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Jet flames – DNS and CFD simulations  

Modeling Hydrocarbon Combustion 
Typical applications 



www.jameskeckcollectedworks.org 



    Formulation: 

• Keck, Gillespie, Combustion and Flame, 17, 237 (1971) 

• Beretta, Keck, ASME Book H0341C, 3, 135 (1986) 

• Keck, Progr. Energy Comb. Sci., 16, 125 (1990) 

• Tang, Pope, Comb. Theory Mod., 8, 255 (2004) 

• Beretta, Keck, Janbozorgi, Metghalchi, Entropy, 14, 92 (2012) 

 

 

 

 

 

     Identification of the optimal set of Constraints: 

• Careful examination of the underlying chemistry (Keck and coworkers) 

• Level of Importance (LoI, Rigopolous – 2009) 

• Greedy Algorithm (Hiremath et. al. – 2010, 2011)  

• Degree of Disequilibrium Algorithm (DoD, Janbozorgi, Metghalchi – 2012)  

• ASVDADD (Beretta, Janbozorgi, Metghalchi, Comb. Flame, 168, 342, 2016) 

RCCE – Rate Controlled 

Constrained Equilibrium 

James C. Keck ( 1924-2010) 

www.jameskeckcollectedworks.org 

Photo, January 2010 



 

 Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

Rapid expansion 
Fast flow acceleration 

Temperature  

Flow speed  

products of H2-O2 
combustion enter 

nozzle at equilibrium  

Steady-state supersonic nozzle expansion of  high-
temperature products of H2 oxy-combustion 

Rocket propulsion example 

The mixture remains close to 
equilibrium up to the throat where 
rapid expansion occurs.    



 

 Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

Rapid expansion 
Fast flow acceleration 

Temperature  

Flow speed  

products of H2-O2 
combustion enter 

nozzle at equilibrium  

Steady-state supersonic nozzle expansion of  high-
temperature products of H2 oxy-combustion 

24 Reactions

1 O+O+M=O2+M

2 O+H+M=OH+M

3 H+H+M=H2+M

4 H+H+H2=H2+H2

5 H+H+H2O=H2+H2O

6 H+OH+M=H2O+M

7 H+O2+M=HO2+M

8 H+O2+O2=HO2+O2

9 H+O2+H2O=HO2+H2O

10 OH+OH+M=H2O2+M

11 O+H2=H+OH

12 O+HO2=OH+O2

13 O+H2O2=OH+HO2

14 H+O2=O+OH

15 H+HO2=O+H2O

16 H+HO2=O2+H2

17 H+HO2=OH+OH

18 H+H2O2=HO2+H2

19 H+H2O2=OH+H2O

20 OH+H2=H+H2O

21 OH+OH=O+H2O

22 OH+HO2=O2+H2O

23 OH+H2O2=HO2+H2O

24 HO2+HO2=O2+H2O2

Detailed Kinetic Model (DKM) 

8 Species
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Species EO EH

O 1 0

O2 2 0

H 0 1

H2 0 2

OH 1 1

H2O 1 2

HO2 2 1

H2O2 2 2

Reaction O O
2

H H
2

O
H

H
2
O

H
O

2

H
2
O

2

11 O+H2=H+OH -1 0 1 -1 1 0 0 0 0 0

13 O+H2O2=OH+HO2 -1 0 0 0 1 0 1 -1 0 0

14 H+O2=O+OH 1 -1 -1 0 1 0 0 0 0 0

18 H+H2O2=HO2+H2 0 0 -1 1 0 0 1 -1 0 0

20 OH+H2=H+H2O 0 0 1 -1 -1 1 0 0 0 0

21 OH+OH=O+H2O 1 0 0 0 -2 1 0 0 0 0

23 OH+H2O2=HO2+H2O 0 0 0 0 -1 1 1 -1 0 0

7 H+O2+M=HO2+M 0 -1 -1 0 0 0 1 0 0 0

8 H+O2+O2=HO2+O2 0 -1 -1 0 0 0 1 0 0 0

9 H+O2+H2O=HO2+H2O 0 -1 -1 0 0 0 1 0 0 0

10 OH+OH+M=H2O2+M 0 0 0 0 -2 0 0 1 0 0

12 O+HO2=OH+O2 -1 1 0 0 1 0 -1 0 0 0

15 H+HO2=O+H2O 1 0 -1 0 0 1 -1 0 0 0

16 H+HO2=O2+H2 0 1 -1 1 0 0 -1 0 0 0

17 H+HO2=OH+OH 0 0 -1 0 2 0 -1 0 0 0

19 H+H2O2=OH+H2O 0 0 -1 0 1 1 0 -1 0 0

22 OH+HO2=O2+H2O 0 1 0 0 -1 1 -1 0 0 0

24 HO2+HO2=O2+H2O2 0 1 0 0 0 0 -2 1 0 0

1 O+O+M=O2+M -2 1 0 0 0 0 0 0 0 0

2 O+H+M=OH+M -1 0 -1 0 1 0 0 0 0 0

3 H+H+M=H2+M 0 0 -2 1 0 0 0 0 0 0

4 H+H+H2=H2+H2 0 0 -2 1 0 0 0 0 0 0

5 H+H+H2O=H2+H2O 0 0 -2 1 0 0 0 0 0 0

6 H+OH+M=H2O+M 0 0 -1 0 -1 1 0 0 0 0

Element

conservation Element conservation 

 constraints 



 

 

Species EO EH

O 1 0

O2 2 0

H 0 1

H2 0 2

OH 1 1

H2O 1 2

HO2 2 1

H2O2 2 2

Reaction O O
2

H H
2

O
H

H
2
O

H
O

2

H
2
O

2

11 O+H2=H+OH -1 0 1 -1 1 0 0 0 0 0

13 O+H2O2=OH+HO2 -1 0 0 0 1 0 1 -1 0 0

14 H+O2=O+OH 1 -1 -1 0 1 0 0 0 0 0

18 H+H2O2=HO2+H2 0 0 -1 1 0 0 1 -1 0 0

20 OH+H2=H+H2O 0 0 1 -1 -1 1 0 0 0 0

21 OH+OH=O+H2O 1 0 0 0 -2 1 0 0 0 0

23 OH+H2O2=HO2+H2O 0 0 0 0 -1 1 1 -1 0 0

7 H+O2+M=HO2+M 0 -1 -1 0 0 0 1 0 0 0

8 H+O2+O2=HO2+O2 0 -1 -1 0 0 0 1 0 0 0

9 H+O2+H2O=HO2+H2O 0 -1 -1 0 0 0 1 0 0 0

10 OH+OH+M=H2O2+M 0 0 0 0 -2 0 0 1 0 0

12 O+HO2=OH+O2 -1 1 0 0 1 0 -1 0 0 0

15 H+HO2=O+H2O 1 0 -1 0 0 1 -1 0 0 0

16 H+HO2=O2+H2 0 1 -1 1 0 0 -1 0 0 0

17 H+HO2=OH+OH 0 0 -1 0 2 0 -1 0 0 0

19 H+H2O2=OH+H2O 0 0 -1 0 1 1 0 -1 0 0

22 OH+HO2=O2+H2O 0 1 0 0 -1 1 -1 0 0 0

24 HO2+HO2=O2+H2O2 0 1 0 0 0 0 -2 1 0 0

1 O+O+M=O2+M -2 1 0 0 0 0 0 0 0 0

2 O+H+M=OH+M -1 0 -1 0 1 0 0 0 0 0

3 H+H+M=H2+M 0 0 -2 1 0 0 0 0 0 0

4 H+H+H2=H2+H2 0 0 -2 1 0 0 0 0 0 0

5 H+H+H2O=H2+H2O 0 0 -2 1 0 0 0 0 0 0

6 H+OH+M=H2O+M 0 0 -1 0 -1 1 0 0 0 0

Element

conservation Vector representation 
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Species EO EH

O 1 0

O2 2 0

H 0 1

H2 0 2

OH 1 1

H2O 1 2

HO2 2 1

H2O2 2 2

Reaction O O
2

H H
2

O
H

H
2
O

H
O

2

H
2
O

2

11 O+H2=H+OH -1 0 1 -1 1 0 0 0 0 0

13 O+H2O2=OH+HO2 -1 0 0 0 1 0 1 -1 0 0

14 H+O2=O+OH 1 -1 -1 0 1 0 0 0 0 0

18 H+H2O2=HO2+H2 0 0 -1 1 0 0 1 -1 0 0

20 OH+H2=H+H2O 0 0 1 -1 -1 1 0 0 0 0

21 OH+OH=O+H2O 1 0 0 0 -2 1 0 0 0 0

23 OH+H2O2=HO2+H2O 0 0 0 0 -1 1 1 -1 0 0

7 H+O2+M=HO2+M 0 -1 -1 0 0 0 1 0 0 0

8 H+O2+O2=HO2+O2 0 -1 -1 0 0 0 1 0 0 0

9 H+O2+H2O=HO2+H2O 0 -1 -1 0 0 0 1 0 0 0

10 OH+OH+M=H2O2+M 0 0 0 0 -2 0 0 1 0 0

12 O+HO2=OH+O2 -1 1 0 0 1 0 -1 0 0 0

15 H+HO2=O+H2O 1 0 -1 0 0 1 -1 0 0 0

16 H+HO2=O2+H2 0 1 -1 1 0 0 -1 0 0 0

17 H+HO2=OH+OH 0 0 -1 0 2 0 -1 0 0 0

19 H+H2O2=OH+H2O 0 0 -1 0 1 1 0 -1 0 0

22 OH+HO2=O2+H2O 0 1 0 0 -1 1 -1 0 0 0

24 HO2+HO2=O2+H2O2 0 1 0 0 0 0 -2 1 0 0

1 O+O+M=O2+M -2 1 0 0 0 0 0 0 0 0

2 O+H+M=OH+M -1 0 -1 0 1 0 0 0 0 0

3 H+H+M=H2+M 0 0 -2 1 0 0 0 0 0 0

4 H+H+H2=H2+H2 0 0 -2 1 0 0 0 0 0 0

5 H+H+H2O=H2+H2O 0 0 -2 1 0 0 0 0 0 0

6 H+OH+M=H2O+M 0 0 -1 0 -1 1 0 0 0 0

Element

conservation Vector representation 

. 



Vector representation 

8 6 2 

reactive subspace inhert subspace 

2 

6   =    8    -   2 



At thermodynamic equilibrium … (inlet) 



At thermodynamic equilibrium … (inlet) 

Necessary condition for 
chemical equilibrium 

Chemical potentials 



At thermodynamic equilibrium … (inlet) 

Necessary condition for 
chemical equilibrium 

Chemical potentials 





At thermodynamic equilibrium … (inlet) 







at chemical equilibrium: 

implies: 



x =  downstream nozzle 

coordinate 

(xin) 

xin xout 

implies: 

at chemical equilibrium: 



At thermodynamic equilibrium … (inlet) 



At thermodynamic equilibrium … (inlet) 



At thermodynamic equilibrium … (inlet) 



At thermodynamic equilibrium … (inlet) 

Degree of disequilibrium of reaction  





 

 

Governing equations 

continuity 

momentum 

species 
concentrations 

energy 

ideal gas Rate equations 

8 species: H, H2, O, O2, 

H2O, OH, HO2, H2O2   

Detailed Kinetic Model (DKM) 

24 reactions   

Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

ROCKET EXAMPLE: Steady-state supersonic nozzle expansion 
of  high-temperature products of H2 oxy-combustion 



Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

 

 

All Reactions 

Frozen 

Full Detailed Kinetic Model  

(8 species, 24 reactions) 

Frozen kinetics  

yields poor approximation 
ROCKET EXAMPLE: Steady-state supersonic nozzle expansion 
of  high-temperature products of H2 oxy-combustion 



Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

 

 

Shifting Local 

Complete 

Thermodynamic 

Equilibrium  

All Reactions 

Frozen 

Full Detailed Kinetic Model  

(8 species, 24 reactions) 

Assuming shifting equilibrium 

also yields poor approximation… 
ROCKET EXAMPLE: Steady-state supersonic nozzle expansion 
of  high-temperature products of H2 oxy-combustion 



 

 

Governing equations 

continuity 

momentum 

species 
concentrations 

energy 

ideal gas Rate equations 

8 species: H, H2, O, O2, 

H2O, OH, HO2, H2O2   

24 reactions   

Rate constants for 24 reactions (DKM) 
Reactions A b E

1 O+O+M=O2+M 1.20E+17 -1 0

2 O+H+M=OH+M 5.00E+17 -1 0

3 H+H+M=H2+M 1.00E+18 -1 0

4 H+H+H2=H2+H2 9.00E+16 -0.6 0

5 H+H+H2O=H2+H2O 6.00E+19 -1.3 0

6 H+OH+M=H2O+M 2.20E+22 -2 0

7 H+O2+M=HO2+M 2.80E+18 -0.9 0

8 H+O2+O2=HO2+O2 2.08E+19 -1.2 0

9 H+O2+H2O=HO2+H2O 1.13E+19 -0.8 0

10 OH+OH+M=H2O2+M 7.40E+13 -0.4 0

11 O+H2=H+OH 3.87E+04 2.7 6260

12 O+HO2=OH+O2 2.00E+13 0 0

13 O+H2O2=OH+HO2 9.63E+06 2 4000

14 H+O2=O+OH 2.65E+16 -0.7 17041

15 H+HO2=O+H2O 3.97E+12 0 671

16 H+HO2=O2+H2 4.48E+13 0 1068

17 H+HO2=OH+OH 8.40E+13 0 635

18 H+H2O2=HO2+H2 1.21E+07 2 5200

19 H+H2O2=OH+H2O 1.00E+13 0 3600

20 OH+H2=H+H2O 2.16E+08 1.5 3430

21 OH+OH=O+H2O 3.57E+04 2.4 -2110

22 OH+HO2=O2+H2O 1.45E+13 0 -500

23 OH+H2O2=HO2+H2O 2.00E+12 0 427

24 HO2+HO2=O2+H2O2 1.30E+11 0 -1630



 

 Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

Short residence time (few ms) 
Chemistry does not keep up 
Composition goes off equilibrium 

Degrees of disequilibrium build up 

Rapid expansion 
Fast flow acceleration 

products of H2-O2 
combustion enter 

nozzle at equilibrium  

DoDℓ  

all DoD’s = 0 

The composition is thrown out 

of equilibrium due to rapid 

expansion 

…because the rapid expansion throws 

 the composition out of equilibrium 



 

 Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

DoDℓ  

all DoD’s = 0 

The composition is thrown out 

of equilibrium due to rapid 

expansion 

So, we need to consider the full DKM 
Including the differential equations for the 

rates of all nsp-nel independent species  



(x) 

(x) 

x =  downstream nozzle 

coordinate 

(xin) 

(xout) 

xin xout 

(xout) 



DoDℓ  

Most reactions get off equilibrium… 

… but only few slow mechanisms are responsible for it  

Janbozorgi, Metghalchi, AIAA Journal ofPropulsion and Power, Vol. 28, 677 (2012) 



DoDℓ  

Most reactions get off equilibrium… 

No bottleneck = no 

need to know the 

rate constants of 

these reactions 

… but only few slow mechanisms are responsible for it  

bottleneck mechanisms 



No bottleneck = no 

need to know the 

rate constants of 

these reactions 

RCCE model reduction strategy 

DoDℓ  

Notice: the DoD is 

a linear 

combination of the 

stoichiometric 

coefficients 

1) Identify the main bottleneck mechanisms 

2) Identify the associated constraints   

RCCE = Rate Controlled Constrained Equilibrium  



DoD analysis allows constraint identification 



RCCE concept: local constrained equilibrium 



RCCE concept: local constrained equilibrium 



(x) 

(x) 

x =  downstream nozzle 

coordinate 

(xout) 

(xin) 

xin xout 



Ma =1 
T = 3000 K 

p = 2.5 MPa 

Ma ~ 4 
T ~ 1000 K 
p ~ 10 kPa 

 

 

Shifting Local 

Complete 

Thermodynamic 

Equilibrium  

All Reactions 

Frozen 

Full Detailed Kinetic Model  

(8 species, 24 reactions) 

RCCE Model  

(2 constraints only) 

ROCKET EXAMPLE: Steady-state supersonic nozzle expansion 
of  high-temperature products of H2 oxy-combustion 

RCCE yields excellent predictions, 

IF we select the ‘right’ constraints 



©2017-Gian Paolo Beretta 

Rate equations for the constraint potentials 



©2017-Gian Paolo Beretta 

Rate equations for the constraint potentials 

EQUATIONS 
  differential equations 
  algebraic equations 
UNKNOWNS 
  state variables (T,p,N) 
  constraint potentials 



RCCE advantage 

RCCE composition depends on only 2+nel+nc parameters 

So, instead of the ns species balance equations  

we need only 2+nel+nc differential equations 

nel+nc << ns  

Hydrogen/Oxygen: 2 + 2 8 

Methane/Air simplified: 3 + 10 29 

Methane/Air full: 5 + 11 53 



Complexity of comprehensive DKM’s  

for hydrocarbon fuels 
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 Figure modified form of Lu & Law (2009) 

© Hai Wang – Stanford University 



RCCE advantage 

RCCE composition depends on only 2+nel+nc parameters 

nel+nc << ns  

Hydrogen/Oxygen: 2 + 2 8 

Methane/Air simplified: 3 + 10 29 

Methane/Air full: 5 + 11 53 

No need to cut the list of species 

         (yields excellent results also for the minor species) 

No need to cut the list of reactions 

         (but only those ‘less orthogonal’ to the constraints contribute) 

          (so the method is ‘forgiving’ with respect to poor rate constants) 

No need to check thermodynamic consistency 

         (second law compatibility automatically satisfied) 

           



But how do we find the ‘right’ constraints 

James C. Keck ( 1924-2010) 

www.jameskeckcollectedworks.org 

Slow dissociation/recombination 
three body reactions 

     (M - Total Moles) 
 
Chain branching/propagating 

reactions 
           (FV - Free Valence) 
 
-O-O- bond breaking reactions      
            (FO - Free Oxygen) 
 
and many others based on deep 
studies of the detailed mechanisms 
 
 
 
                



Species M FV FO

O 1 2 1

O2 1 0 0

H 1 1 0

H2 1 0 0

OH 1 1 1

H2O 1 0 1

HO2 1 1 0

H2O2 1 0 0

Reaction O O
2

H H
2

O
H

H
2
O

H
O

2

H
2
O

2

11 O+H2=H+OH -1 0 1 -1 1 0 0 0 0 0 0

13 O+H2O2=OH+HO2 -1 0 0 0 1 0 1 -1 0 0 0

14 H+O2=O+OH 1 -1 -1 0 1 0 0 0 0 2 2

18 H+H2O2=HO2+H2 0 0 -1 1 0 0 1 -1 0 0 0

20 OH+H2=H+H2O 0 0 1 -1 -1 1 0 0 0 0 0

21 OH+OH=O+H2O 1 0 0 0 -2 1 0 0 0 0 0

23 OH+H2O2=HO2+H2O 0 0 0 0 -1 1 1 -1 0 0 0

7 H+O2+M=HO2+M 0 -1 -1 0 0 0 1 0 -1 0 0

8 H+O2+O2=HO2+O2 0 -1 -1 0 0 0 1 0 -1 0 0

9 H+O2+H2O=HO2+H2O 0 -1 -1 0 0 0 1 0 -1 0 0

10 OH+OH+M=H2O2+M 0 0 0 0 -2 0 0 1 -1 -2 -2

12 O+HO2=OH+O2 -1 1 0 0 1 0 -1 0 0 -2 0

15 H+HO2=O+H2O 1 0 -1 0 0 1 -1 0 0 0 2

16 H+HO2=O2+H2 0 1 -1 1 0 0 -1 0 0 -2 0

17 H+HO2=OH+OH 0 0 -1 0 2 0 -1 0 0 0 2

19 H+H2O2=OH+H2O 0 0 -1 0 1 1 0 -1 0 0 2

22 OH+HO2=O2+H2O 0 1 0 0 -1 1 -1 0 0 -2 0

24 HO2+HO2=O2+H2O2 0 1 0 0 0 0 -2 1 0 -2 0

1 O+O+M=O2+M -2 1 0 0 0 0 0 0 -1 -4 -2

2 O+H+M=OH+M -1 0 -1 0 1 0 0 0 -1 -2 0

3 H+H+M=H2+M 0 0 -2 1 0 0 0 0 -1 -2 0

4 H+H+H2=H2+H2 0 0 -2 1 0 0 0 0 -1 -2 0

5 H+H+H2O=H2+H2O 0 0 -2 1 0 0 0 0 -1 -2 0

6 H+OH+M=H2O+M 0 0 -1 0 -1 1 0 0 -1 -2 0

Typical 

constraints

Slow dissociation/recombination 
(three body collisions) 

 
 
                

M – Total Moles 



Species M FV FO

O 1 2 1

O2 1 0 0

H 1 1 0

H2 1 0 0

OH 1 1 1

H2O 1 0 1

HO2 1 1 0

H2O2 1 0 0

Reaction O O
2

H H
2

O
H

H
2
O

H
O

2

H
2
O

2

11 O+H2=H+OH -1 0 1 -1 1 0 0 0 0 0 0

13 O+H2O2=OH+HO2 -1 0 0 0 1 0 1 -1 0 0 0

14 H+O2=O+OH 1 -1 -1 0 1 0 0 0 0 2 2

18 H+H2O2=HO2+H2 0 0 -1 1 0 0 1 -1 0 0 0

20 OH+H2=H+H2O 0 0 1 -1 -1 1 0 0 0 0 0

21 OH+OH=O+H2O 1 0 0 0 -2 1 0 0 0 0 0

23 OH+H2O2=HO2+H2O 0 0 0 0 -1 1 1 -1 0 0 0

7 H+O2+M=HO2+M 0 -1 -1 0 0 0 1 0 -1 0 0

8 H+O2+O2=HO2+O2 0 -1 -1 0 0 0 1 0 -1 0 0

9 H+O2+H2O=HO2+H2O 0 -1 -1 0 0 0 1 0 -1 0 0

10 OH+OH+M=H2O2+M 0 0 0 0 -2 0 0 1 -1 -2 -2

12 O+HO2=OH+O2 -1 1 0 0 1 0 -1 0 0 -2 0

15 H+HO2=O+H2O 1 0 -1 0 0 1 -1 0 0 0 2

16 H+HO2=O2+H2 0 1 -1 1 0 0 -1 0 0 -2 0

17 H+HO2=OH+OH 0 0 -1 0 2 0 -1 0 0 0 2

19 H+H2O2=OH+H2O 0 0 -1 0 1 1 0 -1 0 0 2

22 OH+HO2=O2+H2O 0 1 0 0 -1 1 -1 0 0 -2 0

24 HO2+HO2=O2+H2O2 0 1 0 0 0 0 -2 1 0 -2 0

1 O+O+M=O2+M -2 1 0 0 0 0 0 0 -1 -4 -2

2 O+H+M=OH+M -1 0 -1 0 1 0 0 0 -1 -2 0

3 H+H+M=H2+M 0 0 -2 1 0 0 0 0 -1 -2 0

4 H+H+H2=H2+H2 0 0 -2 1 0 0 0 0 -1 -2 0

5 H+H+H2O=H2+H2O 0 0 -2 1 0 0 0 0 -1 -2 0

6 H+OH+M=H2O+M 0 0 -1 0 -1 1 0 0 -1 -2 0

Typical 

constraints

Slow dissociation/recombination 
(three body collisions) 

 
 
                

M – Total Moles 

FV – Free Valence 
Chain branching/propagating reactions 
                



Species M FV FO

O 1 2 1

O2 1 0 0

H 1 1 0

H2 1 0 0

OH 1 1 1

H2O 1 0 1

HO2 1 1 0

H2O2 1 0 0

Reaction O O
2

H H
2

O
H

H
2
O

H
O

2

H
2
O

2

11 O+H2=H+OH -1 0 1 -1 1 0 0 0 0 0 0

13 O+H2O2=OH+HO2 -1 0 0 0 1 0 1 -1 0 0 0

14 H+O2=O+OH 1 -1 -1 0 1 0 0 0 0 2 2

18 H+H2O2=HO2+H2 0 0 -1 1 0 0 1 -1 0 0 0

20 OH+H2=H+H2O 0 0 1 -1 -1 1 0 0 0 0 0

21 OH+OH=O+H2O 1 0 0 0 -2 1 0 0 0 0 0

23 OH+H2O2=HO2+H2O 0 0 0 0 -1 1 1 -1 0 0 0

7 H+O2+M=HO2+M 0 -1 -1 0 0 0 1 0 -1 0 0

8 H+O2+O2=HO2+O2 0 -1 -1 0 0 0 1 0 -1 0 0

9 H+O2+H2O=HO2+H2O 0 -1 -1 0 0 0 1 0 -1 0 0

10 OH+OH+M=H2O2+M 0 0 0 0 -2 0 0 1 -1 -2 -2

12 O+HO2=OH+O2 -1 1 0 0 1 0 -1 0 0 -2 0

15 H+HO2=O+H2O 1 0 -1 0 0 1 -1 0 0 0 2

16 H+HO2=O2+H2 0 1 -1 1 0 0 -1 0 0 -2 0

17 H+HO2=OH+OH 0 0 -1 0 2 0 -1 0 0 0 2

19 H+H2O2=OH+H2O 0 0 -1 0 1 1 0 -1 0 0 2

22 OH+HO2=O2+H2O 0 1 0 0 -1 1 -1 0 0 -2 0

24 HO2+HO2=O2+H2O2 0 1 0 0 0 0 -2 1 0 -2 0

1 O+O+M=O2+M -2 1 0 0 0 0 0 0 -1 -4 -2

2 O+H+M=OH+M -1 0 -1 0 1 0 0 0 -1 -2 0

3 H+H+M=H2+M 0 0 -2 1 0 0 0 0 -1 -2 0

4 H+H+H2=H2+H2 0 0 -2 1 0 0 0 0 -1 -2 0

5 H+H+H2O=H2+H2O 0 0 -2 1 0 0 0 0 -1 -2 0

6 H+OH+M=H2O+M 0 0 -1 0 -1 1 0 0 -1 -2 0

Typical 

constraints

Slow dissociation/recombination 
(three body collisions) 

 
 
                

M – Total Moles 

FV – Free Valence 

FO – Free Oxygen 
-O-O- bond breaking reactions   
 
 
 
                

Chain branching/propagating reactions 
                



Species EO EH A B

O 1 0 1 -1

O2 2 0 1 0

H 0 1 1 -1

H2 0 2 1 0

OH 1 1 1 0

H2O 1 2 1 1

HO2 2 1 1 -1

H2O2 2 2 1 0

Reaction

Bottle

-neck

11 O+H2=H+OH 0 0 0 0 0

13 O+H2O2=OH+HO2 0 0 0 0 0

14 H+O2=O+OH 0 0 0 0 0

18 H+H2O2=HO2+H2 0 0 0 0 0

20 OH+H2=H+H2O 0 0 0 0 0

21 OH+OH=O+H2O 0 0 0 0 0

23 OH+H2O2=HO2+H2O 0 0 0 0 0

7 H+O2+M=HO2+M 0 0 A -1 0

8 H+O2+O2=HO2+O2 0 0 A -1 0

9 H+O2+H2O=HO2+H2O 0 0 A -1 0

10 OH+OH+M=H2O2+M 0 0 A -1 0

12 O+HO2=OH+O2 0 0 B 0 2

15 H+HO2=O+H2O 0 0 B 0 2

16 H+HO2=O2+H2 0 0 B 0 2

17 H+HO2=OH+OH 0 0 B 0 2

19 H+H2O2=OH+H2O 0 0 B 0 2

22 OH+HO2=O2+H2O 0 0 B 0 2

24 HO2+HO2=O2+H2O2 0 0 B 0 2

1 O+O+M=O2+M 0 0 A+B -1 2

2 O+H+M=OH+M 0 0 A+B -1 2

3 H+H+M=H2+M 0 0 A+B -1 2

4 H+H+H2=H2+H2 0 0 A+B -1 2

5 H+H+H2O=H2+H2O 0 0 A+B -1 2

6 H+OH+M=H2O+M 0 0 A+B -1 2

Element

conservation

Bottleneck 

constraints

DoDℓ  

A 

A+B 

B 

A = M 
B = FO - FV 

0 

Group of reactions 

0 A B A+B 
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RCCE yields excellent predictions, 

IF we select the ‘right’ constraints 
Non optimal choice 

of 2 constraints 

Optimal choice of 2 

constraints 
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How to identify the ‘right’ constraints? 

DoDℓ  

DoD(ℓ;xp) 

here with 

ℓ = 1÷24 

xp = 1÷1700 

In simple cases 

relatively 

simple 

inspection is 

enough 

Our method: run a probe DKM  

and analyse the DoD traces 

But how do we 

analyse more 

complex  

DoD traces? 



DoDℓ  

DoD(ℓ;xp) 

here with 

ℓ = 1÷24 

xp = 1÷1700 

How to identify the ‘right’ constraints? 

 only r = nsp – nel  = 8 - 2 = 6 

of these traces are independent  

But how do we 

analyse more 

complex  

DoD traces? 



ASVDADD method: Step 1: Run a probe DKM,  

get the DoD’s and from them the ɅDoD traces 

ɅDoD 

xp 

xp 

ɅDoD(xp) 

8
 r

o
w

s
 

1700 columns (grid points) 

 the rank of this matrix is only 

r = nsp – nel  = 8 - 2 = 6 

DoDℓ = 



ASVDADD method: Step 2: compute the Singular  

Value Decomposition of the ɅDoD(xp) matrix  

Given the 8 x 1700 matrix 
 D = ɅDoD(xp) 

Beretta, Janbozorgi, Metghalchi, Comb. Flame, Vol.168, 342 (2016) 



Given matrix 
 D = ɅDoD(xp) 

269.32 0 0 0 0 0 0 0 
0 8.8739 0 0 0 0 0 0 
0 0 1.7137 0 0 0 0 0 
0 0 0 0.2505 0 0 0 0 
0 0 0 0 0.0458 0 0 0 
0 0 0 0 0 0.0324 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

Beretta, Janbozorgi, Metghalchi, Comb. Flame, Vol.168, 342 (2016) 

ASVDADD method: Step 2: compute the Singular  

Value Decomposition of the ɅDoD(xp) matrix  



269.32 0 0 0 0 0 0 0 
0 8.8739 0 0 0 0 0 0 
0 0 1.7137 0 0 0 0 0 
0 0 0 0.2505 0 0 0 0 
0 0 0 0 0.0458 0 0 0 
0 0 0 0 0 0.0324 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

Given matrix 
 D = ɅDoD(xp) 

Beretta, Janbozorgi, Metghalchi, Comb. Flame, Vol.168, 342 (2016) 

ASVDADD method: Step 3: choose a low-rank  

approximation of the ɅDoD(xp) matrix  



269.32 0 0 0 0 0 0 0 
0 8.8739 0 0 0 0 0 0 
0 0 1.7137 0 0 0 0 0 
0 0 0 0.2505 0 0 0 0 
0 0 0 0 0.0458 0 0 0 
0 0 0 0 0 0.0324 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

269.32 0 0 0 0 0 0 … 
0 8.8739 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
… … … … … … … … 

Two constraints approximation 
Given matrix 
 D = ɅDoD(xp) 

Beretta, Janbozorgi, Metghalchi, Comb. Flame, Vol.168, 342 (2016) 

ASVDADD method: Step 3: choose a low-rank  

approximation of the ɅDoD(xp) matrix  



269.32 0 0 0 0 0 0 0 
0 8.8739 0 0 0 0 0 0 
0 0 1.7137 0 0 0 0 0 
0 0 0 0.2505 0 0 0 0 
0 0 0 0 0.0458 0 0 0 
0 0 0 0 0 0.0324 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

269.32 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
… … … … … … … … 

One constraint approximation 
Given matrix 
 D = ɅDoD(xp) 

Beretta, Janbozorgi, Metghalchi, Comb. Flame, Vol.168, 342 (2016) 

ASVDADD method: Step 3: choose a low-rank  

approximation of the ɅDoD(xp) matrix  



269.32 0 0 0 0 0 0 0 
0 8.8739 0 0 0 0 0 0 
0 0 1.7137 0 0 0 0 0 
0 0 0 0.2505 0 0 0 0 
0 0 0 0 0.0458 0 0 0 
0 0 0 0 0 0.0324 0 0 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

269.32 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
0 0 0 0 0 0 0 … 
… … … … … … … … 

One constraint approximation 
Given matrix 
 D = ɅDoD(xp) 

Beretta, Janbozorgi, Metghalchi, Comb. Flame, Vol.168, 342 (2016) 

ASVDADD method: Step 4: pick the ‘surviving’ 

 columns of the U matrix as RCCE constraints 



ASVDADD method: Step 4: pick the ‘surviving’ 

 columns of the U matrix as RCCE constraints 

One constraint 
approximation 

Two constraints 
approximation 

DoDℓ  



IGNITION DELAY : methane-air stoichiometric mixture at 1500 K and 1 atm. 

Full GRI-Mech 3.0 scheme 
5 elements (C,H,O,N,Ar) 
53 species  
325 reactions 

ASVDADD constraints are ‘optimal’ and 

 yield excellent RCCE predictions 
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IGNITION EXAMPLE: methane-air stoichiometric mixture at 1500 K and 1 atm. 
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ASVDADD constraints are ‘optimal’ and 

 yield excellent RCCE predictions 



IGNITION EXAMPLE: methane-air stoichiometric mixture at 1500 K and 1 atm. 
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ASVDADD constraints are ‘optimal’ and 

 yield excellent RCCE predictions 



Conclusions and future work 

With no need of any deep understanding of the kinetic mechanism, the 

ASVDADD algorithm finds optimal RCCE constraints from the analysis 

of a probe DKM solution.  

Therefore, it should: 

 be useful to develop tabular/in situ/adaptive strategies (such as 

alternating DKM / RCCE) for turbulent combustion simulations 

 open up applicability of RCCE to other fields where complex kinetic 

models are needed (biochemistry, mechanobiology, economy) 

 

FUTURE CHALLENGES: 

 can the method suggest also a systematic scheme for skeletal 

mechanism reduction? 

 translate/import the same model reduction strategy and variable 

selection strategy into the GENERIC / Steepert Entropy Ascent / 

Gradient Flow frameworks for non equilibrium thermodynamics 

 


