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Why “‘great’?

What makes some physical principles “great’?

Mechanics
@ Angular momentum
@ Mass . .
e @ Number of constituents @ properties of all states
© Energy i indivisi : . :
_con5|dered as indivisible  are: o exchanged via interactions
@ Momentum in the model _
@ conserved in all processes
@ Charge @ Other quantum
invariants
Thermodynamics
among all states with identical values of all conserved
@ Second Law: properties, one and only one is stable equilibrium
@ a property of all states
@ exchanged via interactions
o Entropy is: @ conserved in reversible processes

@ generated in irreversible processes
@ maximal at stable equilibrium
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Any “great” principles from NET?

Usual NET assumptions for near-equilibrium models:

. . _ 1\ L specific kinetic and | nonlocal energies
@ Continuum (fields) 0 € = U(S, Ci) t pocial enrgios. T mach oe 1ve - vg
@ Local (or nonlocal . __ .| partial molar kinetic nonlocal

( ) ° Hitot = Hi + and potential energies + terms

equilibrium relations

@ Heat&Diffusion fluxes

within the continuum 0 Je=TJs+ > tot,idn; Jz =3 izidy,
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Any “great” principles from NET?

Usual NET assumptions for near-equilibrium models:

. . _ i specific kinetic and nonlocal energies
@ Continuum (fields) ® &= U(S, Gi) + Jitial anergies T amth e Boey - ves

@ Local (or nonlocal)

tial lar kineti 1 1
al (¢ : O Jlitos = ju | Portial molar kinstic | nonloca
equilibrium relations

and potential energies terms affinity

o d(pu) = Td(ps)+> ittt dci Y= =23 vikpi
@ Heat&Diffusion fluxes (pu) (ps) Z,Htot,: i k TZ,hV,k,u,
within the continuum e Jg=TJs+ Zi:u‘tot,i-l"; Jz = Z,-Z;J,,,. P

Combined with the balance equations (for energy, momentum, charge, species, etc.)
they yield the usual force©flux expression for the entropy production density:
J={rn:Jde. Jn , Jz i I }
U:ZfJfQXf ©O= {X; ] ‘u,. /u, .(pl; 1: }
X={Yx; V ) VASLEERES oo —7Vv}
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Any “great” principles from NET?

Usual NET assumptions for near-equilibrium models:

. . specific kinetic and | nonlocal energies
@ Continuum (fields) 0 € = U(S, Ci) t pocial enrgios. T mach oe %v:. ve;
° i . artial molar kinetic nonlocal
Loc.a.l (or nonloc.al) ° /’L’tOt - lu” + :nd potential energies + terms affinity
equilibrium relations d(pu) = T d(ps)+ 3" d v 1 5
. . (] u) = S) + Mtot,i ACj k = —F) :Viklj
@ Heat&Diffusion fluxes P P iteot,i G T Ir. ki
within the continuum e Je=TJs+ Ziﬂtot,i-ln,- Jz = Z,‘zi-ln,- Pk

Combined with the balance equations (for energy, momentum, charge, species, etc.)
they yield the usual force©flux expression for the entropy production density:

J={rn:Jde. Jn , Jz i I }
a:ZfJf@Xf o={x; -, - -t}
X={Yy; v v“" Hi fv‘pel f%w}
1.e.:
o= nYi+Je V= +Z Uy TE gy P %JmV:vV
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o =Y. .Jr ® Xy is an extrinsic relation

o it follows from general balance equations

Extrinsic because: and local equilibrium assumptions only

@ it holds for all materials, independently of
their particular properties

For given J¢r and Xy, and T, the temperature of the environment,
TOO' = TOZfJf @Xf

represents the rate of exergy dissipation per unit volume when we drive:

@ a chemical reaction rate down a decreasing Gibbs free energy;
@ a heat flux down a decreasing temperature;

@ a diffusion flux down a decreasing chemical potential;

@ an electric current down a decreasing voltage;

@ a capillary flow down a decreasing pressure;

@ a momentum flux down a decreasing strain;
G.P. Beretta (U. Brescia) Thermocon2016, 19Apr16 4 /23



Material resistance to flux: intrinsic relation for o

Off equilibrium, local material properties depend on the local equilibrium potentials

CT={1/T,—p1/T,....,—pn/T,—pe1/ T}
and determine how strongly the material tries to restore equilibrium:
@ it resists to imposed fluxes J
@ by building up forces X

The flux—force constitutive relation
characterizes the material:

X =X(.T)
In this picture, o is a function of J:

0= JroXcdT) = 0(J,T)
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Material resistance to flux: intrinsic relation for o

Off equilibrium, local material properties depend on the local equilibrium potentials

1 = {1/7—7 —,ul/T,...,—,un/T,—goel/T}

and determine how strongly the material tries to restore equilibrium:

@ it resists to imposed fluxes J @ it resists to imposed forces X
@ by building up forces X @ by building up fluxes J
The flux—force constitutive relation The force—flux constitutive relation
characterizes the material: characterizes the material:
X =X(J,T) J=J(X,T)
In this picture, o is a function of J: In this picture, o is a function of X:
0= JrOX(41) = o(d,T) o= Jr(X,1)© X = o(X,T)
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Material resistance to flux: intrinsic relation for o

Off equilibrium, local material properties depend on the local equilibrium potentials

1 = {1/7—7 —,ul/T,...,—,un/T,—goel/T}

and determine how strongly the material tries to restore equilibrium:

@ it resists to imposed fluxes J @ it resists to imposed forces X
@ by building up forces X @ by building up fluxes J
The flux—force constitutive relation The force—flux constitutive relation
characterizes the material: characterizes the material:
X =X(J,T) J=J(X,T)
In this picture, o is a function of J: In this picture, o is a function of X:
0= JrOX(41) = o(d,T) o= Jr(X,1)© X = o(X,T)
@ 0(0,T) = 0 at equilibrium (where Jeq = 0 and X.q = 0)
Compatibility @ o > 0 off equilibrium
conditions:

@ Curie principle for isotropic conditions

@ Onsager reciprocity near equilibrium
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Near equilibrium: Pierre Curie’s “great” principle

Pierre Curie (1894): the symmetry of the cause is preserved in its effects.
Therefore, in isotropic conditions, fluxes and forces of different tensorial character

do not couple.

I I —F I
X| Y —ZV-v Vo v“"T“ —V% —— (Vv
J O] x X . . :
rg X X X
Tr(Jmy) | x | K =
Je X X X
Jo; X X X
Jz X X X
(va)dev X
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_ Why ‘grest? o =JOX  X=ROJ _X=RSE"OJ  Farnoneq  SEAgem  Cond  SEAQT
Near-eq linear regime: Onsager’s “great’” principle

Linearize the relations X = X(J,I)
with respect to J near equilibrium

X
xf(l):xf(o)+ﬁf Odg+...
& lo
o _ OX¢
R = 5, o

X~ Ry, () O Jg
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_ Why ‘grest? o =JOX  X=ROJ _X=RSE"OJ  Farnoneq  SEAgem  Cond  SEAQT
Near-eq linear regime: Onsager’s “great’” principle

Linearize the relations X = X(J,I')  Flux picture
with respect to J near equilibrium

X
x,(l):xf(o)+ﬁf Odg+...
& lo
o _ OX¢
R = 5, o

X~ Ry, () O Jg

o) =JroX(J) ~ Jr ORY O Jg

@ Second Law: R?g >0

@ Curie: R(}g =0 for X¢ and Jg
of different tensorial order.

@ Reciprocity™: R(}g = Rg,
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_ Why ‘grest? o =JOX  X=ROJ _X=RSE"OJ  Farnoneq  SEAgem  Cond  SEAQT
Near-eq linear regime: Onsager’s “great’” principle

Linearize the relations X = X(J,I')  Flux picture Linearize the relations J = J(X,I)
with respect to J near equilibrium with respect to X near equilibrium

ax 0Js
X;(J):X;(O)—I—Wf Odg+... Jf()i):Jf(O)+@ OXg+...
g 10 )
8Xf 0 __ 8Jf
RY, = LY, =
= 0Jg |, ' 0Xe |,
X~ RL(N) O Jg Jrm L (D) © X

Force picture

o) =JrOXr(J) ~ JrOR% O g o(X) = Jr(X)0Xr ~ XrOLy©Xg

@ Second Law: L?g >0

@ Curie: Ly, =0 for Jr and X,
of different tensorial order.

@ Second Law: R?g >0

@ Curie: R(}g =0 for X¢ and Jg
of different tensorial order.

@ Reciprocity™: RY, = RY @ Reciprocity™: Ly, = LY
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Near-eq linear regime: Onsager’s “great’” principle

Flux picture Linearize the relations J = J(X,I)
with respect to X near equilibrium

0J¢

Linearize the relations X = X(J,I)
with respect to J near equilibrium

_ Xt X) = %l ox
Xr’(l)— (0)+ W @Jg'i‘ Jf(—) Jf(0)+ X ¢ 0® gt
. 8Xf _ 8.]{
Rs = 50, |, He = 3%,

X¢~R,(I)® Jg Jr = Ly (D) © X

o(J) =JrOX¢(J) ~ Jr ORG © Jg o(X) = Jr(X)OXs ~ XrOLyOXg

@ Second Law: L?g >0

@ Curie: Ly, =0 for Jr and X,
of different tensorial order.

@ Second Law: R?g >0

@ Curie: R(}g =0 for X¢ and Jg
of different tensorial order.

-1 _

@ Reciprocity™: RY, = RY R, =L, >0 @ Reciprocity*: =LY
* H i 1) linear regression of deviations from equilibrium,
Lars Onsager (1931) proves reCIprOCIty 22; Einltein-gBoltzmann diltr:bution of d:viationl,

based on additional assumptions (see slide 21): (3) microscopic reversibility on the average.
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Near eq: Steepest entropy ascent implies reciprocity

Flux picture constitutive relation:
X =X(J,I)

SEA principle: given J and I there
is metric gx(l,[) that makes the
direction of X be that of steepest
entropy ascent:

R=6,4.07/22xW.D)

X=R(UJ,[)oJ

R(J,T) is positive and symmetric
because gx is a metric.

G.P. Beretta (U. Brescia) Steepest entropy ascent
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Near eq: Steepest entropy ascent implies reciprocity

Flux picture constitutive relation:
X =X(,I)

SEA principle: given J and I there

is metric QX(J,[) that makes the

direction of X be that of steepest
entropy ascent:

X=R(UJ,[)oJ

R(J,T) is positive and symmetric
because gx is a metric.

Force picture constitutive relation:
J=J(X,I)

SEA principle: given X and I the-
re is metric gJ()j,[) that ma-
kes the direction of J be that of
steepest entropy ascent:

\ ><

©0d-NJo6,od

(8/00)x =0 = X —22,6,04=0

L=6,x.n7 /2x,x.D)

J=LX,T)oX

L(X,T) is positive and symmetric
because gj is a metric.
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Near eq: Steepest entropy ascent implies reciprocity

Flux picture constitutive relation:
X =X(J,I)

SEA principle: given J and I there
is metric gx(l,[) that makes the
direction of X be that of steepest
entropy ascent:

Force picture constitutive relation:
J=J(X,I)

SEA principle: given X and I the-
re is metric gJ()j,[) that ma-
kes the direction of J be that of
steepest entropy ascent:

(8/00)x =0 = X —22,6,04=0

R=6G,W, N7 /225,01 L=6,x, N7 /25,1

X=R(UJ,[)oJ J=LX,NoX

R(J,T) is positive and symmetric
because gx is a metric.

Near eq.: R(J,T) — R (I)

L(X,T) is positive and symmetric
because gj is a metric.

Near eq.: L(X,[) — L ()
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Near eq: Steepest entropy ascent implies reciprocity

Flux picture constitutive relation:
X =X(J,I)

SEA principle: given J and I there
is metric gx(l,[) that makes the
direction of X be that of steepest
entropy ascent:

max| 1 JOX-AxX0G, 60X

X =RU,N)oJ
R(J,T) is positive and symmetric
because gx is a metric.

Near eq.: R(J,T) = R_(I)
Also: G =L makes Ax =1/2.

Force picture constitutive relation:
J=J(X,I)

SEA principle: given X and I the-
re is metric gJ()j,[) that ma-
kes the direction of J be that of
steepest entropy ascent:

(8/00)x =0 = X —22,6,04=0

L=6,x.n7 /2x,x.D)

J=LX,T)oX

L(X,T) is positive and symmetric

because gj is a metric.
Near eq.: L(X,[) — L (T)
Also: gJ :Qo makes A, = 1/2.
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Onsager’s variational principle, s,.. - ¢4, = max, is SEA

Near equilibrium, the SEA principle in the flux picture, with A\, =1/2 and gJ = 50

max

c Xod -
X,r

JOR ®J

N| =

is equivalent to Onsager's variational principle: the spatial pattern of fluxes J(x) selected by
Nature maximizes .'Sgenfcbdiss subject to the instantaneous pattern of local-equilibrium en-
tropic potentials [(x) = {1/T(x), —p1(x)/T(x), ..., —ta(x)/ T(x), —@eix)/ T(x)} and
hence for given forces obeying X(x) = VI (x) (i.c.. no convection and no reaction),

: Sgen — Dyiss

max
J(x)

[(x),X(x)=VI(x)
: 1
where: Sgen = [[JX(x) ©J(x)dV  Paiss = 7 [[[I(x) © R ([(x)) - J(x) dV
The Euler-Lagrange equations yield the linear laws

J) =L ([) ©X(x)  where L (T(x)) = R (T(x)) "

The convective nonlinearity of the conservation laws may lead to instabilities and Itipl luti. (eg. duction vs
rolls, laminar vs turbulent flow, phase inversion, change of hydrodynamic pattern). In such cases, the principle

Now equivalent to Sgen — ®yiss = Max,

$gen = max . .
gen since ¢g;; = Sgen/2 when X =R O J

identifies which hydrodynamic pattern is stable and hence actually selected.
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If:

steady state, no convection, no reactions, linear regime, constant conductivities
Then: local MEP (SEA) implies min global EP
Glansdorff-Prigogine (1954) noted that assuming

@ stationary boundary conditions, dI/dt|g =0 @ §=5(0) with all & conserved

@ no convection and no reactions, so that X = VI o ﬂ V. Jwithd=J,

@ linear regime, J=LOX, 0 =X0o0OLOX dt

@ constant On rind tiviti dL7dt—0 r—ﬁandg %3 <0

consta sager conductivities, dL = L=% 55 = 9605 <

Then:

ngen %8 di

dr = ——dvV <
// ¢4V - 2// J® dv 2// © Baon @ g IV =0

i.e., the free fluxes and forces adjust until the system reaches a stable stationary state
with minimum Sge,. For variable conductivities, dL/dt # 0, the theorem loses validity.

S 4w fff Sxcroxaw s fffac K. ffxo s

de

//*// J!////*
o [l e o e

G.P. Beretta (U. Brescia)
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7JV<0
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Sgen = max selects hydrodynamic pattern

Rayleigh-Benard 2D rolls in horizontal layer of fluid heated from below as a function of
Rayleigh number R (Woo, 2002). A slow decrease in R is allowed with time.

Seen = [ dV

Ji chx'

Woo, Phys. Rev. E, Vol. 66, 066104 (2002).

G.P. Beretta (U. Brescia)
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D Q

Of
4 T T
3 - -
2 = -
1 = _— -
10° 1(|)“ 1r|)3 10°

R(®)
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Far non-eq

Far non-eq: More detailed levels of description

The entropy of non-equilibrium states
is well defined, but depends on possi-
bly many more properties than just the
conserved properties.

S=5hl E=ENh] Ni= Nl

Where 7 denotes the full set of state va-
riables or fields in the chosen framework
of description (square brack

denote functionals).

G.P. Beretta (U. Brescia)

Steepest entropy ascent

Representation of nonequilibrium states on E vs S graph
(see Gyftopoulos, Beretta, Thermodynamics, Dover 2005.)

far non-equilibrium

stable equilibrium

E 4 state near-equilibrium state
\ state V_A._‘T/
] A SRR
S=S,(E,N,V)
Zaat E=E,(S,N,V)
Eq (S, NV) }/eq(SJ‘N’_ )
Enin(NV
(NV)—
$=0 S Sq(BuNV) g
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of description (square brack

denote functionals).

If states depend on time only, v = v(t):
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Steepest entropy ascent

Representation of nonequilibrium states on E vs S graph
(see Gyftopoulos, Beretta, Thermodynamics, Dover 2005.)

far non-equilibrium stable equilibrium
E 4 state near-equilibrium st/ate

\ state 5T

S=5,(E,N,V)

E=E.(S,N\V
Fa(SuNV) AN B
E,.(NV
min( )7Em
S=0 S, Su(EuNV) ¢

If states are continuum fields, v = v(x, t):

aS—I—V-Jg =Ils, g—f—l—VJZ— =g, ...

ot
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Far non-eq

Far non-eq: More detailed levels of description

The entropy of non-equilibrium states
is well defined, but depends on possi-
bly many more properties than just the
conserved properties.

S=5hl E=ENh] Ni= Nl

Where 7 denotes the full set of state va-
riables or fields in the chosen framework
of description (square brack

denote functionals).

If states depend on time only, v = v(t):

Representation of nonequilibrium states on E vs S graph
(see Gyftopoulos, Beretta, Thermodynamics, Dover 2005.)

far non-equilibrium

stable equilibrium

E 4 state near-equilibrium state
\ state T/
] A SRR
S=S,(E,N,V)
< T .
Zaat E=E,(S,N,V)
E, (S, NV) Ve (S NY) “
Enin(NV
(NV)—
$=0 S Sq(BuNV) g

If states are continuum fields, v = v(x, t):

aS OE

= J2 ="
8t+VJS S,

where, in either case,

ds dE
E rIS7 I I_IE7
S
=(— >
ns = (3n,) >0,

G.P. Beretta (U. Brescia)

Steepest entropy ascent

0E
= (/) =0....

Thermocon2016, 19Apr16

—-— JE="Mg, ...
8t+V JE E,

S =yps, E=pe,...
I3 = Js + psv,
£ =Je + pev,...
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Far non-eq

Far non-eq: More detailed levels of description

The entropy of non-equilibrium states
is well defined, but depends on possi-
bly many more properties than just the
conserved properties.

S=5Shl E=ENR] Ni=N]
Where 7 denotes the full set of state va-
riables or fields in the chosen framework

of description (square brack

denote functionals).

If states depend on time only, v = v(t):

where, in either case,

ds dE
E rIS7 I I_IE7
S
=(— >
I_IS (J’Y “-I"I) = 05
., d
here with d;ty + Ry =0y
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Steepest entropy ascent

Representation of nonequilibrium states on E vs S graph
(see Gyftopoulos, Beretta, Thermodynamics, Dover 2005.)
far non-equilibrium stable equilibrium
E 4 state near-equilibrium state

\ state 5T

Ea(SuNV) Ta(SNY)
Enin(N.V)
7.
S=0 S, Su(EuNV) ¢

If states are continuum fields, v = v(x, t):

aS OE
2 .12 =n
8t+v JS S,

JE="Mg, ...
8t+V JE E,

S =yps, E=pe,...

SE I3 = Js + psv,
:(H“-Lv):ow” JE =Je + pev,...
and here with % +Vv-J =0,
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Far non-eq

Far non-eq: State variables in various frameworks

Frameworks State Variables ~
RGD Rarefied Gases Dynamics £(c,x, t)
SSH Small-Scale Hydrodynamics T
RET Rational Extended Thermodynamics
NET Non-Equilibrium Thermodynamics {aj(x,t)}

CK Chemical Kinetics

MNET  Mesoscopic NE Thermodynamics P({«aj},x, t)
SM Statistical Models

IT Information Theory {pi()}

QSM Quantum Statistical Mechanics p(t)  density
QT Quantum Thermodynamics operator
MNEQT Mesoscopic NE QT aj =Trp Aj

G.P. Beretta (U. Brescia) Steepest entropy ascent Thermocon2016, 19Apr16 13 / 23



Far non-eq

Far non-eq: State variables in various frameworks

Dynamical law
Either of the form:

Oy
a+VJ =n,

or of the form:

()
State |y)

G.P. Beretta (U. Brescia)

Tangent |IT)

Frameworks State Variables ~
RGD Rarefied Gases Dynamics £(c,x, t)
SSH Small-Scale Hydrodynamics T
RET Rational Extended Thermodynamics
NET Non-Equilibrium Thermodynamics {aj(x,t)}
CK Chemical Kinetics
MNET  Mesoscopic NE Thermodynamics P({«aj},x, t)
SM Statistical Models
IT Information Theory {pi()}
QSM Quantum Statistical Mechanics p(t)  density
QT Quantum Thermodynamics operator
MNEQT Mesoscopic NE QT aj =Trp Aj
In each framework, the production terms in the balance or evoluti
for entropy and conserved properties C; (such as E, N;, etc) dl€ scalar products
Ms= (M) 20 N = (G2, =0

where I, is the tangent vector to the trajectory v(t) in state space

More precisely, it is its component due to the dissipative part of the evolution equation.

Steepest entropy ascent

Thermocon2016, 19Apr16 13 / 23



Steepest Entropy Ascent construction

¥()
State |y)

Tangent |I1y)

Beretta, Phys.Rev.E, 90, 042113 (2014). See also M f , C i , Phys.Rev.E, 91, 042138 (2015)
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Steepest Entropy Ascent construction

s 18

1) Tangent |ITy)

\

Beretta, Phys.Rev.E, 90, 042113 (2014). See also Montefusco, Consonni, Beretta, Phys.Rev.E, 91, 042138 (2015)
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Steepest Entropy Ascent construction

1) Tangent |ITy)

/

\

Beretta, Phys.Rev.E, 90, 042113 (2014). See also Montefusco, Consonni, Beretta, Phys.Rev.E, 91, 042138 (2015)
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M uItipIiers ﬁ,’ define the constrained variational derivative

Defined by orthogonality
65, 10G .
(Elc}é_';) =0Vj
i.e., by the system of equations
86G 6G 85 ,46G;
(56125 5= (212G v

see, e.g., Beretta, Phys.Rev.E, 73, 026113 (2006) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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Solving the system with Cramer's rule, the constrained variational
derivative may be written as a ratio of determinants

&y &y &y
CIES ALY (5G| 5G)
oy | oy oy | &y oy | 8y
. . _| — v &y 8y | 8y &y | 8y
Defined by orthogonality y'c ﬁ’&) .. (&|ﬁ
v oy 6y | oy
(EMM):OVJ (3G |8G) ... (3 sc.)
oy | &y 6y | 8y
i'e" by the SyStem Of equations where Cy, .. ., Cp is a subset of the C;'s such that the variational
JC 6C JS 6C derivatives 56(:-71 P 6(57" are linearly independent. By virtue
5 ( ' \ J ) ( | J ) of this choice, the determinant at the denominator is a positive
definite Gram determinant.
i

see, e.g., Beretta, Phys.Rev.E, 73, 026113 (2006) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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(1)
State |y)
Mg = (§gm)=o0 %
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(1)
State |y)
Mg = (§gm)=o0 %
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)

State |y)
e, = (§&/m) =0
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(T1,| G|I1,) = const

) =185) — ¥ 5159

(1)
State |y)
Mg = (§gm)=o0 %
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(T1,| G|I1,) = const

1) Tangent |I1y)
State |y) /

e, = (34|11,) =0 )
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(T1,| G|I1,) = const

~

1) Tangent |I1y)
State |y) /

e, = (34|11,) =0 )
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)= 125) - %5

/

)

1) Tangent |I1y)
State |y) /

e, = (34|11,) =0 )
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)= 18) - LA
........ = (351,
Y(ts)tate 7) Tangent/‘niEA) ~OTIel)
Mg = (§gm)=o0 %
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Focus on the dissipative part of the dynamics

Framework State variables Redefine Dynamics
. d
AT {pi} v = diag{\/pj} ==
RGD _ 9 .. Ve =
B SSH f(C,X, t) Y= \/? ot +c VX’Y +a Vc'y =11
RET 9y
C NET {aj(x,t)} v = diag{a;} 3 + Vi -dy =1,
t
CK
D MNET  P({aj}x,t) 7= /P({a],x0) & vV =
QSM
d
E QT p p=7" dZ“L Hy=n,
MNEQT

. . . Tangent [ITy)
M, is the TANGENT VECTOR to the time-dependent trajectory of v

in state space when time evolution is determined only by the dissipative ¥(t)
component, i.e., as viewed from an appropriate local material frame,
streaming frame, or Heisenberg picture. State [7)

Beretta, Phys. Rev. E, Vol. 90, 042113 (2014).
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@ Strength of symmetry and geometric considerations

S R
@ Curie principle m‘/'"‘”"’:“"\“‘ ALIPe) = |9) - X BiW)
@ Steepest Entropy Ascent? 7
(1) Tangent }H;E"\) =6"o0)
SEA guarantees thermodynamic consistency State [7)
M¢, = (WilIl,) =0 \

Near equilibrium it entails Onsager’s reciprocity
Far from equilibrium it generalizes Onsager’s principle
A metric is positive and symmetric

Boltzmann equation can be cast as SEA

Fokker-Planck equation can be cast as SEA

Chemical kinetics (standard model) can be cast as SEA
Quantum thermodynamic models can be cast as SEA?

@ Deep connections with recent hot topics in mathematics:
o Information geometry — Amari, Nagacka, Methods of information geometry, Oxford UP, 1003.
o Gradient flows in metric spaces — Jordan, Kinderlehrer, Otto, SIAM J. Math. Anal. 29, 1 (1998).
Ambrosio, Gigli, Savaré, Gradient flows in metric spaces and in the Wasserstein spaces, Birkhduser, 2005. Mielke,
Renger, Peletier, INET 41, 141 (2016).
o [2-Wasserstein metric and evolution PDE's of diffusive type — wasserstein distance in

probability space: Kantorovich-Rubinstein (1958) and Vasershtein (1969).
G.P. Beretta (U. Brescia) Steepest entropy ascent Thermocon2016, 19Apr16 18 / 23



SEA Quantum Thermodynamics

Given the density operator p, assume
p=+"y p>0 Trp=1 |TrpH| <o

dy I'yH:ﬂvﬁ

dat  h
dp i t t
— + —[H,p] =N n
df + h[ 7[7] 'y’Y"”Y Y
where H is the Hamiltonian operator,
S[y] = —kTrplnp

E[p] = TrpH and U[p] = Trp conserved

Thermocon2016, 19Apr16

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA Quantum Thermodynamics

Given the density operator p, assume

p=+"y p>0 Trp=1 |TrpH| <o

dy I'yH:ﬂvﬁ

dt h

dp i t t
— + —[H,p] =N n
4 TRl Pl =My + 'y
where H is the Hamiltonian operator,

S[y] = —kTrplnp

E[p] = TrpH and U[p] = Trp conserved
With respect to the scalar product

(A|B) = 1 Tr(A'B + BYA)

% = —2k~y(I + In p), 2—5 = 2+H, ‘;—2 =2y

5 = %“-Lv)r E= %‘n"/): U = (%“17)-

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA Quantum Thermodynamics

SEA dynamics with respect to metric G,:

Given the density operator p, assume
p=9"7 p=0 Trp=1 |TrpH| < oo ny=¢1S )
%_%’YH:R’ - %|C_i—556E ﬁu(;fu
%+*[H,p]:ﬂ37+wfﬂ—y k(I 41 p) — 2BerH — 2Bun]

where H is the Hamiltonian operator,
S[y] = —kTrplnp

E[p] = TrpH and U[p] = Trp conserved

With respect to the scalar product
(A|B) = 1 Tr(A'B + BYA)

‘;—S = —2k~(! +|np), ‘;—5 :2tyH, %} =2y
— (550, E= (EN,), U = (2Y)0,).

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA Quantum Thermodynamics

Given the density operator p, assume SEA dynamics with respect to metric G,:

At _ ~_1]|0S
p="y p>0 Trp=1 [TrpH| < oo \na,):Gf—/C)
d .
- lyH=n, = 8S S oE sU
da h 67|C—7_55 BUW
dp oo
G+ alHA=M 4o, = ~2k3(l +1n p) — 28e7H — 2Bu7]
where H is the Hamiltonian operator, where Sg, Bu are defined by the system
SE SE 58 SE
Shl = —kTrplnp o125 e+ G210 by = (2120
E[p] = TrpH and U[p] = Trp conserved SE U, 8V U ss su

With respect to the scalar product
(A|B) = 1 Tr(A'B + BYA)

‘;—S——Qk’y( +|np) 5 _Q’yH, 57_27

$=(=In,), £ = ((EIN,), U = (4¥|n,).

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA Quantum Thermodynamics

Given the density operator p, assume SEA dynamics with respect to metric G,:

p=9"v p>0 Trp=1 |TrpH| <0 ny) = &;1°%° )
d i
di—gvH:m;» S _5 SE sU
t 57’)/|C <. BE /BUE
dp oo
E+*[H,p] =My ++'N,y = —2k~(! +|np)*2557H*2/3U7/
where H is the Hamiltonian operator, where Sg, Bu are defined by the system
SE SE 58 SE
Shl = —kTrplnp o125 e+ G210 by = (2120
E[p] = TrpH and U[p] = Trp conserved (g‘%u)%ﬂg‘%) . (g‘%)
With respect to the scalar product
+ + ~Inp ¥ +H
(A|B) = %TT(A B+ B A) Trpln p 1 TrpH
58 _ — _2k I —ovH —9 g _ TrpHlnp TrpH  TrpH2
§ (I + np) 5 =2H, §2 =2y 5 lc = 2k —

$=(=In,), £ = ((EIN,), U = (4¥|n,).

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA Quantum Thermodynamics version 1984 assumed G, =i

p=7" = p=4"v+"%

dp
dt
S=—kTrplnp,

i
4 Tl = ni~y ++~'n,

E = TrpH

PN

SEA dynamics with respect to metric G,:

n) =672
oy
~yInp ¥ YH
Trplnp 1 TrpH
oS TrpHlnp  TrpH  TrpH?
—| .= =2k
1 TrpH

oy

TrpH  TrpH2

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA Quantum Thermodynamics version 1984 assumed G, =i

PN

p=7" = p=4"v+"%

d

dff+*[H,p] =nly+4'n,

S=—kTrplnp, E =TrpH
AH=H-EI

AS =—klnp—S1
(AHAH) = Trp(AH)? = TrpH* — E?

(ASAH) = TrpASAH = —kTrpHInp—E S

S = (29yAM, |G [2yAM,)

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA dynamics with respect to metric G,:

~_1]0S
n)=651c)
~lnp vy YH
Trpln p 1 TrpH
oS TrpHlnp  TrpH  TrpH?
5y lc =2k P
TrpH  TrpH2
1
=29AS — ——~vAH =2yAM,
0+ (p)
<AHAH> nonequilibrium
where Op(p) = nonequiih
’ H( ) <ASAH> temperature

nonequilibrium

H
an M - 7k | - assieu
d Mo ne On (f)) :\:’Iperutor
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SEA Quantum Thermodynamics version 1984 assumed G, =i

PN

p=7"7 = p=4"v++"4

d

dff+*[H,p] =nly+4'n,

S=—kTrplnp, E =TrpH
AH=H-EI

AS =—klnp—S1
(AHAH) = Trp(AH)? = TrpH* — E?

(ASAH) = TrpASAH = —kTrpHInp—E S

S = (29yAM, |G [2yAM,)

As stable equilibrium is approached
exp(—H/kT(E))

PealE) = o (—H/KT(E))

See Refs. [12-23] and [27-32] in Montefusco et al, Phys.Rev.E, 91, 042138 (2015) and Beretta, Rep.Math.Phys., 64, 139 (2009)
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SEA dynamics with respect to metric G,:

~_1]0S
n)=651c)
~lnp vy YH
Trpln p 1 TrpH
oS TrpHlnp  TrpH  TrpH?
E |C = —2k 1 TrpH
TrpH  TrpH2
1
=29AS — ——~vAH =2yAM,
0+ (p)
<AHAH> nonequilibrium
where 0 = dynamical
’ H( ) <ASAH> temperature

nonequilibrium

H
an M - 7k | - assieu
d Mo ne On ([)) :\:’Iperator

E
TrpM, = Seq(E) — &
0n(p) = T(E) 2yAM, = 0
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Onsager reciprocity from

At local stable equilibrium states,

)

In general, for non-equilibrium states,

8§ = g (D,

|

§=35(n,

=
|

Sy QL ey Om)

thus  8.q(8, ) = 5(0, A, (D, 1))

Since 8.4 maximizes $ for given 0 and A,

83/00j|eq = 0

8(@) = Seq—gij(i—a;*)(qj—aj") +...
—g@zé/aa;aaj\eq >0.
Define the non-equilibrium forces driving
relaxation towards equilibrium

_9(eq — 5(a))
8ak

G.P. Beretta (U. Brescia)

where gjj =

Xk = = —gki(oy O‘ )

Steepest entropy ascent

microscopic reversibility (standard proof)

Onsager (1931) assumes:
(1): linear regression towards equilibrium

d,‘ = L,'ka 7/\/’,1( — aeq)

with M,'j = Likgkj-
(2): Einstein-Boltzmann probability distribu-
tion

pe(a) = Cexp[—(5eq —

$(a))/ ksl

with C such that [*_pg(a)da = 1.
(3): microscopic rever5|b|I|ty on the average

(i(t)aj(t +7))ps

that is

= {ai(t +7)a(t))ps

(QiGj)pg = (Ci0y)pg

Proof of reciprocal relations:

(2)+(3) imply:  {(@iXk)pg = —ksdix
Then, (1)+(3) yield
kpli = —(QjGi)pe = —(iai)p. = kpLii
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Steepest entropy ascent before GENERIC and quantum thermodynamics before today’s quantum thermodynamics

Most of these references are available from www.quantumthermodynamics.org:

G.P. Beretta, A general L lution e ion for

irreversible conservative approach to stable equilibrium, in

Fi i of N. ilibrium istical Physics, Proc. NATO
ASI, Santa Fe, 1984, edited by G.T. Moore and M.O. Scully
(Plenum Press, New York, 1986), NATO ASI Series B: Physics,
Vol. 135, pp. 193-204.

G.P. Beretta E.P. Gyftopoulos, J.L. Park, and G.N.

H , Q thermody i A new ion of

G.P. Beretta, Steepest-ascent constrained approach to
maximum entropy, in Second Law Analysis of Heat Transfer in
Energy Systems, edited by R.F. Boehm and N. Lior, ASME
Book G00390, HTD Vol. 80, pp. 31-38 (1987).

G.P. Beretta, Quantum thermodynamlcs of noneqmllbrlum
Onsager reciprocity and disper

motlon for a smg|e constituent of matter, Il Nuovo Cimento B
82, 160-191 (1984).
G.P. Beretta, E.P. Gyftopoulos, and J.L. Park, Quantum

thermodynamics. A new equation of motion for a g
quantum system, Il Nuovo Cimento B 87, 77-97 (1985).
G.P. Beretta, Steepest entropy ascent in quantum

thermodynarmics, in The Physics of Phase Space (I
Dynamics and Chaos, Geometric Quantization, and Wigner
Function), Proceedings of the First International Conference on
the Physics of Phase Space, University of Maryland, College
Park, May 20-23, 1986, edited by Y.S. Kim and W.W. Zachary
(Springer-Verlag, New York, 1986), pp. 441-443.

G.P. Beretta, Entropy and irreversibility for a single isolated
two-level system: new individual quantum states and new
nonlinear equation of motion, Int. J. Theor. Phys. 24, 119-134
(1985).

G.P. Beretta, Effect of irreversible atomic relaxation on
resonance fluorescence, absorption, and stimulated emission,
Int. J. Theor. Phys. 24, 1233—1258 (1985)

G.P. Beretta, S P approach to
maximum entropy, in Seconcl Law Analysis of Heat Transfer in
Energy Systems, edited by R.F. Boehm and N. Lior, ASME
Book G00390, HTD 80 31-38 (1987).

G.P. Beretta, Dynamics of smooth constrained approach to
maximum entropy, in Second Law Analysis of Thermal Systems,
Edited by M.J. Moran and E. Sciubba, ASME Book 100236, pp.
17-24 (1987).

G.P. Beretta (U. Brescia) Ste.

of P||ylu:l 17 365 (1987). S.
GIIeorgL Svi | with
py producti Phys. Rev. A 63, 22105 (2001).
S, Glleorg Svirschevski, Addendum to Nonli
ion with | entropy production, Phys. Rev. A 63,
054102 (2001).
G.P. Beretta, Nonli of Schroedi
Iis N dy : a set of necessary condmom for
compatibility with thermodynamlcl Modern Physics Letters A

20, 977 (2005).

G.P. Beretta, Nonli model dy ics for closed t

constrained, imal ation rel by energy

redlstrlbutlon Phys. Rev. E 73 026113 (2006)

G.P. Beretta, Well- behaved ion for
" dymami

Int. J Qnamum lnformanon 5, 249(2007).

G.P. Beretta, Modelmg quilibrium dy of a di
probability di rate ion for |
entropy g ina d with

I
time-dependent connramn Entropy 10 160 (2008).

G.P. Beretta, N
Tiabati I

to model

irreversible with
production and other nonunitary processes, Reps. Math Phys.
64, 130-168 (2009).

G.P. Beretta, M entropy pr rate in
thermodynamics, Journal of Physics: Conference Series 237,
012004 (2010).

Thermocon2016, 19Apr16 22 /23


www.quantumthermodynamics.org

Steepest entropy ascent before GENERIC and quantum thermodynamics before today’s quantum thermodynamics

X0ppEI uyof i
“Sunes a1 ur st Suppnd a1 jo Jooxd ay
ORI Ut PIaY € 81 S1Y) Ing “AJessaauun Af

SOWRYGIW [B0SHEIS JO SISTq Y1 JO UO!
-eagnsn( 1sa1d aup se 8uo] $e 10 M

21queduion st Yoiym UONOUN Y1 Jo w0} B
Put 015124119910 241 “ULI0} prepURIS I
1 uey w Jowesado 21e1s 241 Jo uonuN
19410 SWwos st 9pIs PuRYAYBY Y1 10qY
Kem e yons 1 pagipow st uonenba sty ey
Swnsse 01 st paa201d o) Aem [eimien 3]
W - {w *s1uau0dinos om)

*padpu] pal[nIs 3q mou

s1wawngie 341 1eqs sadun sty Jo SUON

0B ieak |
® paysiqnd swaisks Juauodwoo-auo Jo
waunzan oy swaisks ansoduwios o1 spual
—x2 paustignd mou saded ag1 — 19412501
SurBuey Jo 1w 31 aaey $20p WINSKS g1
NG "PAUYSPUN SHWNIWOS JIT WSI[BULIO)
oy w1 suonouny soiesado ags Jo awos
S 9si0p [eINI29(U0Y JWSWNEIE o)
w sdats 541 Jo owos xew 18y swaqoid
[eoneWanIEw snoueA axe a5yl ‘Fuip
2u0 104 *31nb 10N {PAUIqUId 5q paspur
UED SIWBUAPOULIAY] JO PUE SHUEYIIW JO

SAE] 9} 18Y) UOIIRIISUOWIP © SIL1 51 05

“aum
JO 35IN03 3y U (35BIIIU 10U S0P 10)
w1118 MOYSO1 g 18 siouine

nu Jotexado si Jo 20en Y1 Jo AN
2u 541 Jo Adonua oup *Aljeoyoads ‘w o1
~e12do 3y Jo wiyeSo] fexnyey 31 s Wyt
-1e80] a1 2s9ym “wdoqus Joresado 3y Jo
suua1 ut Adonus uyap 7o 12 eNoIag Aum
S1 oYM “SOIURYPOW [eONsEIS wWniuenb
1 xuew ASuap o Paed St 18YM Jo 13|
inba o1 51w 101130 21015 U3 “Kapeas
up ;Adonua 341 100qe pres q Ued 1M, |
“uonou Jo uonenb Jajdurs
Sy Aq pamuLIIP UONOW A JO ST
-3 OS[E 7€ WSISAS MaU 34} Ul UoNOW A1
1 suEIsu0 *Aseinus ‘sadde uonow jo
onenba 3y Jo uLioj a(duiis o pue ystueA
suia) enx> o ‘uonenbs s 193u1poiyos
Jo uonN|os € Aq paruasaidal 1oy Aes *awis
wmuenb a1nd © ur waiss e 10} *apdwexs
104 ‘sansadoad Aressad3u A|Sno1aqo 3 Jo |
205 sey waisks ay1 *AlfeaiBew 1sowy
31521 5,ApoqAue jsnes o1 yBnous
seaug-uou st “waisks sy Jo owesado
21815 341 Jo wyuESol Y1 pue 1001 axenbs
sy y1oq Burpnjour Aq “Yorym w jo uon
“auny sepnonred © Jo uonow jo uonenbd
wnyuenb a1 Jo apis pury-1yAL 2y o1 uon
-1ppe a1 1 asodoxd Aays 1Ry “m Jo uon
-auny Jeaun] v 3q 10uuE> urYads 218 Aoq
UONOUN U 1BY) SIASWIL PIdUIAUOD
anvy o 12 BNGIg ‘swansks

1) s15194081q 31enbs up

SEY 203y1 ‘dwm suuewzog UIS

10 9s10m 31 3U0U 1ng A8
-ndie st s “Adonus se sonwuApowsay o
U1 UMOUY ST JeYm Jo dAneou o oq o B
pauns Ajqeatuipe st 47 Kinuenb siy ‘pandat A
uuewzIOg 0 ‘3ANERU 0 0192 3 shempt O}
T 20uds aseyd ut sapouied afgus jo wor ™.

Anuenb agy (27 £q papiarp)
1UEISUOD § YoURIg PUE 29O SNUIUL JO 21N0X
1enbs ay1 y pue 1 pue wasks ay1 Jo Jore
~13do UBIUOIWIEK Y1 H W St 7 219ym
*[w* B}y — =1p/mp *>3enduey 101esado ur
Sawe w ks waks jeskud e oo
2y Sunuasaidas 1o1esado ay 10j uonow
10 uonenba oy woyy wels A3y “1a1sea st
WSTRULIO) 31 215YM *SOIUBYIIW [EINSNEIS
wnyuenb G Yi0m A4 “qred s peany
011535 241 10u 35e A3Y) 181 28P3|MOUNIE
ko “Auadorg “weis o 12 enasag
yorym wozj jutod ayi St 1By {SONWEYINW
1O Sme| 31 0T ANIQISIAILIT Pling pue
“suioy 3y 4q (Inq I Y1 10U Aym o5
*snoio8u Suaq woxy 1ej 1e Kay1 nq
*sjuowngie 35341 Yim Fuoim Suriou st
19y uredy “asiaat) 3y Jo o8 gy *Aes
‘ueyy 191913 gonw *a8ny 3q [[us S0UL
-IN331 U29MI3q WM JO [EAISNUT ) ‘W
-sAs Jnsi[ea AUE 10] ‘1EY) UONEAIFSGO 3
st xopeied 1ey) JO UOUN|0S31 pIEPURIS L
10031 Ajpareadal i wansks e jo sarers
wnuqrmba-uou 1ey) suedws 1yl ‘s
10 308} 3y) UQ “own jo YiJu3| WILYHRS

1942 2001d aures as 553 10 210m 01 Wiy |

1 wisKs [edIssepd © JO a1exs gy Funua
~sa1da1 (uomisod Se [jam se wmusWOW)
20eds aseyd ur uiod ay1 ey FOUIG
01 9np UONEAI2SQO 31 U0 P3seq ‘Xopered
2502111331 94 JO PIES 1 SWES Y1 YO
- (wnuqmnb ut st wasks g1 UM P>
-8ueyoun utews Jo) awn Jo spousd Suo|
noys Adonus ayy
10 an[eA 38e12AC U 19Y) UOHOU 41 YiIM
JURISISUOOUT 10U ST YITYM *(I[BISIWN UOYS
€ UO 95EIUI SE [|9M SE ISEIIIIP OS PUE)
20BNINY ([0 3510 10 5 UURWDI{OG
wouy paausp 1oy ‘Adonus jo aimseaw
Auy ‘sa[exsawn noqe UoKNuOd © 1ng
“I12 12 xopesed e 10u st xopered waredde
341 1w st oneueidxa piepuTIs YL
“11J0 1unosoe
Jo puny swos A8 01 UOY>2) SoBUAD
~OULIA JO $400G-1X3) AIBIUSWI[D UIAD
MOU Ing ‘9/61 U1 IPIY2s0T Aq undq
sem wowndie oy ‘paspu] sass2001d

1d05011u 30 SNY) PUE SIAULY>IW JO S| |

[eas Jo somueuAp 2y “uenodu 10w
sdeyiad ‘puv swaiss onueuApowIa Jo
UONOAD U JO UMOUY ST 1EYM AL 4I0Q

a1 jo (suin ur) Ue 535535
-01d aidodsomew Jo AfIqsIASLL 341
423m13q 1IYUO3 341 Jo xopesed paridun
sy uo ames gu e

o ©
.__.Eus.s UreL2) € JO JWn i Buey; =
3O 21e1 Y 1By Smoys ‘(281 m
wWIHNIH 5 uuewzog

swamusuod ay o sansdoud feorueyosu 9
a3 jo suua ut kdonua jo vonugopay 2
1oy v woj qqes e oy E
poinfuod stawn jo mowre a1 Adonuasy g
JO 95E3.10U1 [ENUNUOD © 0} BUIPUOdSILIO:
35041 Ajuo uonow Jo sauowafen sqissoc =
1€ WOLJ $193[95 Mme| PUIIS IG) *UOISIIAU

3w 01 190531 1w [EOUIWWAS I1e ©

-treyoaw (wmuenb 120w Jey) 1o ‘pue

® ey asow log ‘sansdoid oweudd
-ouuay) SIt puE W3SAS © JO MOWEYaq
“IUEYO9W 3y} U39MIq PAYSIIQEISI ST 39U
-puodsa1109 Jo pury SWoS Yarym ut Ae
41 Aq parensnil [jam st AOOGIP YL

“uael aaey ‘o1 enasog
2101 341 YLIOM [[m Sw2as 3A123(q0

A Y APaIy> sasue Kynoyp ayL
“W3ISAS PISO]3 © Ul 1SE3)] I *PIAL:
-u0> skemle snys st pue uonow a jd

Steepest entropy ascent

me] 181G Y1 213U “SOURGIW wmuent
Jo uonow Jo suonenbs sy asiwiang
nq (PApUIWE SB) UOLMAN JO 3504} ATEDIS
-5e[o *SolURYYIW JO Sme] 341 AQ PAUILLINSE
s Inomeyaq asoum siwouodmos wox
| opew swaysks sdoosoroew jo Inoteyaq
sy Suiquosap Jo sem e somEyOIW
EONISTIEIS PUE SOWPUAPOULIZY] “SIAI302]

2NST 11 UBY) UONIUSIIE 210U SIAIS3P )

-weuApouLIaY: JO 350Y1 pUE SIEYdIW JC

| smej sy usamiaq dr reatdo aH] "G

*SYy40M 11 f1 KJu0 1nq — wiy) fo MoLp 31 MOQD S1UIWNS1D PUd AV

]
@
o
r

uouow fo smv) winyuonb ay1 o1 SINUPUKPOULIIY) 21D40d10IU1 OF $Y33S YIIYM FUBYIS SNOINIUBAPD UY (O

SOT)ST)R]S puR SoTtueyoaul wﬁﬁﬂﬁ e

SMIAANY SMIN

0 AWM P9I TOA

G.P. Beretta



	What makes some physical principles ``great''
	Why relation =fJ- .4 fX- .4 f is ``extrinsic''
	Force-flux intrinsic relations
	SEA force-flux relations imply reciprocity
	Far non-eq: more detailed levels of description
	SEA geometrization
	Conclusions
	SEA quantum thermodynamics

