropey | foran <0if Wi37 <0

Figure 39. Schematic setup for the definition of available energy with respect to different types
of thermal reservoir depending on whether volume and/or constituents can be exchanged or not
between the system A and the thermal reservoir R (fixed V and #; variable V and fixed #; fixed V,
variable 1;, fixed n’; variable V and n).

In the simplest case, the thermal reservoir is characterized by fixed volume and compo-
sition. Its fundamental relation (Equation (80)) is linear, expressing proportionality between
its energy and entropy changes, and a fixed temperature Tg. In practical applications, how-
ever, the class of systems that can effectively play the role of thermal reservoirs is broader.
Large portions of the environment—such as the atmosphere, oceans, lakes, or rivers—may
exchange not only energy and entropy but also volume and matter with the system of
interest. When the exchanged amounts are small compared to the size of the reservoir, such
systems may still be idealized as thermal reservoirs, albeit with different sets of constrained
and unconstrained variables. Each choice leads to a distinct fundamental relation for the
reservoir and, correspondingly, to a distinct definition of available energy.

The notion of thermal reservoir may be conveniently generalized by relaxing the
conditions of fixed volume and fixed amounts of constituents while maintaining the
defining condition that in any of its stable equilibrium states it is in mutual equilibrium
with a given system C in a fixed given state Cg, provided that in addition to energy and
entropy systems C and R can exchange also volume (if variable for R) and the amounts
of constituents that are variable for R, if any. With this definition, the maximum entropy
principle implies (recall Figure 16) that not only the temperature Ty is the same for all the
stable equilibrium states of the reservoir, but also the pressure py (if it has variable volume)
and the chemical potential y;g of every constituent with variable amount.

In this section, we first review the classical case of available energy with respect to a
thermal reservoir with fixed volume and fixed amounts of constituents. We then extend
the analysis to four relevant classes of reservoirs, distinguished by whether volume and/or
constituents may be exchanged between the system A and the reservoir R: (i) fixed V and
fixed #; (ii) variable V and fixed n; (iii) fixed V, variable n;, and fixed »’; and (iv) variable V
and variable n. In each case, we identify and define a corresponding “availability function”
whose difference between states A1 and Aj; provides a precise measure of the maximum
work that can be obtained, or the minimum work that must be supplied, for the prescribed
change of state, independently of whether A; and A, are equilibrium states or not. This
availability function possesses an absolute minimum at the state of mutual equilibrium
between the system and the reservoir, a feature that has important consequences for stability,
concavity of fundamental relations, and response to perturbations.

Reservoir with fixed volume and amounts: Helmholtz availability function vs. Helmholtz
free energy

With reference to Figure 39, assume that the thermal reservoir has fixed volume and
amounts. Before imposing the reversibility of the weight process for AR, the energy and
entropy balances are

(Es' — Ef') + (B — EY) = —W{3~ (83 = 51) + (S5 = ST) = Sgen (152)
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Using the fundamental relation of R, EX — ER = Tp (SX — SR), to eliminate (EX — ER)
and (SK — SR) from Equation (152) yields

W57 = Ef —E§' — Tr (S{' — S4') — Tk Sgen = Winrey — Tk Sgen (153)

where we note that by defining the “Helmholtz availability function” I' and recalling the
definition of the available energy QR

M=fA-Tps4 (ORA=FEA —E4 —Tr (84 —S%) =T -T4 (154)
we can express the optimal work as

Winey = ()1 = (QF)2 =11 —T7 (155)
Figure 40 gives a geometrical representation of the Helmholtz availability function I

on the E-S diagram of system A. It also shows graphically that I' possesses an absolute

minimum at state Ag, where A and R are in mutual equilibrium, and hence, TI’? = Tg.

A
E region of the states ﬁ)fed values  /
of n and V /

-._of thermodynamics -

-/

/ curve of the stable
equilibrium states

. E=E(@SnV)

FE 1

Ep = E(Sg,n, V)"

Emin(nv V)

v Tww=Tgp=Er—TpSk

»
»

S=0 Sy SR S

Figure 40. Representation on the E-S diagram of the Helmholtz availability functionI' = E — T S
of a system A with respect to a thermal reservoir R with fixed volume V and amounts n, showing
graphically that the available energy (QR);1 =T{ —T% and that I > T'g for any state where A is
not in mutual equilibrium with R. Thus, the minimum value I'r is achieved only at state Ag, where

I'r = Fg, the Helmholtz free energy.

We finally note that in state Ag, 4 = F4 where F = E — TS is the Helmholtz free
energy.”” But it is important to note that for all the other stable equilibrium states, I' # F,
and while the Helmholtz availability function I is defined also for nonequilibrium states,
the Helmholtz free energy F is not.”>

The observation that I' has an absolute minimum at state Ar can be expressed by
writing that

I —T4§ >0  foreverystate A; # A with the same V and n’s (156)

From this, we can derive useful stability conditions, equivalent to those we already derived
from the maximum entropy principle to prove the concavity of the fundamental relation.

52 The Helmholtz free energy is defined—only for stable equilibrium states—by the Legendre transform of the
fundamental relation E = E(S, V,n) with respect to the variable S. It follows that its “natural independent
variables” are T, V, n, i.e.,, F = F(T,V,n), and its differential can be written as dF = —SdT — pdV + p - dn.

5 In the quantum thermodynamics literature, often the Helmholtz availability function E — T S is called “free
energy” and denoted by the symbol F (see, e.g., [71]), potentially generating some confusion.
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For example, choose A; to be the stable equilibrium state with the same values of V and
n as state Ag but with entropy S{! = S£ + dS. Then, Rel. (156) together with the Taylor
expansion of fundamental relation for A, Ef =Ey4 (Sf, V,n), imply the general condition

T — TR = EA(SR +dS,V,n) — Tr (Sg +dS) — (ER — TrS§) = : d?EA |y, +--- >0  (157)
which in turn implies the stability condition d?E4 |y ,, > 0.

Reservoir with variable volume and fixed amounts: Gibbs availability function vs.
Gibbs free energy

Again with reference to Figure 39, assume now that the thermal reservoir has variable
volume and fixed amounts and that A and R can exchange volume but no constituents.
Before imposing the reversibility of the weight process for AR, the energy, entropy, and
volume balance equations and the reservoir’s fundamental relation are

(B —E{)+ (X —Ef) = —W{}7 (S8 —S{)+ (S5 —S{) =Sgen  (158)

V=V + (' =V =0 E—Ef=Tr(S5 =S{) —pr (V3 = V{)  (159)

Eliminating (VR — VR®), (EX — ER) and (SR — SR) from these equations yields
Wiz = E{ — B = Tr (ST = 52) + pr (V{' = V{') = Tr Sgen = Wiey — TRSgen  (160)
and by defining the “Gibbs availability function” ® and the available energy QRv
oA = EA — TR S 4 pr v4 (161)

(QRV)A = EA _ER — TR (84 = S8) + pr (VA - V) = &4 — o4 (162)

we can express the optimal work as

Wikey = (Q%) = (QF)F = of —@F (163)

Also, @ possesses an absolute minimum at state Ag, where A and R are in mutual
equilibrium and hence T{ = Tg and p4 = pr. Moreover, in state Ag, P4 = G4 where
G = E — TS + pV is the Gibbs free energy.”* But it is important to note that for all the other
stable equilibrium states, ® # G, and while the Gibbs availability function ® is defined
also for nonequilibrium states, the Gibbs free energy G is not.

The stability condition that follows from the observation that I" has an absolute mini-
mum at state Ag is

O —dL >0  forevery state A; # Ag with the same #’s (164)

Reservoir with fixed volume and variable amount for one constituent only: Osmotic
availability function vs. osmotic free energy

Assume now that the thermal reservoir has fixed volume and variable amount con-
stituent i only and that A and R can exchange constituents of type i (through a semi-
permeable rigid membrane) but no other type of constituents nor volume. Before imposing

5% The Gibbs free energy is defined—only for stable equilibrium states—by the Legendre transform of the

fundamental relation E = E(S, V, n) with respect to both variables S and V. Its “natural independent variables”
are T, p,n,ie, G = G(T,p,n), and its differential can be written as dG = —SdT + Vdp + u - dn.
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the reversibility of the weight process for AR, the energy, entropy, and constituent i balance
equations and the reservoir’s fundamental relation are

(B —E{ )+ (EX —Ef) = —W{37 (S5 —S{') + (S5 —SF) = Sgen (165

(nfhy—nf)+(nf—nf) =0 EF—Ef =Tr (S§ — SF) + pir (ns —nR)  (166)

Eliminating (nX — nR), (ER — ER) and (S} — S) from these equations yields

Wiy " = E{' —E4' — Tr (S{* — S8) + wir (nfy — n3) — TR Sgen = Wibrey — TR Sgen  (167)

2rev

and by defining the “osmotic availability function” ® and the available energy QR
Y:E—TRS—}liRTli (168)

(OR)A = B4 — B — T (5% — S{) + g (nf —nfl) = YA = YE  (169)

we can express the optimal work as

Winee = (@50 = (@F)7 = Y =Yg (170)
Also Y possesses an absolute minimum at state Ag, where A and R are in mutual equilib-
rium and hence Tl’g‘ = Tg and y% = uir. Moreover, in state Ag, Yﬁ = Eué{x where

Eu' = E — TS — u;n; (171)

is the osmotic free energy.>® But it is important to note that for all the other stable equi-
librium states, Y # B!, and while the osmotic availability function Y is defined also for
nonequilibrium states, the osmotic free energy Eu' is not.

The stability condition that follows from the observation that Y has an absolute
minimum at state Ay is

Y —Y4 >0 for every state A; # Ag with the same V and n'’s (172)

Reservoir with variable volume and variable amounts for all constituents: Hill availabil-
ity function vs. Hill (Euler) free energy

Finally, assume that the thermal reservoir has variable volume and variable amounts
for all constituents and that A and R can exchange volume as well as all types of constituents.
Before imposing the reversibility of the weight process for AR, the energy, entropy, volume
and constituent balance equations and the reservoir’s fundamental relation are

(B —E{ )+ (EX —Ef) = —W{3" (S5 —S{') + (S5 —SF) = Sgen ~ (173)
V&=V + (v =VRy=0 (mh—ni)+mf-nf)=0 vi (174)
ER — ER = Tr (S8 — 8) — pr (VR — VR) + Lipig (nB — nf) (175)

Eliminating (VR — VR), (EX — ER), (S} — SR) and all (n§ — nR)’s yields

Wiy~ = E{' — Ef — Tr (S{ — S8 + pr (Vi — V5') + Tipir (nj1 — nj3) — Tr Sgen  (176)

%5 The osmotic free energy is defined—only for stable equilibrium states—by the Legendre transform of the

fundamental relation E = E(S, V, n) with respect to both variables S and ;. Its “natural independent variables”
areT,V,u;, n, ie., B = Elli(T, V,u;,n'), and its differential can be written as dEu' = —SdT — pdV —n; dp; +
' -dn.
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7=

and by defining the “Hill availability function” Z and the available energy QRv»
E=E-TRS+prV — Lilir i 177)

(QRv)A = EA —ER — Tr (S* — SR) + pr (VA = V) — Lipir (nf — ny) (178)

we can express the optimal work as

Wizey = (@) — (Qfvm)g = 5 — 87 (179)
Also E possesses an absolute minimum at state Ag, where A and R are in mutual equi-
librium and hence T4 = Tg, p4 = Pr, Vﬁz = p;r Vi. Moreover, in state A, Eff = Euf
where

Eu=E-TS+pV—-pu-n (180)

is the Hill free energy.”® °” But it is important to note that for all the other stable equilibrium
states, & # Eu, and while the Hill availability function X is defined also for nonequilibrium
states, the Hill free energy Eu is not. It is also worth noting that setting Fu = 0 yields the
Euler relation, E = TS — pV + u - n, which, however, does not hold in general but only within
the simple-system model approximation (large amounts of constituents, macroscopic limit).
In particular, for few-particle systems (nanothermodynamics), the Hill free energy Eu does
not vanish. It plays an important role in determining how specific properties depend on
the amounts of constituents (lack of extensivity) (see Section 49), and it is related to the
minimum work of partitioning and the maximum work that can be obtained by removing
partitions (see Section 48).

The stability condition that follows from the observation that & has an absolute
minimum at state Ay is

B -E8 >0 for every state A; # Ar (181)

48. Work of Partitioning, Hill (Euler) Free Energy, and Subdivision Potential

The partitioning of a system into subsystems is a fundamental operation that clarifies
the distinction between additivity and extensivity. Macroscopic and mesoscopic treatments
often take for granted the “simple-system model approximation” [11,72], whereby a system
in a stable equilibrium state can be subdivided into a composite of smaller subsystems
without energetic or entropic cost. This approximation is a cornerstone of the continuum
hypothesis required to define spatial fields in many nonequilibrium frameworks; it amounts
to neglecting wall rarefaction, surface effects, finite-size constraints, and changes in the
spectrum of accessible states introduced by physical partitions.

For systems with few particles, however, this approximation fails. Such effects intro-
duce non-negligible energetic and entropic contributions associated with the subdivision
of a system into subsystems. Here, it is vital to emphasize that “subsystems” refer to

56 The Hill free energy (also Euler free energy) is defined—only for stable equilibrium states—by the Legendre

transform of the fundamental relation E = E(S, V,n) with respect to all its variables. Its “natural independent
variables” are T, p, p, i.e.,, Eu = Eu(T, p, ), and its differential can be written as dEu = —SdT+ Vdp —n - du.
Note that, in general (in particular for small systems), T, p, and u are independent. They become interdepen-
dent within the simple-system model (large amounts) where the assumption of extensivity is equivalent to
setting Eu = 0.

We name these properties in honor of T.L. Hill, a pioneer of the field of “nanothermodynamics” [19,20], because
of their direct relation with Hill’s “subdivision potential” [21,23]. However, we choose the symbol Eu for the
Hill free energy to connect with our previous naming it the Euler free energy [25], justified by the fact that
within the simple-system model approximation (large amounts of constituents, macroscopic limit) the Hill free
energy vanishes, Fu = 0, leading to the well-known Euler relation, E = TS — pV + u - n, from which follows
extensivity, the fact that T, p, and p are not independent, and the phase rule.

57
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well-defined systems (separable and uncorrelated)—a fundamental condition for their
individual energies and entropies to be formally defined.

As part of our rigorous operational construction, which remains valid for both few-
and many-particle systems, we must explicitly account for the work required to establish
the boundaries that define a partition. As we shall see, the Hill (Euler) free energy quantifies
precisely this contribution and is therefore referred to as the subdivision potential. Its appear-
ance in our derivation highlights that a thermodynamic description applicable to systems
of arbitrary scale must account for deviations from extensivity rather than assuming them
away from the outset—a necessity made even more explicit in the following section.

We consider a system initially in a stable equilibrium state and examine the thermody-
namic cost of partitioning it into A compartments. Each compartment is required to contain
equal amounts of cconstituents, equal volume, and equal entropy, so that the partitioned
system as a whole is again in a stable equilibrium state. Since the overall energy and
entropy of the system are conserved in a reversible weight process, the transition from the
unpartitioned to the partitioned configuration can, in principle, be carried out reversibly,
and therefore admits a well-defined minimum work requirement.

The energy—entropy representation in Figure 41 provides a clear geometric interpre-
tation of the many ways this process can be realized. Introducing partitions changes the
definition of the system and, with it, the locus of stable equilibrium states. Immediately
after the partitions are removed, the A-compartment system A" initially in the stable
equilibrium A2, with energy E, and entropy S, finds itself transformed into a new single-
compartment system A in a nonequilibrium state, Al,, even though its energy and entropy
are unchanged. If left to itself, the state of A! would evolve spontaneously at constant
energy E, toward the new stable equilibrium state A;h with entropy S, generating entropy

A—1
Sirr

through a sufficiently rapid and controlled reversible weight process, it is possible to extract

by irreversibility = S, — S;. Conversely, if the partitions are removed or introduced
or supply the corresponding adiabatic availability, following a path of constant entropy.

From this viewpoint, the minimum work required to introduce A partitions is equal to
the maximum work that can be extracted when the A compartments are reversibly merged
into a single-compartment system. This work is given by the difference between the energy
E}, of the partitioned configuration with entropy S, and the energy E; of the unpartitioned
system evaluated at the same entropy, volume, and amounts of constituents. By examining
how this work changes when the number of compartments is varied by one unit, we
identify a quantity naturally interpreted as the work associated with adding or removing
a single partition. As shown below, this quantity coincides with the Hill (or Euler) free
energy of each compartment of the partitioned system, thereby providing a direct physical
interpretation of Hill’s free energy as the energetic cost of subdivision in systems with
few particles.

It is noteworthy that, in general, the concavity of the fundamental relation S = S'(E, V, n)
in all its variables (and the convexity of its positive-temperature energy form
E = EY(S,V,n)) implies its subadditivity, i.e., the following inequalities, which justify
the relative positioning of the stable-equilibrium-state curves in Figure 41,

EVmn
AAA

S Von

A_jal 1 A_Zplf(2 vV n 1
Sh=AS ( ) <SYE,V,n) E'=AE (/\’A’/\) ENS,V,n)  (182)
The minimum work of partitioning into A identical compartments in identical stable

equilibrium states is equal to the maximum work that can be obtained by removing the
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partitions. They obtain in reversible weight processes that connect states Al, and A}, in
one or the other direction,

Sy V
Wi = Wanad = Epy — Efy = AE' (32, 5,5 ) —E' (S0, V,m) > 0 (183)
It is interesting to compute the minimum work to increment A by one and the maxi-
mum work to decrement A by one

1—-A+1 A
W)L—H\-‘rl Wm;’)I " Wl’ln;)l and WA—)/\ 1 _ — ern?x/\ ern?x/\ ! (184)
min A+1)—A max A—(A—1)

For A sufficiently large, we can approximate these incremental ratios by

awl%/\ aw)xﬁl
WI/;;)Hrl ~ ar;l\m and Wr/}lz))(/\ 1 ~ ~ arjl\ax (185)

where the partial derivatives of Equation (183) (for S, = S) are given by

A= VAR A
SV 1%
(G i) () e (53D ()
SV S SV \% SV SV
25y TG G %)‘7H(X’X”%)'%
e o

Thus, we see that the Hill (Euler) free energy Eu = E — TS 4+ pV — p - n for one of the A
compartments equals (for large A) the optimal work to increase or decrease A by one.

E)Wé;r’l)‘ _awg;xl El(s %4 n) )\Tl( n)( )
n

4
r System A with System A! with
fixed V, n fixed V, n
A compartments 1 compartment
LV on
each with —, —
AT AN
E bb
b
SV n
E/\:/\El(_ 3 _) 1—A
ATATA Winin
A—1
S)\_/\SI(E 14 n) _Wmax
AT =FE,—-F,
A 1
E Aaa Aab
’ A S =5'(E,V,n)
E = E\(S,V,n)
g,_/////
Sa Sb
+—>

SAl=8,- 8,

Figure 41. Representation on the E-S diagram of the minimum work of partitioning, the maximum
work from removing partitions, and the entropy generation by removing partitions. In Section 51,
for the example of distinguishable but identical point particles in the ideal-gas limit, we derive the
A1 = nkgIn A and WA = WADL = 3(A2/3 — 1)nkp Ty,

iur

explicit expressions (Equation (256)) S
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49. Stable Equilibrium Properties in the Absence of Extensivity

For positive-temperature stable equilibrium states the following relations hold in
general regardless of the system’s size

s = % = %S(nu, nv,ny) = s(u,v,y,n) <§:l>u,vy = %ETM (187)
e= % = %E(ns,nv, ny) = e(s,v,y,n) (;)Z)s,v,y = —%EM (188)
f= g = %P(T,nv,ny) = f(T,v,y,n) (an)m,y = *%Eﬂ (189)
g= % ~G(T,p,ny) = &(T,p,y,n) (%ﬁ oy —%EM (190)
h= g —H(ns,p,ny) = h(s,p,y,n) (g:)sp,y = —%EM (191)
where n = ) ;n; is the overall amount of constituents, y denotes the mole fractions

(yi = nj/n), and s, e, f, g, and h, respectively, represent specific molar entropy, energy,
Helmbholtz free energy, Gibbs free energy, and enthalpy. We see that in general specific
molar properties are not independent of n. By contrast, a defining requirement for extensiv-
ity is that specific properties be independent of n, which these relations clearly show can
happen only approximately for large 1, when the specific molar Hill free energy Eu/n is
finite, or exactly when Eu = 0.

The following relations also hold in general, i.e., in the absence of modeling assump-
tions that imply extensivity. When Eu = 0 they all reduce to well-known relations of
macroscopic equilibrium thermodynamics.

5— gni 5 — (%—E;) Lorge 5 gni s; (192)
E:g sei+ Bu— T(%E;l) p(aal?:) Lorg E:iniei (193)
P:il ni fi+ Eu — p(%?j) " large F:Zr;n,-fi (194)
£ £
G=Y nmgi+B=Y nutE B G- Y (195)
i=1 i=1 i=1
H:g nih Eu—T(aaE;)p’n Jorge Hzgnihi (196)
_ _tl ( ) Lrge oy ini o (197)
0= é i+ (;Ej)mn; rlage - in;”i Wy (198)

where s;, ¢;, fi, 8i, hi, vi, p;; are respectively the i-th constituent partial molar entropy, energy,
Helmholtz free energy, Gibbs free energy, enthalpy, volume, and chemical potentials defined
in terms of the Gibbs free energy G = E — TS + pV = G(T, p, n) (Legendre transform of
E = E(S,V,n) with respect to S and V) and the chemical potentials as follows
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o omy 922G NZE s
5=~ (57) = (5700 )y = Gy = 5T 019) (%)
oF
e; = (?)T,p,ng =u;+Ts;—pv;=e(T,p,ny) (200)
oF
fi=(5-), =T pmy) =i = po; = fi(T,p,ny) (201)
n;/ T,pn}
9G
8= 1= (5 ) 1y = T P0) (202)
_ (9H o o (O(ui/T)
hi = (aﬁ)np,n; = 1i(T, p,ny) = T's; + j; = ( QT )m (203)
/0 [ 9%G % .
Ui = (%)T,n o (apan,)T,n; o (aini)T,p,n; a vl(T’ Pr ny) (204)
. ayl . BZG . a,u] o o
‘ul// - (811]'>T,p,n; - (an]anl)T,p,n;] - (anl)T/p,n:j - yl;](T/ p/ ny) _ y]rl(T/ p/ ny) (205)

Equation (198) for large n is the Duhem-Margules relation. For large n the dependences on
(T, p,ny) reduce to (T, p,y), and the partial properties become independent of n.

50. Stability Conditions and LeChatelier-Braun Principle

The inequalities that are obtained from the stability conditions (156), (164), (172),
and (181) give body to the general LeChatelier-Braun theorem (or principle). For example,
from the general condition d?E4 |y, > 0 we have seen that for normal systems at sta-
ble equilibrium

o 2
Gz~ G20 Goluzo= ()20 ow

Combined with the idea that T is an escaping tendency for energy, we may interpret this
as follows.

If we change a stable equilibrium state to another with higher energy (or entropy), the
temperature increases, hence enhancing the systems’ tendency to give energy (or entropy)
away. The increase in temperature can be interpreted as an attempt of the system to
counteract the externally imposed increase in energy (or entropy) by enhancing its own
tendency to give energy (and entropy) away.

If the system is initially in mutual equilibrium with a reservoir R, an injection (sub-
traction) of energy pushes its state away from mutual equilibrium, but the consequent
increase (decrease) of its temperature, away from the initial Ty, favors a spontaneous
process whereby the system exchanges energy (and entropy) with R so as to return toward
mutual equilibrium.

Mathematical basis of the LeChatelier-Braun principle

Assume we have a function P = P(x,y, z) where P, x, and y are additive exchangeable
properties (such as S, E, V, the n;’s or linear combinations of them, such as I', ®, Y, and
E) and P is subject to a stability condition d?P|, > 0 or d?P|, < 0. We write its first and
second partial differentials (constant z) with the following notation
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opP

P
dP|, = Py dx+ Pydy Py = (*)yz = Py(x,y,z) Py= (@

ox )x’z = P,]/(xrylz)

Pxx P XY
P/xy P'W

) 2 oP
o= (5= (52),e P () (50,

2 oP 2
Por=(5ay). = (52),.= (5),..= (z). = P

The quadratic form can be rewritten (check by substitution) in the two canonical forms

dx

= Py (dx)* + 2Py dxdy + Pyy (dy)?

P 2 P.y\2
d?P|; = Py (dx + dy) +Ay(dy)>  where A, =P, — (ﬂ> Py
P/xx P,xx

P 2 P2
= Ay (dw)? + Pyy (dy + PZ dx) where Ay =Py — (P—Z) Pyy

Therefore, since the stability conditions must hold for arbitrary dx and dy,

Prx > Ay >0
Pyy = Ay 20

Pax <A <0

d’P|, >0 = {
Pyy <Ay =0

whereas d?P|, <0 = {
Whether d?P|, is positive semidefinite or negative semidefinite, we can use the properties
of Jacobians to write

Pxx Pyy
Pxy Pyy

d(Py, Py) _ d(Py, Py)

a(x,y) a(x,y)

0 < det(Hess(P)) =

d(Px, Py) 9(Py, P, P, aP.
a(;x/]/y) Eg(lj;]%) - (ayy)l’v(;;x)y - <37yy)P,x Pax 20

- (%)P Py 20

Y

d(Px, Py) (x,Py) _ /0Py (0P
a(x,P,yy) azcx,yy) - (W)pﬂ (Tyy>x

Therefore, we can rewrite Ay and Ay as

Ax = Pyx — (?;Z)ZPW - det(I_lI;ysyS(P)) - <aaIZ,CX)P,}/
Ay =Py — (II;:Z)zP,xx = det(I—II)’exsxs(P)) - (aapy,y)PX
so that, finally, the stability conditions become
9 d J ’
d?P|; > 0= (;Z,Cx)yz(allx)mgo d’P|; < 0= (;j':yﬁ(ix)ﬂygo
> aRy ap,y z > aP,y ap/y
(5,2 (5, =0 (5).= (G, =0
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LeChatelier-Braun principle

We may interpret these inequalities as follows. To fix ideas, assume P = E and x = S,

y=1V,z=mn,s0that Py = T and P, = —p. The corresponding stability condition is

d2E|,, > 0 which implies the following conditions.”®

(a;cx)y > (aalj,:)m >0 thatis (g%)v > (gg)p >0 (207)
(a;yy)x > (aapy,y)RX >0 that is _(%)s > _(EE))TF;>T >0 (208)

Assertion 1.  If a system initially in mutual equilibrium with a thermal reservoir R is
perturbed to a neighboring stable equilibrium state in which the value of an additive
property x is changed to x + dx, the system responds by changing the conjugate potential
P in the direction that increases (decreases) the escaping tendency of x when x is increased
(decreased). As a consequence, the system tends to oppose the imposed exchange of x by
favoring a spontaneous exchange with R that acts in the opposite direction, thereby tending
to restore mutual equilibrium.

Assertion 2. The magnitude of this response depends on how many mutual equilibrium
conditions are disrupted by the perturbation. A perturbation that constrains the system
to maintain a fixed value of another additive property y produces a stronger response,
(0Py/ E)x)y dx, than a perturbation that constrains the system to maintain a fixed value

of the conjugate potential Py, (0P /0x) p. dx. In general, the system’s counterreaction is

.

stronger when the perturbation breaks a larger number of mutual equilibrium conditions.

51. Entropy and Uncertainty in Quantum Models

The following discussion of Quantum Thermodynamics serves as a concrete demon-
stration of the operational construction developed in the first part of this work for one of the
nonequilibrium frameworks listed in Section 5. In the quantum regime, the identification
of the thermodynamic state and its properties is particularly challenging, as many classical
heuristic partitions of energy transfer into work and heat are currently the subject of active
investigation [65,73]. There are numerous interesting results that stem from the application
of the concepts discussed so far to the study of additional properties defined within the
framework of quantum-theoretical models. Our framework provides a self-consistent
logical scaffolding that remains independent of specific modeling choices for dissipative
processes and may help to clarify currently controversial definitions. This discussion also
allows us to explore fundamental aspects such as the interpretation of entropy as a measure
of uncertainty and the origin of the ideal-gas model.

The description of equilibrium and nonequilibrium states within the scope of atomic
and quantum theory is based on two fundamental observations of quantum theory: the
quantization of energy levels and the irreducible need for probabilities in the description of
the states of a system.

Energy levels: quantization

The value of a property of a system in a given state (any state) generally does not
coincide with the result of a single act of measurement of that property. In fact, contrary to
what was suggested for simplicity in Section 4, a single act of measurement is not sufficient

% Condition (207) entails the general inequality C, > Cy > 0 where Cy and C, are the heat capacities at

constant volume and pressure. Condition (208) entails the general inequality x7 > ks > 0 where x7 and xs
are the isothermal and isoentropic compressibilities.
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to determine the value of the measured property. The measurement procedure that defines
the property must be repeated on identical replicas of the system, all prepared in the same
way, and the full statistics of the collected measurement outcomes must be analyzed.

To fix ideas, let us consider the measurement procedure that defines the property
energy. When applied to a system described within the context of classical modeling,
repeated applications of the procedure to identical and identically prepared replicas always
yield the same numerical value, namely the value of the energy. By contrast, an essential
feature of quantum modeling is that, when the procedure is applied repeatedly to identical
and identically prepared systems, the outcomes of individual measurement acts are, in
general, unpredictable.””. The outcomes occur with consistently repeatable frequencies
among different numerical values, the energy levels of the system, which we denote by €;.

The set {€;} of possible energy levels constitutes a characteristic of the system,
called the energy spectrum, which depends only on the amounts of constituents n and
the parameters . The spectrum may be continuous, discrete, or partly discrete and
partly continuous.’

A similar situation holds for any other property whose measurement procedure is
defined by mechanics (particle position, momentum, angular momentum, magnetic dipole
moment, etc.). To determine the (quantum) state of a system, it is therefore necessary to
collect the full measurement statistics for a “quorum” (a complete and independent set) of
such mechanical properties. This procedure is known as quantum tomography [75-77].

There are other types of properties, such as adiabatic availability, available energy with
respect to a reservoir, and entropy, which—being defined through measurement procedures
that involve the determination of a maximum obtainable quantity (e.g., the maximum
energy transferable to an external weight) or conditions on the final state of a weight
process—do not admit direct measurement procedures with a meaningful interpretation of
individual measurement acts. The determination of the values of properties of this kind
therefore requires a full tomography.

The existence of properties, such as energy, with a discrete spectrum of values ac-
cessible through individual measurement acts is a distinctive feature of quantum theory,
referred to as quantization. Discrete spectra are generally associated with modes of the
electromagnetic field and with the internal degrees of freedom (rotational, vibrational,
electronic, and magnetic) of atoms and molecules, aggregates of interacting atoms and
molecules, and crystalline lattices. Continuous spectra are instead typically associated with
the translational degrees of freedom of free particles, atoms, and molecules not confined to
finite regions of space.

Molecular theory provides methods for deriving expressions for the set {€;} of energy
levels as a function of the system structure and of the atoms and molecules that compose it,
or equivalently as a function of the amounts of constituents and the parameters,

{ej} = {ej(n, B)} (209)

We will present two examples of such expressions below; however, the methods used to
calculate them lie beyond the scope of the present overview.

% 1In principle, in addition to the conditions of separability and statistical independence implicit in our use

of the word “system,” one should also ensure a clear distinction between intrinsic quantum uncertainties
and classical statistical mixing, according to the notion of “homogeneity” of the preparation scheme. This
refinement goes beyond our scope here, but is explained, for example, in [74]. For a technical discussion, see
also [66] (Sections 4-5).

For simplicity, but without significant loss of generality, we restrict attention to systems with a discrete energy
spectrum.

60
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Quantum probabilities: uncertainty

In addition to quantization, the aspect that most sharply contrasts with the determin-
ism on which classical physics was based is the unpredictability of the outcome of a single
measurement act. This unpredictability reflects an intrinsic indeterminacy in the state
of systems and is a defining discovery of modern physics, its technological applications,
and the various philosophical interpretations that have emerged over the last century and
remain under discussion.’’

The indeterminacy inherent in the state of every system does not prevent the rigorous
definition of the state itself, nor does it require abandoning deterministic equations of
motion that describe temporal evolution in accordance with the principle of causality,
another cornerstone of classical physics.

Indeed, while the outcome of a single measurement act is not predictable, the limiting
frequency f(€;, N) with which each energy level ¢; occurs in a sequence of N measurement
acts on identical replicas of the system, all prepared in the same state, is perfectly predictable
when N is sufficiently large.®” It is therefore possible to define, for each energy level €;, a
property denoted by pe;, called the probability that a single measurement act yields the energy
level €, defined by the 11m1t

pe; = lim f(e;, N) (210)

The value of this property becomes part of the set of quantities that define the state of the
system. Evidently,

Y pe =1 (211)
e}

where the sum extends over all values in the energy spectrum.®’

Energy

The energy measurement procedure must be repeated N times on identical replicas of
the system, all prepared identically, with N sufficiently large (in the infinite limit), until the
mean value of the energy levels provided by individual measurement acts weighted by
their respective frequencies,

N) =) f(ej,N)ej (213)
{ej}

stabilizes and becomes insensitive to further repetitions of the measurement, i.e., becomes
independent of N. The value E obtained in this way is the result of the energy measurement
procedure and, formally, is given by the relation

E=) lim f(e;,N)ej= ) pee (214)
{ej}

N—oo
{ej}

1 “God does not play dice!” declared Albert Einstein—one of the founders of quantum theory—expressing

his profound dissatisfaction with the impossibility of predicting which energy level a system will yield in
a given measurement act. Today, this feature is widely accepted as a fact of physical reality, although the
dissatisfaction expressed by Einstein is still shared by some.

For systems with a continuous spectrum, the predictable quantity is the frequency f (e, N) de with which
individual measurement acts yield values between € and € + de.

62

63 Similarly, for a continuous spectrum one defines a probability density p, such that

pede = I\l]im f(e,N)de (212)

With both discrete and continuous spectra, the normalization condition becomes Z{ ¢} Pej + j "pede = 1.
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equal to the average of the energy levels weighted by their respective probabilities (expec-
tation value).* In terms of the probabilities Pe;, we may also compute the dispersion o of
the energy measurement results around the mean value, defined by

0t =Y pe;(€j — E)? (215)
{ej}

Now that we have introduced the probabilities p;, it might seem legitimate to say
that “if as a result of a single measurement act, the system provides the energy value ¢,
then it means that ‘that” was the value of the energy before the measurement act, i.e., the
system was in a state with energy €;.” However, if this were true, we could also say that
“since, in general, other measurement acts performed on identical replicas of the system
prepared identically provide different values (in the set {¢;}), it means that these identical
replicas of the system were prepared in different states,” and consequently, the probabilities
pe; would not satisfy the definition of properties since they would characterize not the
states of the system but uncertainties introduced by the (inhomogeneity of the) preparation
method, which with some hidden stochastic rule “chooses” to prepare the system in this or
that state.

What has been said for energy can be repeated for other properties. For example, for a
particle with translational degrees of freedom confined in a container, the components vy, vy,
and v, of the velocity vector. Although not always, it is generally possible to measure two
(or more) properties simultaneously in a single measurement act, obtaining two (or more)
‘responses’ from the system for each act, for example, an energy level €; and three velocity
levels (vy)n,, (vy)ny, (v2)n, for the three velocity components. It is therefore possible for
the same energy level €; to emerge in different measurement acts together with different
combinations of possible levels of other properties measurable simultaneously. For each €;,
the number of different combinations of this type that can occur is a characteristic of the
system called degeneracy or multiplicity of the energy level €j, denoted by ge; and which is a
function, in addition to the level itself, of the amounts of constituents and parameters,

8ej = 8ej (n, B) (216)

Entropy

In general, quantum theory provides a well-defined mathematical representation of
the system’s state and, with it, an explicit expression of entropy valid for all states (equilib-
rium and nonequilibrium). This representation requires the introduction of mathematical
concepts beyond the scope of these brief notes. However, for systems with a discrete energy
spectrum a quite broad subclass of states exist.”> which includes the stable equilibrium
states, the explicit expression of entropy reduces to the following

S=—ks ) pe;In(pe;/ge;) (217)
{ej}

where k is the Boltzmann constant, kg = 1.380649 x 10~2% J /K, and { pe].} and { gej} are the
probabilities and multiplicities of all energy levels.

64 With both discrete and continuous spectra, the value is E = limy_ f (€i,N)ej = 2{6]_ } Pej€j+ [ peede.

65 In terms of technical quantum-thermodynamics jargon, it is the subclass of states for which the density operator

0, which represents the state of the system, commutes with the Hamiltonian operator H, whose eigenvalues
are the energy levels €}, i.e., the states for which [p, H] = 0. This condition implies that operators H and p
share a common set of eigen-projectors Pe; such that g, = Tr(Pe/) and the spectral expansions of p and H
may be written as H = }; €jP; and p = }; pe; Pe;. Outside this subclass of states, the more general explicit

expression for the entropy is S = —kgTr(p In p), which clearly reduces to Equation (217) when [p, H] = 0.
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In fact, Equation (217) represents a measure of the breadth of the probability distribution
{pe;}. For example, in the particular case of a state with probability pe; = 1 for the energy
level ¢; (with multiplicity ge,) and zero for all other levels (pe; = 0 for all j # i), the entropy
is given by

S=kplnge (218)

and is therefore higher the greater the multiplicity of the only level. Another notable
particular case is the state with M equiprobable energy levels (pe; = 1/Mfor j =1,2, ..., M)
for a system with nondegenerate energy levels (g¢; = 1 for every j); the entropy is given by

S=ksInM (219)

and is therefore higher the greater the number M of equiprobable (nondegenerate) levels.

The broader the probability distribution, the higher the entropy, and the greater
the uncertainty about the outcome of the next measurement act. It is in this sense (and
limited to the subclass of states for which the expression (217) holds) that entropy can be
interpreted as an indicator of the uncertainty of the outcomes of individual measurement
acts; uncertainty, be aware, that for a given state of the system cannot be eliminated in
any way, is irreducible, being intrinsic in the nature of the state itself. It can also be called
disorder: the disorder with which measurement results emerge. The most ordered situation
is the one that always provides the same value; it corresponds to the narrowest possible
probability distribution, and if the energy level is nondegenerate, entropy (Equation (218))
is zero. However, the opposite is not true since not all states of mechanics belong to the
subclass for which the entropy expression is given by Equation (217). Therefore, it is
not correct to conclude (and indeed it is not true) that states of mechanics, having zero
entropy, are all ordered, in the sense of being free of indeterminacy. Most of them still
exhibit uncertainty in the outcomes of individual measurement acts. To emphasize the
fact that there are irreducible uncertainties [74] even in states with zero entropy, the term
indeterminacy has been introduced for the states of mechanics.

The most disorderly conceivable situation for a given system with M nondegenerate
levels®®) is the state that provides all possible levels with equal probability,

1
Pe = 3 S=kgInM E:MZ(-:]- (221)
]

where we have also indicated the corresponding values S and E of entropy and energy.

Stable equilibrium states

All stable equilibrium states belong to the subclass for which the expression (217)
for entropy holds. From the principle of maximum entropy (Section 26), we know that
among all states with energy E, amounts n, and parameters S, the stable equilibrium state
is the one with the maximum entropy. The corresponding probability distribution {pe;} is
therefore the solution to the following constrained maximization problem

max S = —kg ) _ pe;In P subject to the constraints ) pe, =1and ) peej = E (222)
tpe} g % e e

6 In the case of degenerate levels, the most disorderly situation corresponds to the following probability

distribution and, hence, the following values of entropy and energy,

3¢ L) 8¢i€j
= S=kpl . E=—""1"° 220
P = T pin) g o (220)
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namely,”’”
8¢ exp(—€;/kpT) 227)
P9~ T ge, exp(—ei/keT)

where T is the temperature. For a lower and upper bounded energy spectrum, —1/T

can range between —oo and +-c0 and this distribution yields an E-S diagram as shown in
Figure 24.

Third law

The ground-energy stable equilibrium states has energy E = E;;, = €;, . , inverse tem-
perature —1/T = —oo, and entropy S = kgIng; . , thus its temperature is zero (third law)
but its entropy is zero only if the ground-state energy level of the system is nondegenerate.

Ergotropy vs. adiabatic availability

We have seen that adiabatic availability is the maximum amount of energy that a sys-
tem can transfer to a weight in a weight process, and that its realization requires a reversible
weight process in which the system ends in a stable equilibrium state. Reversibility of the
weight process requires that the initial and final entropies be equal. From Equation (217),
it is clear that, in principle, there are many ways in which the entropy can be kept con-
stant while changing the probabilities. Adiabatic availability therefore requires that the
initial probabilities pe; (t1) change in time, while keeping the value of the entropy constant,
so as to reach the unique distribution pej(tz) that satisfies Equation (227) and such that
S(t2) = S(t).

However, as first noted in [78] (Sections 3.2-3.4), if the state of the system is assumed
to obey a strictly unitary equation of motion, it can be shown that the values of the
probabilities pe; cannot be changed, but can only be rearranged so as to decrease the energy
while keeping the entropy unchanged, by manipulating their order with respect to that of
the set {€;} of energy levels. This observation effectively defines a special class of reversible
weight processes, called CCP (cyclic change in parameters) unitary processes. Starting
from any initial state with probabilities p,(t1), the largest amount of energy that can be
extracted through a reversible weight process in this class is obtained by a unitary process
that rearranges the probabilities so that the final set of values pe; (t2) consists of exactly the
same values as initially, but ordered oppositely to the increasing order of the energy levels,
i.e.,pel(tz) > pgz(tZ) > > Pek(fz) > forep<ep <<€ <

7 Applying the method of Lagrange multipliers

max Llpey A AE) e 0 = —Ho ijef In(pe; /ge;) + M (Zp —1) +2e( ;Pqei -E) (223
Setting (BL/Bpe/.)gej’M)\E
¥ j Pe; = 1 to obtain the value of A1, we find

= 0, we obtain pe, = g¢; exp(A1/kp — 1+ Age;/kp) and, using the constraint

8e; exp(Ag€;/kp)

= 224
P = v Se; exp(Agei/kp) (224)
Substituting into the expressions for energy and entropy, we find
Y 8e€f exp()\Eej/kB)
E= ; S=—-ApE+kpln) g exp(Agei/k 225
¥ 8c; exp(Arei/ks) pE+kyInd ge exp(Are/ks) (225)
and, applying the definition of temperature and remembering that €; = €;(n, B) and ge; = ge; (1, B),
1_ (%) - (%) — A (226)
T \OE)up \OE )i i)
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The resulting final energy E(t;) is the minimum among all states compatible with
the initial probabilities, but it is generally higher than the energy of the stable equilibrium
state with entropy equal to S(t;). Consequently, the extractable energy E(t;) — E(t2),
which in recent years has been called ergotropy [79], is in general smaller than the adiabatic
availability of the initial state.

This difference has a clear operational meaning: it quantifies the portion of the adia-
batic availability that is inaccessible when the dynamics is restricted to unitary, probability-
distribution-preserving transformations, and therefore cannot drive the system to the stable
equilibrium state of equal entropy.

From the thermodynamic viewpoint adopted here, this limitation reflects the absence
of internal reversible mechanisms capable of reshaping the probability distribution beyond
unitary rearrangements. The gap between ergotropy and adiabatic availability thus pro-
vides a direct measure of the role of internal dynamics in enabling the full conversion of
available energy, and highlights the distinction between idealized, dynamically constrained
processes and fully reversible thermodynamic weight processes.

Stable-equilibrium partition function

Defining the so-called partition function,
QT Aej} 8e}) = Y ge exp(—ei/ksT) (228)
i

the following expressions for probabilities, energy, and entropy, are easily verified

dInQ 8¢ exp(—€j/ksT)

P = kT 5 0 =
olnQ Y gec€iexp(—e;i/kpT)
— 2 _ 1 &€
E=keT2 2= = > (230)
_, dTlnQ E
PTnQ s\ !
2 _ 1273
=Rl o= —kB<> >0 (232)
oT? OE? Je (g}
Note that Equations (230) and (231) have the form E = E(T, {¢;}, {g;}) and

S = S(T,{€;},{g¢;}), defining implicitly, through the parameter T, the fundamental rela-
tion of the system S = S(E,n, B) = S(E, {€j(n, B)}, {g¢;(n, B)}) from which, as we have
seen, all the other properties defined for stable equilibrium states can be derived. Rel. (232)
confirms the concavity of the entropy versus energy relation.

Harmonic oscillator

As a first example, consider a system consisting of a single harmonic oscillator with
frequency v. The energy levels are quantized. In addition to the minimum energy level of
hv /2, the others are separated by intervals all equal to hv, where h = 6.6260 x 10734 J s is
the Planck constant,

1
€ = (] + E)hv with j an integer > 0 (233)
so that the partition function (Equation (228)), is

S (oI exp(—hv/2ksT)
Q= ];)exp ( (J + 2) kBT> ~ 1—exp(—hv/2kgT) (234)
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from which it follows, for example,

pe; = [1 — exp(—hv/2kgT)] exp(—jhv/ksT) (235)

E= hv(% + exp(hv/lkBT) — 1) (236)

S (exp(ZZ;';:;) — —In[1 —exp(—hv/kBT)]) (237)

0% = K3T? (hv/2ksT)* (238)

sinh? (hv /2kgT)

Single structureless particle confined in a box

As a second example, consider a system consisting of a single particle of mass m with-
out internal structure and therefore endowed only with translational degrees of freedom,
confined in a parallelepiped-shaped container with sides ¢1, ¢, ¢3 (and volume V = {1 45/3).
Also in this case, the energy levels are quantized. They are given by the relation

12
2o, d P

€j1jrjs = €j1 T €j, T €3 = (62 + ;2 + ;2) where ji,j2,j3 =1,2,3...,00 >0 (239)
The maximum entropy principle implies that the stable equilibrium state probability
distribution {p;, ;, i,} is given by the solution of the constrained maximization problem
MaX(py b S = TR Pjujajs 10 Pjy oy SUDjECE 1O X Py jy = 1 and X P o js €y oy = E
where }; = Z}-’le ):E’:l 2;30:1- Assigning the Lagrange multiplier 1/kgT to the energy
constraint, and recalling that for one particle n = 1/Nay and nR = R/Na, = kg, we find
the stable equilibrium state distribution

_ exp(_efl,jzljs /kBT) exp(—ejl /kBT) exp(_ejz/kBT) exp(_ejs/kBT)

pfl,jz,]é = 0 = p]l p]zp]z = Ql QZ Q3 (240)

where we define the “directional partition functions” Q; = }.° ; exp(—e;,/kpT) so that the
partition function, given by Relation (228), becomes

2

2
71 / p—
ST zf) fori=1,2,3  (241)

Q=000 with Q=Y exp(-
=
It easy to verify that the probabilities and all the properties can be obtained from derivatives
of the Q;’s and that T = (9E/9S) (oo by € the Lagrange multiplier indeed represents the
temperature. For i = 1,2, 3, we have the relations

dln Q; 5 (0In Q;
oTIn Q; E;
S=S51+5+53 Si= _kB;P]}' lnpji = ks (Tl> /i - 71 +kpln Q; (243)
| 2E; d¢; olnQ;\ K dln Q;\ _ 2E
‘““Ql_krz kT £, (557 )Zi_kBTz (alne-)T_kBT (244)
_E 2E; d¢;
Si=7 tkslnQ;  dS; f*dE +77i (245)

We may define the “directional pressure” 7t; representing the change in the directional
energy E; at constant S; due to a partial change in the volume V = ¢;{,{3 obtained by
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changing only the side length ¢;, while keeping the other two side lengths fixed, so that
aV/V =al;/t;,

_ (9B _ 1/ 0E _2E B B
nl*f( )s,z;* ( )s,e;fi E=E +E+E=(m +m+ms) (246)

oV vV \oln; v

N[ <

The directional and overall stable-equilibrium-state Gibbs relations rewrite, in general, as

dEi = TdSl - 2E1% = TdSZ - ﬂinTéi (247)
i i
dE = TdS — nlvd—gl - nzvd—gz — n3vd—€3 (248)
41 %) 43

Ideal-gas equation of state for the single particle in a box

For “practical” values of m, {1, {5, {3, and T, the values of h?/ SkaTEl2 are typically
much smaller than one.®® And therefore, the sum in Q; can be approximated by an integral,

2

o W2 J o _ 232 2 ) 1/2
SmknT 12 SnkpT 2 imkp TV dln Q; 1
Q= E e BY %/0 e B A dx= <1> ( Z)fi N 5T (249)

h? oT

3/2
2tmkg TV2/3
nt) (250)

Q=D ~ < 2

and, therefore, the overall partition function becomes independent of the details ¢4, ¢,
U3 of the shape of the container, given the same volume V = ¢1/5/3. As a result, in this
practical limit of large T for a given V, so that the approximation TV?/3 > % holds, the
directional energies and the directional pressures become independent of direction, and

we have )
1 1 27kaBT€ kBT
E~okT S~ ck(l+m=—F—) m~—- (251)
3 3 27tmkgTV?/3 _ (9E\ _ [0S kgT
dE ~ TdS — kBT(% L 46 %) — TS — kT = TdS—pdv  (253)
{ b Al %

where, in the last of Equation (252), we have evaluated the pressure using its definition,
Equation (69). The result obtained is valid, as seen, if h2/8mkTV?2/3 < 1 and shows that
the equation of state (relation between T, p, and V for the stable equilibrium states) of a
single particle (n = 1 molecule) confined in the container of volume V is

pV =kgT or, equivalently for n = 1 molecule, pV =nRT (254)

which is the well-known ideal-gas equation of state. Equations (251) and (252) also show
that the overall energy E is equally partitioned into the three directional contributions E;
(equipartition theorem).

Ideal-gas equation of state for n distinguishable but identical point particles in a box

The ideal-gas equation of state is a good approximation also for the stable equilibrium
states of a system consisting of many point (structureless) particles of mass m confined in a
box at relatively high temperatures and low pressures, in which at any given instant of time

%8 In terms of the de Broglie wavelength Aqg = h/+/2mmkgT, this condition may be expressed as Agp < /;.
Equation (249) then rewrites as Q; =~ {;/ Agqp
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only a negligibly small fraction of the particles are close to one another in the collision range
where intermolecular forces are strong, whereas every other particle (the vast majority)
feels negligible intermolecular forces and, hence, behaves like a single particle in a box,
essentially not feeling the presence of other particles except during the negligible time it
spends colliding with them. In these limiting conditions (ideal-gas limit), the properties
of n distinguishable but identical particles in the box of volume V' can be approximated
by those of a composite of n separable and independent identical systems each consisting
of a single-particle in a box of volume V. From the additivity of energy and entropy for
composites of separable and independent systems, it follows that

- T‘lkBT c— 27’(ka
Y TR

~ gnkBT ~ %nkB[l +In(cTV?/3)] (255)

We may use these relations to compute the minimum work of partitioning and the
entropy of partition removal with reference to Figure 41. Let T, be the temperature of stable
equilibrium state A;b of the single-compartment system A! with 1 particles in volume V.
By the first of Equation (255), the energy is E}, = 3nksT,), and the entropy Sl = Snkg[1+
In(cT,,V?/3)]. For the A-compartments system A", each compartment has 11/ particles in
volume V' /A. If they are all in mutual equilibrium at temperature T,,, Equation (255) imply
that each of them has energy 3%kgT,, and entropy 3 %kg[1 + In(cT,,(V/A)?/3], so that
E} = 3nkgTy, = E2,, Toa = Ty and S, = 3nkg[1 +In(cT,;(V/A)?/3)]. Also, they imply
that the state A}, identified by the condition that S}, = 3nkg[1 + In(cTy,,(V/A)¥3)] = SA,
has temperature such that Ty, (V/A)%/3 = T,,V?/3,ie., Ty, = T;pA%/3. Therefore, with
reference to Figure 41, for distinguishable but identical point particles in the ideal-gas limit,
the entropy of partition removal and the minimum work of partitioning are given by

irr min max

Sit =8k, — Sy =nkglnA  Wior =Wall = Ejy — E) = %()8/ 3 — 1)nksT,y (256)

Variable amounts of constituents: open system model

So far, in these brief quantum theory notes, the amounts of constituents n have been
considered fixed. To model the stable equilibrium states of systems with many particles in
the simple-system approximation (i.e., when the effects of adding or removing partitions
are negligible, and correlations are rapidly erased by dissipation) it is possible to consider
the amounts n as variable, behaving like normal properties, such as energy, with their
respective quantum uncertainties. This allows to model a system open to exchanges
of constituents.

For a system with a single type of constituents, the result of measuring the number
of particles is an integer, denoted by z, with 0 < z < oo, generally unpredictable. But
repeating the measurement on a large number of identical replicas of the system, all
identically prepared, we can compute the average value of the number of particles as well
as the dispersion of measurement results around the mean value

n= lim f(z, N Z:oo z and 02 = z—n)? 257
{ZZ}NWf( ) Zgopz ;Pz( ) (257)

In general, if we simultaneously measure the energy and amounts of all r constituents
of a multi-constituent system, the result of a single measurement will be the set of » 4 1
values z1, 27,..., zr, €, Or, more succinctly, z, €, where €j belongs to the set of possible values
{€j(z, B)} compatible with the values f of the parameters and the measured numbers of
particles z. The functions €;(z, B) are the ones already defined by Rel. (209) for the closed
system, with the fixed n replaved by the variable z. The joint probability of obtaining from
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a single measurement both amounts and energy values z and ¢; is then defined. Itis a
property that we can indicate with the symbol p.¢; or p, z,,...z.¢;- The values of energy
and amounts of constituents are then given by the relations

E=)" Pei€j = ) Pze€j and np=Y puzi= ), PzeZi (258)
{&j} {ze} {zi} {z€}

where we have also defined the marginal probabilities pe; and p;; connected with measure-
ments of only the energy or only the amount of constituent i,

Pe; = Z Pze; Pz = E Pze; (259)
{z} {76}

where z’ denotes the set {z,..., Z(i-1) Z(i41)r -+ Zr}

Also in this case, for a quite broad subclass of states that includes the stable equilibrium
states of systems with discrete energy spectra, the explicit expression for the entropy is
reduced to the following

S=—kg 2 Pze; ln(pz,ej/gej) (260)
}

{z,ej

With a procedure similar to what seen above, we obtain the stable-equilibrium proba-
bility distribution
e exp(z - p/ksT —€;/ksT)

o 261
Pze, Z{z,ej} e exp(z - u/ksT —€;/ksT) .

where T is the temperature, z-u = zjpu; + --- + z44y, and p; is the total potential of
constituent i. The partition function

Q(T,u Az} {ej} {8 }) = ). Se exp(z - u/ksT —€;/ksT) (262)
{ze€}

is all that is needed to compute marginal probabilities, energy, entropy, and amounts using
the relations

oln 9 _ kgT dInQ oln Q

Pe; = —kgT ae,- 2 W oz n; = kT o (263)

0ln 9 0TInQ E  Yium

_ 2 ", — _ - ittt
E=kgT T §i win;  S=kg 5T TS5t kgln Q (264)

Assuming the compatible energy values depend only on volume V, {€;(z, V)}, the
pressure is given by the mean value of their negative variation with volume,

oF 9lnQ 91n Q Je; de;
p=-(5). =01 (52) —kT LRS-y el e
WV s W ), o e v HTv

and the Hill (Euler) free energy is

(266)

Bu=E-TS+pV—p-n=pV—kTnQ=—ksT (aVan)
T

t1%

52. Conclusions

This paper has presented a unified and operationally grounded exposition of the ele-
mentary foundations of thermodynamics in which all concepts are defined independently
of system size, extensivity, and equilibrium assumptions. By introducing entropy as a
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property of all states and by distinguishing clearly between stable equilibrium and nonequi-
librium states, the formulation provides a logically consistent basis for thermodynamic
reasoning across scales.

The energy—entropy diagram has been shown to offer a powerful geometric framework
for understanding availability, irreversibility, and energy conversion limits, while the
analysis of entropy transfer in non-work interactions has led to precise definitions of heat
and heat-and-diffusion interactions relevant to mesoscopic and continuum nonequilibrium
theories. From this analysis, Clausius inequalities and the Clausius statement of the second
law emerge naturally in forms valid beyond equilibrium.

The perspective advanced in this paper reinforces the view that thermodynamics is
not a theory limited to macroscopic, extensive systems in equilibrium, but a universal
physical framework applicable to all systems and all states. By avoiding assumptions of
extensivity at the foundational level, defining entropy and energy operationally beyond
equilibrium, and analyzing entropy transfer in non-work interactions, the theory retains
both logical coherence and broad applicability. Extensivity, equilibrium, and macroscopic
behavior emerge as special cases rather than prerequisites. In this sense, thermodynamics
appears not as a phenomenology tied to scale, but as a general structure governing the
evolution and interaction of physical systems, from macroscopic energy technologies to
few-particle and mesoscopic regimes.
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